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1. Introduction 
Recently, the scattering and guiding problems 

of the inhomogeneous media have been of con-
siderable interest, such as optical fiber gratings , 
photonic bandgap crystals , frequency selective 
devices, and a negative media[1].In the negative 
megium,such as a plasma or a metallic grating, 
the permittivity has both  positive and negative 
regions.Yamaguch et al. proposed to the modi-
fied multilayer approximation method  (MMA) 
in the positive and negative regions by linear 
profiles to the oblique angle incidences of the 
TM wave[2]. However, when the permittivity 
has a positive and touches zero,  MMA cannot 
be applicable. On the other hand, there cannot 
be also applicable to the electromagnetic field in 
the inhomogeneous layer though the homogene-
ous multilayer approximation method (HMA) 
using extrapolation method adding the loss term. 

In this paper, we proposed a new method for 
the electromagnetic fields with inhomogeneous 
medium mixed the positive and negative region 
by the combination of improved Fourier series 
expansion method[3] using the extrapolation 

method[4].    
Numerical results are given for the reflection 

and transmission coefficients ,and the electro-
magnetic fields in the positive and negative re-
gions including the case of when the permittiv-
ity profiles touches zero for the case of TM 
wave using the extrapolation method which ob-
tains the correct value of the eigenvalue and ei-
genvectors . 

 
2. Method of Analysis 

We consider inhomogeneous medium mixed 
in positive/negative as shown in Fig.1(a). The 
structure is uniform in the y-direction and the 
permittivity 2 ( )zε  including singular points at 

1 2z z and z z= =  (see Fig.1(b)) . The permeabil-
ity is assumed to be 0µ . The time dependence is 
exp( )i tω−  and suppressed throughout. In the 
formulation, the TM wave is discussed. When 
the TM wave (the magnetic field has only the y-
component) is assumed to be incident from 

0z <  at the angle 0θ , the magnetic fields in the 
regions 1 ( 0)S z ≤  and 3 ( )S z d≥  are ex-
pressed[3] as 

                          (a)                                       (b) 
 Fig.1 Structure of the inhomogeneous media with a dielectric constant mixed a positive and negative 

regions. (a) Coordinate system, (b) Approximated inhomogeneous layers. 
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1( 0) :S z ≤  
( ) ( )1 0 0 1 0 0sin cos sin cos(1) ik x z ik x z

yH e Reθ θ θ θ+ −= +         (1) 

1 1 0 0 1 0/k kω ε µ ε ε=              

3 ( ) :S z d≥  

   1 0 3{ sin ( )}(3) zi k x k z d
yH Te θ + −=                                (2)                                                                   

2 2
3 3 1 0( sin )xk k k θ− ; 0 2k π λ , 1, 3j = . 

where λ  is the wavelength in free space, 
R ,and T  are the reflection and transmission 
coefficients to be determined by boundary con-
ditions. 
The inhomogeneous layer ( 0 z d< < ) consists 

periodically stratified layers which is the itera-
tion of the permittivity 2( )[ ( )]d z zε ε=  in the 
original region ( 0 z d< < )[3].The modal com-
ponent of magnetic field can be written as 

(2) 1 0sin( ) ik x
yH H z e θ= ,and ( )H z must satisfy the 

following wave equation: 
2

2

2 2
0 0 1 0

( )( ) 1 ( )
( )

( ) ( sin ) ( ) 0

d

d

d

d zd H z dH z
z dz dzdz

k z k H z

ε
ε

ε ε θ

−

 + − = 

(3)                                           

Taking into account the Floquet’s theorem , 
( )H z can be approximated by the finite Fourier 

series as 

           2( )
N

ihz i nz d
n

n N
H z e u e π

=−

= ∑                       (4)                                                                       

To the obtain the correct solution in the analy-
sis, ( )d zε is adding the expressed loss termσ [4] 

0 0( ) / ( ) / ( 0)dd z z iε ε ε ε σ σ+ ≥             (5)                                                                                       
Substituting Eq.(5) and (4) into Eq.(3) and mul-
tiplying both side by 2( ) i mz d

d z e πε − ,and rearrang-
ing after integrating with respect to z  in the in-
terval 0 z d< < .We get the following  
 
equation in regard to h [3]. 

2 0h h+ + =MU CU KU                          (6)                                                                                                   
where, 

( )
0, , ,

Tl
N Nu u u−  U     :T transpose ,  

,m nη  M  ， ,m nζ  C  , ,m nγ  K   

, ,
2 {2 ( )} }n m n mn n m
d
π

ζ η+ −
2

2 2
, 0 0 , ,

2[ ( ( )) ( sin ) ]n m n m n mn n n m k
d
π

γ θ η ξ  + − + − 
 



                   ( ), , ,0, ,m n N N= −                       (7)                                                                                                  

{ } ( )2
, 00

1 ( ) /
p i n m z p

n m z e dz
d

πη ε ε −∫    

{ } ( )
2

2 20
, 00

( ) /
d i n m z p

n m d
k z e dz
d

πξ ε ε −∫  . 

Letting h=v U and Equation.(6) is reduced to 
the following conventional eigenvalue equation 

h=AW W                                                   (8)                         

1 1− −

 
 − − 

0 1
A

M K M C
 ，

 
 
 

U
W

v
 ,             

where, 1:unit vectore, M-1:inverse matrix of M. 
 
