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Abstract

This work presents a novel robust beamforming design
dedicated for dual-functional radar and communication
(DFRC) base stations (BSs) in the context of integrated
sensing and communications (ISAC). The architecture is
intended for circumstances with imperfect channel state
information (CSI). Our suggested approach demonstrates
several tradeoffs for joint radar-communication deploy-
ment. Due to the DFRC nature of the design, the beam-
former can simultaneously point towards an intended target,
while optimizing communication quality of service. We
unveil several insights regarding closed form expressions,
as well as optimality of the proposed beamformer. Lastly,
simulation results demonstrate the effectiveness of the pro-
posed ISAC beamformer.

1 Introduction

Integrated sensing and communications (ISAC) [11, 12] is
among the features that will leave a distinct imprint on 6G,
due to its dual capability of performing communications,
as well as sensing the environment. 6G wireless systems
are intended to provide a wide range of high-accuracy sens-
ing services, including Wi-Fi sensing for smart homes, in-
door localization for robot navigation, and radar sensing
for self-driving automobiles [1]. Indeed, ISAC cooperation
and convergence is a critical issue that will open the door
to hitherto unseen novel applications such as autonomous
driving, robotics, and the unmanned aerial vehicle (UAV)
industry. As a result, the coexistence of radar and com-
munication systems has been a key focus of research. The
interoperability of the radar and communication systems re-
sults in a variety of practical benefits, the most evident of
which is spectrum efficiency.

This paper considers, for the first time, a practical setting
where a dual-functional radar and communication (DFRC)
base station (BS) aims at designing an ISAC beamformer at
the BS with imperfect CSI. This will enable proper commu-
nication, while maximizing the transmit energy in a certain
direction so as to perform parameter estimation (e.g. [3–8])
on the received echo. We use the terminology ISAC beam-
former to emphasize that the design not only takes into
account communication quality of services, but also radar

ones. Indeed, robust beamforming (BFing) optimizations
have been applied for traditional communication models,
namely in the context of secrecy rate maximization for pri-
vacy related applications in a MISO setting, simultaneous
wireless information and power transfer for RF energy har-
vesting, non-orthogonal multiple access (NOMA) cognitive
radio systems, etc. The key essence of beamforming de-
signs relies on the assumption that the BSs have access to
perfect CSI of the different communication users. In prac-
tical frameworks, however, the BSs can never have full per-
fect CSI, due to, for example, imperfect channel estima-
tion and quantization errors. To the best of our knowledge,
imperfect CSI for ISAC beamforming, in the context of
DFRC, have not yet been addressed.

In this study, we are interested in BFing design dedicated
for DFRC MIMO systems, where the scene consists of a
DFRC BS, multiple communication users, and an intended
target. The following work assumes imperfect channel state
information (CSI) at the DFRC BS, when applying BF-
ing towards the communication users and performing tar-
get detection using the same transmit waveform. We pro-
pose an optimization framework allowing the DFRC BS to
perform the aforementioned tasks. The initial problem in-
volves stochastic constraints, which are then transformed to
deterministic forms through a series of carefully chosen re-
laxations. Our contributions involve (i) DFRC beamform-
ing design with imperfect CSI, where the precoded ma-
trix is aware of imperfect CSI (ii) closed-form solutions of
DFRC ISAC beamforming design, which facilitates solv-
ing the proposed optimization problem in an online way,
and (iii) simulation results demonstrating the effectiveness
of the proposed DFRC design. An extended version of this
work containing more details and proofs, has been reported
in [2].

The rest of this paper is organized as follows. Section 2
presents the ISAC system model for both radar and com-
munication sub-systems. Section 3 derives the methods and
highlights various insights related to the proposed robust
DFRC beamformer. Section 4 presents our simulation re-
sults. Section 5 concludes the paper.

Notation: Upper-case and lower-case boldface letters de-
note matrices and vectors, respectively. (.)T , (.)∗ and (.)H
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represent the transpose, the conjugate and the transpose-
conjugate operators. The statistical expectation is E{.}.
The vectorization and unvectorization operators are de-
noted as vec and vec−1, respectively. In particular, vec takes
an N ×M matrix XXX as input and returns an NM ×1 vector,
by stacking the columns of XXX . For any complex number
z ∈ C, the magnitude is |z|, its angle is ∠z, and its real part
is Re(z). The Frobenius norm of matrix XXX is ∥XXX∥. We de-
note a positive semi-definite matrix as XXX ⪰ 000. The matrix
IIIN is the identity matrix of size N ×N. The zero-vector is
000. The rank returns the rank of a matrix and Tr returns the
trace of a matrix. The inverse of a square matrix is XXX−1.
The probability of an event A is Pr(A ).

