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Abstract
In the vast literature on waves and plasma interaction, the
skin depth, the stochastic heating and the radiofrequency
(rf) magnetic field effects emerge as important factors in
simulations, still relying on effective collision rate models:
a closed form and universal graph are given for stochastic heating. A simulation code based on iteration between
plasma and rf calculations is recalled, and typical results are
shown, for a simple induction ion source design.

1

Introduction

Radiofrequencies (rf) are often a convenient way to energize ion source plasma, from few MHz (inductive or capacitive coupling[1, 2, 3]) to GHz, as in electron cyclotron resonance (ECR) ion sources (ECRIS[4, 5]), see Fig 1. Heating
may be enhanced by non-local effects as sheath and disuniformities; these anyway are often cast in local form, defining effective collision frequencies[6, 7, 8] in order to use
efficient simulation tools[9, 10]. Let plasma be contained
in a vessel (plasma chamber), say a cylinder of radius Rw
and length L p , and ω be the rf angular frequency and ω p
the plasma angular frequency

ω p = ne e2 /(me ε0 )
(1)
which depends on electron density ne ; conversely the cutoff density nc is defined by ω = ω p that is nc = me ε0 ω 2 /e2 .
Since we aim at ne ∼
= 1018 m−3 in an ion source, we have
two major regimes: over 10 GHz we get ne < nc (density
below cut-off), waves propagates inside plasma, whose dimension L p may easily exceed vacuum wavelength λ , as in
ECRIS, typically used to produce multiply charged ions for
nuclear physics experiments[4]. For MHz devices, we get
ne > nc (density over cut-off) so that rf electric field decays
into plasma with typical distance δ (skin depth). In an inductively coupled device, see Fig. 1.(b), we have φ ∼
= 0 (inside plasma) and A ∼
= ℜ ϑ̂ Aϑ (r, z)eiω t , where the operator
ℜ (real part of) will be usually understood in the following
(a phasor notation, widely used)[6, 8]; Maxwell’s equations
reduce to
rAϑ ,zz + (rAϑ ,r ),r + rQAϑ = μ0 σ Uk

(2)

with σ the conductivity, 2π Uk the voltage acting on the k-th
turn of the coil, and Q = −r−2 − iμ0 ωσ + εr (ω /c)2 a com-
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Figure 1. Schemes of typical rf ion sources: (a) ECRIS; (b)
Inductively Coupled Plasma.
bined function, where εr is the relative permittivity (excluding free currents featured by σ ). Since the electron motion
is very complicate[11, 12] inside plasma, see Fig. 2, the
conductivity σ = δ̌ j/δ̌ E is the functional derivative (δ̌ ) of
current j against the electric field E, and σ is a tensor operator. But it is often convenient to approximate it by a scalar
and local value σ = ne e2 /(νc + iω ) with the collision frequency a sum νc = νm + νs , where νm is due to particle
collision and the so-called stochastic term νs is an averaged
effect, extrapolated from more specific calculations, possible only in very simplified geometry and conditions. Then
inside plasma or dielectrics
Q = εr

ω 2 1 ω p2 iω
− 2− 2
c2
r
c ν c + iω

(3)

After this assumption, eq. (2) may be easily solved numerically (as for waves in lossy materials) to improve source
design. In the similar ECR case[4, 5], expression for σ
remains a tensor. Use of low εr dielectric windows is sometimes preferred to alumina ones (εr = 9.8).
To calculate skin depth δ , we consider the planar geometry
limit y = r sin ϑ and x = r cos ϑ − Rw with Rw → ∞; for
x, y  Rw and x < 0 (plasma near wall) we have Aϑ ∼
= Ay =
a1 exp(ikx x) with phasor a1 , wavenumber kx = kr − (i/δ )
and kr the real part of kx . Let Q∞ be the value of Q from eq.
(3) without the term 1/r2 , which is negligible in the planar

I1 (α ) = [(1 + α )eα Γ(0, α ) − 1]/π

(7)

where Ew = ω a1 /i is electric field near dielectric wall,
vth = (8Te /π me )1/2 a thermal speed, and Γ the incomplete
Gamma function. The adsorbed power for an effective collision rate νc is proportional to ℜ 1/(νc + iω ); comparison
gives
ν ∼ √
(8)
= 2 πα I1 (α ) ≡ I2 (α )
1+  ν 2

