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ABSTRACT 

We review recent developments in the Adjoint Variable Method (AVM) for time-domain sensitivity analysis. AVM 
efficiently estimates the sensitivities of a given objective function with respect to all designable parameters using only 
two simulations of the original and the adjoint structures. During these two simulations, the original and the adjoint field 
information are stored only at few nodes related to the designable parameters. Using the stored field components, the 
sensitivities of the objective function with respect to all designable parameters are estimated. The AVM approach is 
extended to calculate the sensitivities of complex valued objective functions such as the S-parameters over a wide 
frequency band. The AVM approach is illustrated through estimating objective function sensitivities with respect to 
waveguide discontinuity examples.   
 

INTRODUCTION 

The design problem of an electromagnetic structure can be formulated as 
                                                 ))}(,(min{ arg * xRxx

x
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where *x is the set of optimal parameters, )(xR is the vector of responses, and F is the objective function. The problem 
(1) is usually solved using gradient-based optimizers. These optimizers require not only the structure response but also 
its derivatives as well. The classical approach for extracting sensitivities using finite differences can be time-intensive 
even for problems with a small number of designable parameters.  

An adjoint variable method (AVM) has been recently developed and incorporated with time-domain TLM 
problems for efficient sensitivity analysis [1]. AVM estimates the gradient of a given objective function using only two 
simulations of the original and the adjoint problem. It is assumed that the objective function has the form 
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where sT  is the simulation time, and the function ),( Vxψ  is the kernel of the objective function. Structures with non-
dispersive boundaries or with dispersive Johns matrix boundaries are considered [2]. The approach is further developed 
to estimate the sensitivities of objective function with respect to dielectric discontinuities [3]. Recently, the AVM 
approach has been extended to calculate the S-parameter sensitivities of an NP port network [4]. In contrast with central 
difference approximations that requires 2nNP extra simulations, where n is the number of designable parameters, the 
AVM approach estimates the S-parameter sensitivities using only NP extra simulations.  

We start by a review of the AVM technique for time-domain TLM for both dispersive and non-dispersive 
boundaries. Different approaches for estimating sensitivities with respect to dielectric discontinuities are considered. We 
then discuss the estimation of S-parameter sensitivities by transforming the frequency dependant objective function into 
the framework of time-domain AVM. The AVM approach is illustrated through sensitivity calculations with respect to 
dimensions of waveguide discontinuities.  
 

THE AVM APPROACH FOR TIME-DOMAIN TLM 

The time domain TLM simulation with non-dispersive boundaries at the kth time step can be expressed as [1] 



s
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Here, we assume that the computational domain is uniformly discretized into N nodes with node size l∆ . We refer to 
the total number of associated TLM links as LN . We denote the time step by t∆ . In (3),  LN

k ℜ∈V  is the vector of 
incident impulses for all nodes at the kth time step, LL NN ×ℜ∈S is the overall block diagonal scattering matrix whose 
pth block, pS  is the pth nodal scattering matrix, LL NN ×ℜ∈C ,is the symmetric connection matrix, and the vector 

LNs
k ℜ∈V  is the excitation vector. 

The Adjoint Variable Method (AVM) estimates the sensitivities of the real objective function  (2) by carrying out 
the backward adjoint TLM simulation 
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where LN
k ℜ∈λ is the vector of adjoint impulses of all nodes at the kth time step, and tkt

s
k t ∆=∂∂∆= )/( Vλ ψ is the 

adjoint excitation obtained from the original TLM simulation. We notice that the scattering matrix of the adjoint 
simulation is the transpose of that in the original simulation. Also, the order of the scattering and the connection steps in 
the two simualtions is reversed. The AVM sensitivities of (2) with respect to the ith designable parameter are then 
obtained using [1] 
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where the matrix iA∆  is the change in the system matrix ( ) t∆−= /ICSA due to a perturbation ix∆ of the ith designable 
parameter, the term i

e xF ∂∂ / denotes the explicit dependence of (2) on the ith parameter, and tN  is the number of time 
steps with tNT ts ∆= . The vector kii

i
k x VAη )/( ∆∆=  depends on the way nodes are affected by perfectly conducting or 

dielectric discontinuities. We assume that the perturbation ix∆  is small enough to approximate the distribution of the 
incident impulses of the perturbed structure with those obtained from the unperturbed one [1]. For the cases that ix∆  
results in “metallizing” or “demetallizing” certain TLM nodes, the associated changes in the system matrix, iA∆  is 
modeled by changes in the system connection matrix. In this case, the vector i

kη  at the kth time step is obtained as 
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When the perturbation ix∆  affects the dielectric properties of certain nodes, the changes in the system scattering matrix 
models the perturbation in the matrix A . The vector i