Figure 1. DFRC scenario including a DFRC base station,
an intended target and K communication users.

2 System Model

In this section, we introduce the communication and radar
system models. To begin with, the communication model
at the nth snapshot of the downlink is expressed as follows

yyyc[n] = H̃HHxxx[n]+zzzc[n], (1)

where yyyc[n]∈CK×1 is the vector of received signals over all
communication users. The channel matrix is given by

H̃HH =
[
h̃hh1 h̃hh2 . . . h̃hhK

]T ∈ CK×N , (2)

where H̃HH is flat Rayleigh type fading, and zzzc[n] is AWGN
noise with noise variance σ2

c . Furthermore, the transmit
signal vector is denoted by xxx[n]. To model imperfect CSI,
we follow [9], such that h̃hhk = hhhk +∆hhhk, where h̃hhk is the ac-
tual channel vector, hhhk is the one assumed at the DFRC and
∆hhhk is the channel estimation error assumed to be Gaussian
with zero mean and covariance σ2

∆hhhk
III. On the other hand,

the radar model at the nth snapshot reads

yyyr[n] = γ0aaa(θ0)aaaT (θ0)xxx[n]+zzzr[n], (3)

where yr[n] is the received echo received at the angle-of-
arrival θ0 and γ0 is the reflection coefficient. The beam-
forming matrix WWW to be designed is precoded as xxx[n] =
WWWsss[n], with sss[n] being the constellation symbols. Also, the
vector aaa(θ) is the steering vector, i.e. the array response

to an angle θ . For instance, in uniform linear array (ULA)
configurations, the steering vector is given as

aaa(θ) =
[
1 e j 2π

λ d sin(θ) . . . e j 2π
λ (N−1)d sin(θ)

]T
, (4)

where λ is the wavelength of the signal and d is the inter-
element spacing.

Figure 2. Graphical illustration of the DFRC ISAC beam-
forming weight vector, as a function of steering vector and
channel response. Top: Case where Λ ≤ |hhhTaaa∗(θ0)|2 and
Bottom: Case where Λ > |hhhTaaa∗(θ0)|2.

3 Proposed Robust DFRC Beamformer

The proposed integrated sensing and communication prob-
lem, where the main cost function aims at maximizing the
output of a Bartlett beamformer subject to a series of QoS
constraints on all communication users involved in the sys-
tem, is the following:

(P) :



max
{wwwk}

P(θ0)

s.t. Pr(SINRk ≤ γk)≤ pk, ∀k
K
∑

k=1
Tr(WWW k)≤ 1,

WWW k =wwwkwwwH
k , ∀k,

(5)

where P(θ) =
K
∑

k=1
aaaT (θ)WWW kaaa∗(θ) is the output of the

Bartlett (sum-and-delay) beamforming towards angle θ . In-
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tuitively speaking, we aim at maximizing the output power
of the Bartlett beamformer under the following constraints:
The first constraint reflects per-user SINR outage to guar-
antee an acceptable rate, i.e. γk, under a probability of fail-
ure pk. Furthermore, the second constraint is a power bud-
get constraint on the transmit beamformer. Finally, the last
constraint is to ensure a rank-1 solution of the beamforming
matrices. To this end, the above problem is non-convex due
to the rank-1 constraint and untractable due to the proba-
bilistic constraints. After many relaxations and approxima-
tions (see details in [2]), we get

max{
WWW kνkµk

} P(θ0)

s.t. σ2
k ≤ Tr(AAAk)−

√
2εkµk − εkνk, ∀k

σ2
k = σ2

c −hhhT
k W̄WW khhh∗k ,

νk ≥ 0, ∀k
νkIIIN ⪰−AAAk, ∀k µk

√
2bbbH

k vec(AAAk)
H

√
2bbbk

vec(AAAk)
µkIIIN+N2

⪰ 000

WWW k ⪰ 000, ∀k,
K
∑

k=1
Tr(WWW k)≤ 1,

(6)

where AAAk = σ2
∆hhhk

W̄WW k, bbbk = σ∆hhhkW̄WW khhh∗k , W̄WW k = 1
γk

WWW k −
K
∑

ℓ=1,ℓ̸=k
WWW k and εk =− log(pk).

