
4th URSI AT-RASC, Gran Canaria, 19-24 May 2024 

 
 

Numerical evaluation of toroidal dipolar moments in thin-wire knots  
 

Mario F. Pantoja* (1), Pingjuan L. Werner (2), and Douglas H. Werner(2) 

(1) University of Granada, Granada, 18071 Spain, e-mail: mario@ugr.es 
(2) The Pennsylvania State University, University Park, PA, 16801 USA; e-mail: plw7@psu.edu; dhw@psu.edu 
 
The study of the toroidal moments in electrodynamics was first introduced in the 1960s, and their existence as an 
independent multipole family to characterize electromagnetic sources, based uniquely in space-time parity 
arguments, is still a controversial topic nowadays. Rigorous mathematical derivations from dynamic multipolar 
expansions of scalar and vector potentials, when combined to seek invariant features in terms of varying 
coordinate systems, lead to solid conclusions about the infeasibility of separating toroidal multipoles from 
classical electromagnetic multipoles.  However, there is an agreement regarding the extraordinary potential for 
the application of structures which support a dominant toroidal response to induce unique electromagnetic 
phenomena, such as the Aharonov-Bohm effect. A summary of the mathematical characterization of toroidal 
multipole moments for any bounded set of electromagnetic sources can be found in [1], while a review paper 
covering some experimental cases with toroidal responses was published in [2]. Interestingly, most of these 
examples are in the infrared and optical regimes, with only a few aimed at mimicking the response in the 
microwave regime by utilizing a thorough combination of electric and magnetic currents. 
 
In this presentation we will explore the existence of dipolar toroidal polar moments in thin-wire knots at 
microwave frequencies. The unique properties of knotted geometries are still underexplored for microwave 
applications, either as scatterers [3] or antennas [4]. One of the reasons for this is the complexity of the 
mathematical description of knots, where small variations of parameters in the generating equations lead to 
substantial changes in the spatial knotted geometry, which subsequently hinders the extraction of any physical 
inferences through computer explorations. This presentation will focus on summarizing the numerical procedure 
to characterize the polar-toroidal dipolar multipole coefficient for thin-wire (p-q) torus knots, as geometries that 
live on the surface of a supporting torus. Intensive electromagnetic simulations, enabled by considering only thin-
wire version of (p-q) torus knots, confirm them as a-priori ideal simple structures capable of supporting combined 
electric/toroidal responses.  

 

Figure 1. (Left) Vector Spherical Harmonic basis to calculate polar-toroidal response (Right) Some examples of 
polar (p-q) torus thin-wire knotted geometries. 
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