Figure 2. One electron motion in weak plasmas (ne → 0):
(a) uniform rf field Bz and Ex ; (b) uniform rf field Bz and
Eϑ ∝ r. For comparison scheme (c) includes rf shielding
by strong plasma, note skin depth δ .
√
Q∞ , and δ = −1/ℑkx . In detail

c 2(1+  ν 2 )
δ=


ωs2 − ν 2 + 1+  ν 2 ωs4 + ν 2 ω 2

limit; thus kx =

(4)

with shorthands ωs2 = ω p2 − ω 2 and  ν = νc /ω . As said
before, typically ω p  ω , ν , so that also ωs  ω , ν ; in the
series expansion


 4
2(1+  ν 2 ) 1
(1+  ν 2 )/2 ω 2
δ
ω

=
+
+O

3
3/2
2
c
ω
ω
ωs5
s
1 + 1+  ν 2 s (1 + 1+  ν )
(5)
it usually suffices to the first term only.
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Models of Collisions

An electron approaching (or leaving) the wall with velocity
vx is subjected to rf for a time τ = δ /|vx |; when τ is less than
rf period 2π /ω , rf can efficiently heat electrons; according
to Ref.[6], assuming thermal electrons with density nwe (at
plasma limiting sheath near wall) and temperature Te (in
energy units), the adsorbed power Pw (per unit surface) is
Pw
e2 δ 2
= nwe
I1 (α ) ,
2
|Ew |
me vth

α=

4ω 2 δ 2
2
π vth

(6)

with  ν = νc /ω ; the two solution branches  ν ± (α ) are shown
in Fig. 3. In the limit α → ∞ (that is τ  2π /ω for most
electrons) no efficient heating of electrons can expected, so
the lower√branch should be selected; but its leading term[6]
 ν a = 2/ πα 3 is not accurate for α < 10. For the case
α  0.01 we expect large rf effects for most electrons, so
+
the upper branch
√  ν should be used; a naive estimate is
about  ν n = 1/ π 3 α , which fails over α > 0.01. Much
more accurate expression are obtained by fits of  ν − for
large α and of  ν + for small α values[9]; an elaborate fit
including and joining both cases is known[7]. Moreover,
by considering the singularity of the Γ function for α → 0
and joining term to the expansion for large α , we propose:

1/π
ν = 
(9)


2
1 3
4
2
2
2α + 4 α + α 2 + π 2 log (c1 /α )
with c1 = e−1−γ ∼
= 0.206 and γ ∼
= 0.577 the Euler’s constant; eq. (9), as shown in Fig. 3, matches correctly the
limiting cases of  ν ± and interpolates them smoothly for intermediate values of α . These values must be included in
simulations (since δ and α can take any positive value) and
it is the region of more effective heating; so results may be
sensitive to  ν (α ) interpolation. Another relation between
 ν and α comes from δ expressions (computed before); inserting vth and eq. (5) into eq. (6) (and keeping only the
leading term in ω p /ω ) gives

α=
X≡

1+  ν 2
me ω 2 δ 2 ∼ 1

=
2Te
X 1 + 1+  ν 2

Te ωs2 ∼ nwe Te
+O
=
me c2 ω 2
p0

ω2
ω p2

,

p0 =

(10)
m2e ω 2
(11)
μ0 e2

with X the ratio between plasma electron pressure and a
reference p0 which depends only from ω ; in our case,
ω = 1.269 × 107 rad/s and p0 = 4.144 × 10−3 Pa. Numerical solution of Eqs. (9) and (10) for any given X is
easily calculated; the lower bound α0 = (c0 /X)3/4 with
c0 = 0.394 is used as starting point; results are shown in
Fig. 4. In summary, stochastic collision rate is a function
of electron plasma pressure against wall sheath, which phenomenological view well deserves to be tested with future
kinetic calculations. In general an effective collision rate
may be defined νe = ℜ ne e2 /(me σ ).