Notice that the above problem in equation (6) is a convex
optimization one, which can be resolved by classical con-
vex optimization solvers (e.g. CVX and Gurobi). Now, we
have the following theorems related to the problem at hand,
i.e. the rank-1 property of the relaxed problem

Theorem (Rank-one Optimality): Consider the convex
optimization problem given in equation (6). Then, for all
k = 1 . . .K, the solution of the problem in (6) satisfies

rank(WWW opt
k ) = 1. (7)

Proof: See [2]

The above theorem tells us that even though we had
dropped the rank−1 constraint in the problem defined in
equation (6), we are still guaranteed to obtain a rank−1
optimal solution. Meanwhile, we also derive closed form
single user (SU) expressions as follows1:

Theorem (Single-User BFing in Closed-Form): Let K =
1, the optimal solution to problem (PSU

6 ), is given as fol-
lows

wwwopt =


aaa∗(θ0)
∥aaa(θ0)∥

, if Λ ≤ |hhhTaaa∗(θ0)|2
√ρ

hhhH
∥ aaa∗(θ0)

∥hhhH
∥ aaa∗(θ0)∥

hhh∥+
√

1−ρ hhhH
⊥aaa∗(θ0)

∥hhhH
⊥aaa∗(θ0)∥

hhh⊥, else

(8)
1We have omitted subscripts in the theorem due to the SU assumption

where Λ = N(γσ 2
c −σ2

∆ +
√

2εσ∆

√
σ2

∆ +2 |hhhT aaa∗(θ0)|2
N ). Fur-

thermore, hhh∥ is a normalized vector pointing towards hhh and
hhh⊥ is normalized and orthogonal to hhh∥. Moreover,

√ρ is a
root of the following equation in the interval [0,1]

g(x) = x2∥hhh∥2−(γσ 2
c −σ2

∆)−σ∆
√

2ε
√

σ2
∆ + x2∥hhh∥2, (9)

where σ∆ = σ∆hhh.

Proof: See [2]

The above theorem is particularly important in characteriz-
ing the trade-off between the radar and communication per-
formances. Specifically, when the correlation between the
channel and the steering vector towards the intended target,
i.e. |hhhTaaa∗(θ0)|2, is above a certain threshold, then the solu-
tion is a purely radar one, i.e. aaa∗(θ0)

∥aaa(θ0)∥
. This is intuitive as

when h and aaa(θ0) have close resemblance, where the degree
of similarity is decided by Λ, then the optimization problem
focuses on maximizing the radar cost. On the other hand,
when the correlation between the channel and the steering
vector towards the intended target, i.e. |hhhTaaa∗(θ0)|2, is be-
low Λ, then the solution lives in the subspace spanned by
{hhh∥,hhh⊥}. Also, ρ plays the role of defining the strength of
wwwopt within directions hhh∥ or hhh⊥. We illustrate this in Fig. 2.

4 Simulation Results

Figure 3. Trade-off between the average achievable sum
rate per user and the radar detection probability for N = 5
at receive SNRr = 1dB, and PFA = 10−4.

A tradeoff we can study is the probability of detection PD,
vs the average achievable sum rate. The radar SNR is de-
fined as SNRr and is fixed to 1dB. We set N = 5 antennas.
This is demonstrated in Fig. 3. To show the superiority of
our design, we compare to the beamforming design in [10].
Referring to Fig. 3, it is clear that a trade-off exists between
the detection performance of the radar and the communica-
tion rate. In other words, for a fixed PD, the rate increases
with a decrease in number of users. Second, it should be
noted that our design presents better tradeoffs in both, prob-
ability of detection and average achievable rate, especially
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Figure 4. Achievable rates as a function of p for different
values of N and K.

when K grows large. For example, with K = 4 and an av-
erage achievable sum-rate of 4.78bits/sec/Hz/user, we have
that PD ≃ 0.65, when the design in [10] is adopted; com-
pared to PD ≃ 0.99 using the proposed design, herein.