When it get an eigenvalue 0 ( )h iβ α= +  ob-

tained Equation.(8) for N → ∞ , 0 ( )h iβ α− = − −   
is also the solution, and 0( )h n± ±  are also solu-
tions. Therefore we selected 0h by convergence 
characteristics of 0( )h n± ± .In the lossless case, 
we obtain the eigenvalue EVh  is according to the 
following extrapolation equation 0 EV( )a h= from 
the loss parameters  for ( 1 3)j jσ = ～  [5]. 

2
0 0 1 3 ( ) ; 1( )j j j jh a a a σσ σ⋅ + ⋅ == + ～3       (9)                                                                             

In the same manner , the eigenvectors (EV)
nu case 

are also obtained the following extrapolation 
equation ( (EV)

0 nb u= )from the loss parameters  
for ( 1 3)j jσ = ～ [5]. 

( ) 2
0 1 3 ( ) ; 1( )EV

n j j jb ju b b σσ σ⋅ + ⋅ == + ～3    (10) 
 

2 (0 ) :S z d< <  
Using EVh and EVh− , and the corresponding ei-

genvectors (EV)
nu and (-EV)

nu ,the electromagnetic 
fields are expanded appropriately by a finite 
Fourier series[4]. 
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where (2) (2)t and rν ν  are unknown coefficients 
from the boundary conditions. 
Using the boundary conditions , ( )EVR R= ,and 

( )EVT T=  are obtains following equation [4]. 
( ) ( ) 1EV EVR N T N= −   

( )( ) 2[ ( ) ( ) ]/( )EV ev evT N d D d C AD CDf f −= − −     (13)                             



 

Where, 
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3. Numerical Analysis 
We consider the following sinusoidal profile 

in inhomogeneous media such a plasma medium 
for the TM wave: 

2 0( ) / {1 cos(2 / )}Az z dε ε ε δ π= +          (14)                        

2 2
2

[ (max) (min)]
A

ε εε + , 2 2

2 2

[ (max) (min)]
[ (max) (min)]δ
ε ε
ε ε

−
+

  

Fig.2  2dβ π and 2dα π .vs.n  for 0.01σ =                    Fig.3  2| ( ) |EVR N , 2| ( ) |EVT N  and  G .vs. 0θ  
                     in the case of the sinusoidal profile. 

 

(a)Normalized magnetic fields (2) ( )i
y yH H        (b) Normalized electric fields (2) ( )i

x xE E  
Fig.5 Electromagnetic-field in the case of 2 ( ) 0zε ≥ . 
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It has two singularity at 1 / 0.07z d ≅  and 
2 / 0.93z d ≅  .The values of parameters chosen are 
1 3 0ε ε ε= = , 2 2(max)ε =  , 2 (min) 0.1ε = −  and 

/ 0.8A dλ = . 
Figures 2 shows the convergence of propaga-

tion constants /(2 ) /(2 )d and dβ π α π to nor-
malized 0 ( )h iβ α= +  with 50N = ,and 0

0 30θ = . 
From in Figures 2, the number chosen  is 
n(= 2 1N +  =101) gives good convergence with 
comparison of exact solution which obtained 
MMA. 
 Using this number ( 2 1)n N= +  , Figures 3 

shows the power reflection coefficient 
2| ( ) |EVR N  ,the power transmission coeffi-

cient 2| ( ) |EVT N  and the power loss of energy dif-
ference 2 2( ) ( ) ][ 1 EV EVN NG R T− −  for various val-
ues of incident angle 0θ  using extrapolation 
method to select the loss term at  1 0.011,σ =  

2 0.01σ = and 3, 0.09σ = .The results of the 
present method are in good agreement with 
those of exact solutions. 
Figures 4(a) and 4(b) show the normalized 

magnetic fields (2) ( ) 2| / |i
y yH H  and the normal-

ized electric fields (2) ( ) 2| / |i
x xE E  for various val-

ues of /z d  at 0
0 30θ =  with the same parame-

ters as in Fig.3. From in Figs.4, .the results of 
the present method are in good agreement with 
those of exact solutions. For the (2) ( ) 2| / |i

x xE E  , 
the effect of singular point is seen clearly at 

/ 0,07 0.93z d and≅ , but it is finite value 
(zero) at this point because of limitation. 

  Figures 5(a) and 5(b) show the normalized 
magnetic fields (2) ( ) 2| / |i

y yH H  and the normal-
ized electric fields (2) ( ) 2| / |i

x xE E  for various val-
ues of /z d  at 0 0 0

0 30 , 45 , and 60θ =  with the 
same parameters as in Fig.3 for the  case of the 
permittivity was positive and contained the sin-
gular point (zero).From in Figs.5(a), the peaks 
of (2) ( ) 2| / |i

y yH H  move toward smaller /z d  as 
0θ increases. On the other hand, for (2) ( ) 2| / |i

x xE E  
case, the effect of singular point is seen clearly 
at / 0 1z d and≅ , but it is finite value(zero) 
at this point because of limitation. 

 
4. Conclusions 

In this paper, we proposed a new method for 
the electromagnetic fields with inhomogeneous 
medium mixed the positive and negative regions 
by the combination of improved Fourier series 

expansion method using the extrapolation 
method.      
Numerical results are given for the reflection 

and transmission coefficients ,and the electro-
magnetic fields in the positive and negative re-
gions including the case of when the permittiv-
ity profiles touches zero for the case of TM 
wave using the extrapolation method which ob-
tains the correct value of the eigenvalue and ei-
genvectors. 
The results of our method are in good agree-

ment with exact solusion which is obtained by 
MMA. 
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