3 Magnetic Field: Static and rf Terms
Figure 3. Plots of  ν vs α , from eqs. (8) or (9).

The effect of rf magnetic field B f can be simply discussed in
cylindrical geometry, only for ω r  c and at plasma onset

In the case Bs = 0 and Ωt = Ω f an effective conductivity
approximation, more convenient for following simulations
and valid also for large ne , was proposed[8]:


ne e2
iωνm
2
1− 2
σ= 
+
O(
ν
)
(16)
m
νm + Ωt2
me νm2 + Ωt2
assuming ω  νm < Ωt ; for Bs = 0 we generalize it taking Ωt2 = 21 Ω2f + Ω2s . The latter estimate roughly expresses
reduction of conductivity and electron mobility due to |B|.

4 Simulations and Results
Figure 4. Plot of  ν and α vs parameter X = nwe Te /p0 .

For noble gases, the flow Γ e of electrons and the flow Γ i of
ions are related by quasineutrality inside plasma:

ne ∼
= 0 and without z dependencies. Then Q ∼
= −1/r2 and
eq. (2) admits the solution Aϑ = a2 r inside plasma with
a2 = iB f /2. Adding a static magnetic field Bs ẑ to our ion
source we have Bz = B f sin ψ + Bs and Eϑ = 12 ω rB f cos ψ
with the shorthand ψ = ω t; let Ωs = eBs /me be the usual
cyclotron angular frequency due to static field and Ω f =
eB f /me the one due to rf field. The electron motion equation
(12)
me v̇ = −e(E + v × B) − me νm v

div Γ i = div Γ e = ng ne Kiz (Te ) = niz

becomes, with the coordinate xc = x + iy (so that r = |xc |):
ẍc + M ẋc + iω k1 xc cos ψ = 0

,

(13)

where M = k0 + 2ik1 sin ψ with values k0 = νm + iΩs and
k1 = 12 Ω f . When k1 = 0 (no rf) we get the usual damped
cyclotron oscillation xc = x0 ei Ωt with angular frequency
Ω = ik0 , whose real part is −Ωs ; otherwise parametric resonances may occur (Hill or Mathieu equation), including
Ω = −is + nω terms with n any integer and s the complex
growth rate. Averaging the current Iϑ per electron on all
orbits passing through a given xc point and taking only 1st
harmonic gives a typical result as[12]:
Iϑ /Eϑ ∼
= (e2 /m)[ f (−ω , k0 , k1 ) + f ∗ (ω , k0 , k1 )], (14)
√ 5/2
f (ω , a, b) ∼
(15)
=
(a+2iω )2 +(15/4)b2 )

2a−iω +3

Then σ ∼
= ne Iϑ /Eϑ for constant νm . When B f is small
(linear rf) we have resonances at ω = ±Ωs , as in ECR.
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where Kiz (Te ) is the ionization coefficient[2], ng is the gas
density and niz the ionization rate (per unit volume and
time); for other gases, negative and molecular ions can be
included, possibly with some effective Kiz . The gas density ng may in principle be related to input gas density n0
by C0 (n0 − ng ) − C1 ng ∼
= d3 x niz /iz where C0 is the conductance of gas input to source, C1 the one of gas exit and
iz ∼
= 1; or be adjusted by the code to improve rf coupling. A
simplified thermal energy balance[8, 12] is written as:
−∇(Ke ∇Te ) = Ph − ne ng Kiz Eiz

,

Ph = 12 ℜ( jϑ∗ Eϑ ) (18)

where Ke is thermal conductivity and Eiz total energy lost
per ionization[2]. Ion flow due to ambipolar potential is
Γi = −Da (Bs ) ∇ ne +
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Figure 5. Major steps of numerical simulations.

(19)

with the ambipolar diffusion tensor Da , and the B2f term
partly balancing the ne gradient. Plasma simulations with
eq. (8) assumption (or equivalently Fig. 4 data) for  ν where
described in Ref. [7]. As for the model of eqs. (2,16-19),
an iterative solution is necessary to calculate Aϑ (complex)
updating Ph , Te and then ng , ne at each step, see Figs. 5
and 6; this staging also aims to keep ne and Te real valued,
protecting them from rounding errors and numerical instability. Due to 20% typical accuracy of Kiz data and difficulties of numerical convergence, some careful initialization is

Build Geom1 and Geom2
Geom2 (3D)

(17)

Figure 6. Plasma heating power density Ph .
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