In Fig. 4, we aim at studying the impact of p on the total
achievable rate with different number of transmit antennas
and communication users. It is clear that increasing p leads
to a degradation in the total achievable rate. In particular,
a breakout region is observed around p = 0.1, where be-
yond this value, a stable slope contributes in the decrease
of the total achievable rate. On another note, the degrees of
freedom (DoF) available accounts for additional improve-
ment in terms of SINR, due to additional nulling of the in-
terference terms; therefore, an increase in the total achiev-
able rate. As an example, for the case of K = 2, doubling
the number of antennas contribute to an increase of roughly
0.3bits/sec/Hz, whereas the same rate increase could be at-
tained by adding only 1 antenna, when K = 5.

5 Conclusions

In this paper, we have proposed a robust ISAC beamformer
well-suited for imperfect channel state information situa-
tions. The beamformer can achieve high data rates, while
simultaneously detecting passive targets in the scene. The
paper also reveals different insights around the nature of
the solution of the proposed ISAC beamformer in certain
cases. Moreover, simulation results demonstrate the ef-
fectiveness of the proposed ISAC beamformer, when com-
pared to state-of-the-art ones.

References

[1] A. Liu et al., "A Survey on Fundamental Lim-
its of Integrated Sensing and Communication," in
IEEE Communications Surveys & Tutorials, vol.

24, no. 2, pp. 994-1034, Secondquarter 2022, doi:
10.1109/COMST.2022.3149272.

[2] A. Bazzi and M. Chafii, "On Outage-based
Beamforming Design for Dual-Functional
Radar-Communication 6G Systems," in IEEE
Transactions on Wireless Communications, doi:
10.1109/TWC.2023.3235617.

[3] A. Fascista, A. Coluccia, and G. Ricci. "A Pseudo
Maximum likelihood approach to position estimation
in dynamic multipath environments." Signal Process-
ing 181 (2021): 107907.

[4] A. Khan, S. Wang, and Z. Zhu. "Angle-of-arrival es-
timation using an adaptive machine learning frame-
work." IEEE Communications Letters 23.2 (2018):
294-297.

[5] F. Wen, et al. "Joint azimuth, elevation, and delay
estimation for 3-D indoor localization." IEEE Trans-
actions on Vehicular Technology 67.5 (2018): 4248-
4261.

[6] Z. Yang, et al. "Joint Estimation of Velocity, Angle-of-
Arrival and Range (JEVAR) Using a Conjugate Pair of
Zadoff-Chu Sequences." IEEE Transactions on Signal
Processing 69 (2021): 6009-6022.

[7] M. Abdelkhalek, S. Ben Amor, and S. Affes. "Blind
ML JADE in Multipath Environments Using Differ-
ential Evolution." ICC 2022-IEEE International Con-
ference on Communications. IEEE, 2022.

[8] A. Bazzi, D. TM Slock, and L. Meilhac. "On Max-
imum Likelihood Angle of Arrival Estimation Us-
ing Orthogonal Projections." 2018 IEEE International
Conference on Acoustics, Speech and Signal Process-
ing (ICASSP). IEEE, 2018.

[9] K. -Y. Wang, A. M. -C. So, T. -H. Chang, W. -
K. Ma and C. -Y. Chi, "Outage Constrained Robust
Transmit Optimization for Multiuser MISO Down-
links: Tractable Approximations by Conic Optimiza-
tion," in IEEE Transactions on Signal Processing,
vol. 62, no. 21, pp. 5690-5705, Nov.1, 2014, doi:
10.1109/TSP.2014.2354312.

[10] F. Liu, L. Zhou, C. Masouros, A. Li, W. Luo,
and A. Petropulu, "Toward dual-functional radar-
communication systems: Optimal waveform design,"
IEEE Trans. Signal Process., vol. 66, no. 16, pp.
4264–4279, Aug. 2018.

[11] A. Bazzi and M. Chafii. "On Integrated Sensing and
Communication Waveforms with Tunable PAPR."
arXiv preprint arXiv:2210.02892 (2022).

[12] A. Bazzi and M. Chafii. "RIS-Enabled Passive
Radar towards Target Localization." arXiv preprint
arXiv:2210.11887 (2022).

This paper’s copyright is held by the author(s). It is published in these proceedings and included in any archive such as IEEE
Xplore under the license granted by the “Agreement Granting URSI and IEICE Rights Related to Publication of Scholarly
Work.”


