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Abstract
This paper introduces a novel method for the calculation of
cutoff wavenumbers of transverse electric (TE) and transverse magnetic (TM) modes in eccentric coaxial waveguides based on a combination of the conformal mapping
and perturbation techniques. Different from commonly
used approaches, that are grounded on complicated determinantal characteristic equations resulting from a translational addition theorem, our method relies on a direct solution for a Helmholtz equation via a convergent power series.
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Introduction

In the last years, many authors have been studied and developed techniques for solving the problem of eccentric
coaxial waveguides and calculate the cutoff wavenumber
of TE and TM modes present in this structure. One of the
first formal techniques explored was presented in [1], where
the boundary-value problem was solved using a numerical
point-matching method. Another method proposed in [2],
solves the problem at hand by utilizing the translational
Graf’s addition theorem for modeling small eccentricities
in coaxial waveguides. More recently, the method presented by [3] also employs an addition theorem for cylindrical functions, but in approximated fashion.
Another popular method for characterizing eccentric
waveguides is based on the conformal mapping [4, 5] of
the original problem into another geometry that allows a
feasible boundary problem resolution. In [5], the lower
and upper bounds of the cutoff frequencies were obtained
by combining a conformal mapping with the Rayleigh-Ritz
method. In the recent work in [6], the Helmholtz equation
was analyzed in a bipolar coordinate system, and convenient approximations have allowed a solution based on the
separation of variables.
In this paper, we introduce a conformal mapping to transforming the geometry of the original problem of a coaxial waveguide comprising two eccentric cylinders (see
Fig. 1(a)) into an equivalent problem with two concentric
boundaries (see Fig. 1(b)). As a consequence of this transformation, the medium becomes anisotropic and inhomogeneous, with electric permittivity and the magnetic permeability presenting radial (ρ) and azimuthal (φ ) dependence. In order to find the cutoff wavenumbers, we explored the concept of cavity-material perturbations [7] in

Figure 1. (a) Geometry of an eccentric coaxial waveguide.
(b) Geometry of the transformed waveguide.
the transformed geometry shown in Fig. 1(b). Numerical
results are presented, demonstrating the accuracy of our
method when compared with the solution from finite element method (FEM).
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2.1

Formulation Overview
Conformal Mapping

In order to solve the problem of an eccentric coaxial waveguide, let us first apply a conformal mapping to transform
the geometry in Fig. 1(a) to that in Fig. 1(b). the inertial
frames z̃ and z are employed to represent the original (eccentric) and the transformed problems, respectively. According to [8], the planes z̃ = x̃ +iỹ and z = x +iy are related
via
r1 z̃ − x̃1
z = x̃2
,
(1)
r̃1 z̃ − x̃2
where
x̃1,2 = ã ∓ (ã2 − r̃12 )1/2 ,
(2)
ã = 1 + (r̃12 − r̃02 )/L2 ,
(
x̃1 x̃2 = r̃12
(x̃1 − L)(x̃2 − L) = r̃02 .

(3)
(4)

Analyzing the above equations, it is possible to verify that,
when L increases, x̃1 and the inverse of x̃2 decreases. Such
an important relationship will be useful in the next section
where a series solution in terms of x̃2−1 will be proposed.
The electromagnetic parameters of the tilde and non-tilde
frames are related by [9]
G = J¯· G̃, with G = {E, H},

(5)

p̄¯ = |J|¯ −1 J¯· p̄¯˜ · J¯T , with p = {ε, µ},

(6)

where E and H are electric and magnetic fields, respectively, ε̄˜¯ = diag(ε̃s , ε̃s , ε̃z ) and µ̄˜¯ = diag(µ̃s , µ̃s , µ̃z ) are the
permittivity and permeability tensors, and J¯ is the Jacobian
transformation matrix and your determinant can be written
by
(1 − x̃1 /x̃2 )2
|J|¯ −1 =
.
(7)
(1 − 2ρ cos φ /x̃2 + ρ 2 /x̃22 )2
Notice that an isotropic and homogeneous eccentric coaxial
waveguide is transformed into a concentric guide, but filled
with inhomogeneous and anisotropic media in the non-tilde
frame, i.e., ε̄˜¯ → ε̄¯ (ρ, φ ) and µ̄˜¯ → µ̄¯ (ρ, φ ).