kη  is thus given by 
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A second approach for estimating the adjoint sensitivities with dielectric discontinuities is proposed in [3]. In this 
technique the required approximation of the incident impulses is avoided by exploiting the analytical dependence of the 
scattering matrix on the material properties to obtain an exact adjoint system. It is shown that the estimated sensitivities 
can then be approximated by 
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where the first summation is carried out over the set of nodes whose dielectric properties are affected by the 
perturbation ∆xi.  
 The adjoint variable method is extended to include electromagnetic structures with dispersive Johns matrix 
boundaries [2]. In this case, the original TLM simulation is given by 
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where LL NNk ×ℜ∈)(G  is the kth time layer of the three-dimensional Johns matrix [2]. Similar to (4), the adjoint 
impulses are obtained from the backward TLM simulation 
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THE AVM APPROACH FOR S-PARAMETER SENSITIVITES 
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An algorithm for estimating the S-parameter sensitivities within the framework of time-domain AVM has been recently 
developed [4]. For an Np port electromagnetic structure, the S-parameters Spq, p,q = 1, 2,…, NP, are extracted by 
dividing the output spectrum of the desired mode at the pth port by the reference spectrum of the qth port. Assuming 
that the reference spectrum is independent of the designable parameters, the sensitivities of the S-parameters are 
obtained from the sensitivities of the corresponding output spectrum. For the monochromatic case, where the structure 
is excited with a single sinusoidal at the qth port, the real and imaginary parts of the output spectrum of the desired 
mode are given by 
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where r denotes the position vector, )(rpE  represents the transversal mode distribution at location r of the pth port, and 
0f  is the excitation frequency. Expression (11) defines two real objective functions similar to (2).  Their sensitivities 

with respect to the designable parameters are obtained using the adjoint excitation vectors [4] 
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where s∆  is the port surface element, and the vector a relates the incident impulses to the transversal electric field 
components [4]. We notice that the only difference between the adjoint excitations in (12) is a constant phase shift equal 
to π/2. For a sufficient number of time steps, it is shown that one of the adjoint simulations in (12) can be avoided by 
taking into account only the steady state part of the adjoint impulses [4]. It follows that the sensitivities of the real and 
imaginary parts of the output spectrum of the pth port due to the excitation of the qth port are 
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where T corresponds to a shift in the sampling index of the adjoint impulses associated with the π/2 phase shift in 
adjoint excitations. Expression (13) indicates that only one additional adjoint simulation is required to estimate the 
sensitivities of a given S-parameter at a specific port for a single frequency. For an Np port network, the algorithm 
requires NP adjoint simulations to estimate all the S-parameter sensitivities with respect to designable parameters.  

For the multi-frequency cases where the S-parameters sensitivities over a range of frequencies are desired, the 
discussed algorithm has the disadvantage of requiring a large number of adjoint simulations. This problem can be 
avoided by using a wideband adjoint excitation that covers all the frequencies within the desired frequency range. 
Discrete Fourier Transform (DFT) is then utilized to decompose the adjoint impulses into their spectral components [4].  
 

EXAMPLE 

We apply the AVM approach to estimate the S-parameter sensitivities of a single-resonator filter (See Fig. 1). A square 
TLM cell of dimension 1.0 mm is utilized. The vector of designable parameters is TWD ][=x . The waveguide is 
excited at the input port with a Gaussian-modulated sinusoidal signal centered at frequency 40 =f GHz. We allow for 
4000 time steps. Figures 2 and 3 illustrate the sensitivities of both real and imaginary parts of S21 over a sweep of 
frequencies for TTWD ]0.013   028.0[][ ==x  using the adjoint-variable method and central finite differences. The 
results in both cases show good match.  
 

CONCLUSIONS  

The adjoint variable method for TLM is reviewed in this paper. In comparison with central-finite difference 
approximations, AVM enjoys the advantage of estimating the sensitivities of objective function in a mush shorter 
simulation time, especially when the number of designable parameters are large. This approach is well developed not 
only to estimate the gradient of real objective function in time-domain, but also complex objective functions such as S- 
parameters.  The AVM approach is illustrated through the estimation of objective function sensitivities with respect to 
physical dimensions of waveguide discontinuities. Excellent match is obtained with the accurate but time-intensive 
central-finite-differences.  
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a

Fig. 1. Single-Resonator filter. 

b 

Fig. 2. The sensitivities of S21 with respect to D over 
a sweep of frequencies for [D  W] = [28∆l  13∆l]; the 
imaginary part sensitivities obtained through AVM 
(); the imaginary part sensitivities obtained through 
central differences (ο); the real part sensitivities 
obtained through AVM (--); and the real part 
sensitivities obtained using central differences(∆). 

Fig. 3. The sensitivities of S21 with respect to W over 
a sweep of frequencies for [D  W] = [28∆l  13∆l]; the 
imaginary part sensitivities obtained through AVM 
(); the imaginary part sensitivities obtained through 
central differences (ο); the real part sensitivities 
obtained through AVM (--); and the real part 
sensitivities obtained using central differences(∆). 
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