2.2

Perturbation Method

Consider now that the transformed concentric-waveguide
(in z-plane) has electromagnetic fields that can be seen
as a perturbed version of those present in a uniaxiallyanisotropic and homogeneous waveguide. The latter will
be denoted as unperturbed fields and identified by the subscript 0. Then, we can write
+ik0,z z
E0 = E+
0e
+ik0,z z
H0 = H+
0e

and

E = E− e−ikz z
H = H− e−ikz z ,

(8)

where

∆p = p0,z

k0,z − kz
=
ω

R



¯ · E− · E+ + ∆µ̄¯ · H− · H+ dS
∆
ε̄
0
0
S
R
,

+
+
−
−
×
H
+
E
×
H
·
ẑdS
E
0
0
S

(9)

with ∆ p̄¯ = p̄¯ − p̄¯0 , where p = {ε, µ}.
By assuming the zeroth-order p̄¯0 and perturbed media p̄¯ are
characterized by




ps 0
0
ps 0
0
0  , p̄¯ =  0 ps
0  , (10)
p̄¯0 =  0 ps
0 0 p0,z
0 0 pz (ρ, φ )

inφ
E+
0 = enp (ρ)e

H− = −h−np (ρ)e−inφ .
(14)
Please see [10] for further details. We can now expand the
axial wavenumber as a series in x̃2−1 given by


α1 α2
+ 2 ,
kz ≈ k0,z 1 +
(15)
x̃2
x̃2
where k0,z is axial wavenumber of the zeroth-order solution,
and α1 and α2 are the correction factors of first- and secondorder, respectively. By combining (14) and (12), and after
some manipulations, we simplify the numerator in (9) into
two components, one associated with the E-field given by

S


0
∆ p̄¯ = 0
0

Z r1

4ε0,z
x̃22

r0

4µ0,z
∆µ̄¯ · H− · H+
0 dS = −
x̃22
S

Z

ez,−np (ρ)ez,np (ρ)ρ 3 dρ, (16)

Z r1
r0

hz,−np (ρ)hz,np (ρ)ρ 3 dρ.

(17)
Notice that the above equations do not present field components associated with correction of order x̃2−1 , and as a
consequence, we can anticipate that there is no first-order
correction in (15), i.e., α1 = 0. The denominator terms in
(9) can be obtained via the closed-form resolution of the
reaction integrals available in [10]. Finally, by substituting
equations (15), (16) and (17) in (9), the corrections α2 for
TE and TM modes can be we can obtained as follows:

ω 2π 
IT M + IT E ,
(18)
α2 = −
k0,z Nnp
where

(11)

0
0
0

∆ε̄¯ · E− · E+
0 dS =

and another for the H-field given by



4ρ cos φ 2ρ 2 
pz (ρ, φ ) = p0,z 1 +
+ 2 3 cos 2φ + 2
x̃2
x̃2

2
with p0,z = p̃z 1 − x̃1 /x̃2 . We can readily simplify ∆ p̄¯:

E− = e−np (ρ)e−inφ

and

inφ
H+
0 = hnp (ρ)e

where pz (ρ, φ ) can be expanded as a power series in term
of x̃2−1 , namely,

+O(x̃2−3 ),

(13)

In order to solve (9), we supposed the perturbation does not
significantly modify the field patterns, and we can then assume that the perturbed fields and unperturbed are approximately equal over the plane ρ-φ , as long as the eccentricity
L is small (or x̃2 is large), and consequently, we can write
the fields associated to the npth harmonic as

Z

where each field have a different propagation direction with
respect to the longitudinal axis. Notice we have assumed
and omitted the time-harmonic factor e−iωt . Based in theory of cavity-material perturbation presented in [7], the k0,z
and kz are related via


4ρ cos φ 2ρ 2 
+ 2 3 cos 2φ + 2 .
x̃2
x̃2

3

Z 


−
−
+
E+
0 × H + E × H0 · ẑdS,

Nnp

=

IT M

= 4ε0,z

IT E

= −4µ0,z

S

Z r1
r0

ez,−np (ρ)ez,np (ρ)ρ 3 dρ,

Z r1
r0

(19a)
(19b)

hz,−np (ρ)hz,np (ρ)ρ 3 dρ. (19c)

Numerical Results



0
0 ,
∆p

(12)

In order to validate the presented method, we have first
considered the structure of Fig. 1(a), with r̃1 = 5 mm,

r̃0 = 0.05r̃1 , and the eccentricity L = 0.05r̃1 . Table 1 shows
the cutoff wavenumbers, given by kρc = (ω 2 εs µs − kz2 )1/2 ,
for the dominants TE and TM modes calculated from the
finite element method) (FEM) in CST Studio Suited [11]
and from the method presented in [6] versus those obtained
by the our method. The relative error is calculated using the
CST results as a reference. The average error of our method
(0.263 %) is comparable with the error of the method in [6]
(0.264 %).

As a complementary validation, in Fig. 2 we have explored
the accuracy of our approach when the latter structure has
its eccentricity increased up to 20% of the external radius.
Besides that relatively large eccentricity, we can observe
that our method remains the accuracy when compared with
the full-wave solutions provided by the FEM.

4

Conclusion

In this paper, a novel and numerically efficient method to
calculate the cutoff wavenumbers (for TE and TM modes)
in eccentric coaxial waveguides was developed on the
grounds of a conformal mapping combined with a cavitymaterial perturbation technique. According to the preliminary results, this approach proved to be accurate in the modeling of normalized eccentricity up to 20%. Further work
is in progress to improve the presented method for providing additional perturbation correction to the vector fields in
addition to the cutoff wavenumbers presented herein.
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