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TE-wave propagation in a circular waveguide with impedance-matched RHM to LHM transition
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Abstract

We study TE-wave propagation in a circular waveguide
with a graded transition from a lossy right-handed mate-
rial (RHM) filling the left-hand half of the waveguide to
the impedance-matched lossy left-handed material (LHM)
filling the right-hand half of the waveguide. We obtain ex-
act analytical solutions to Maxwell’s equations and perform
corresponding numerical simulations in COMSOL. An ex-
cellent agreement is obtained between the numerical sim-
ulations and analytical results. The presented method can
model smooth realistic material transitions, where the inter-
face width is an additional degree of freedom in the design
of practical RHM-LHM interfaces.

1 Introduction

Graded material composites are of interest in several ar-
eas. In transformation optics (TO), metamaterials with spa-
tially dependent material parameters are used to manipu-
late the propagation of waves [1] in optical devices such
as flat lenses or reflectionless beam bends. A graded re-
fractive index (GRIN) material for a thin-film solar cell
structure has been shown to suppress the reflections [2].
GRIN lenses have been studied in medical applications to
monitor the neural brain activity in relation to substance
use disorders [3]. GRIN materials have also been used in
waveguides where higher bandwidth and lower losses was
achieved, compared to discrete material transitions [4]. Yet
another example of GRIN materials used in waveguides to
control the effect of transmission or design bending waveg-
uide structures without destroying the field pattern was pre-
sented in [5].

Following the approach employed in our previous work like
e.g. [6], in the present paper, we consider a new problem
of the TE-wave propagation in a hollow circular waveguide
containing a metamaterial composite consisting of a right-
handed material (RHM) and left-handed material (LHM).
The transition between the materials is graded according to
a hyperbolic tangent function in the direction of propaga-
tion [6]. The objective is to find the exact analytical solu-
tions for the fields of arbitrary order TE-modes in a circular
waveguide. The analytical results are then compared to the
corresponding numerical simulation results, obtained using

COMSOL Multiphysics, for the lowest order TE11 mode.
Thereby, we confirm an excellent agreement between the
analytical results and corresponding numerical simulations.

2 Analytical results

Consider a hollow circular waveguide with radius a and
length L along the z-axis, as shown in Figure 1.

Figure 1. Circular waveguide with radius a and length L.

The time convention eiωt is used for time-harmonic fields,
and the spatially varying permeability and permittivity are
defined as continuous functions of z as follows [6]
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where the explicit ω-dependence of the permeability and
permittivity parameters is dropped for the sake of brevity.
From e.g. [6] we recall the impedance-matching condition
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For z → −∞, in the RHM-material, we have ε1(ω,z) =
ε0(+εR − iεI1) and µ1(ω,z) = µ0(+µR − iµI1), while
for z → +∞, in the LHM-material, we have ε2(ω,z) =
ε0(−εR − iεI2) and µ2(ω,z) = µ0(−µR − iµI2), as required
for impedance-matched passive materials. The electric field
EEE =EEET = Er r̂rr+Eϕ ϕ̂ϕϕ for TE-modes satisfies the equation
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where k2(z) = ω2ε(z)µ(z) is the square of the wavenumber
in the medium. The two components of the solution to this
equation in cylindrical coordinates (r, ϕ , z) are
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where H0 is a constant with the dimension of magnetic field
strength [A/m]. The transverse wave number kt is given
by ktmn = x′mn/a with x′mn being the m-th zero of the first
derivative of the n-th order Bessel function Jn(x), so that
J′n(x

′
mn) = 0. The z-dependent function I(z) is
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with the constant κ defined by
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Asymptotically, the function I(z) becomes I(z)→ kz(±∞)z,
where k2

z (z) = k2(z)− k2
t , as expected in RHM and LHM

materials, respectively. The z-dependency of the material
parameters does not affect the transverse parts of the field
components, which can be recognized as the well known
textbook solutions for a circular waveguide.

3 Numerical simulation in COMSOL

The numerical simulations are performed with COMSOL
Multiphysics software. A hollow cylindrical waveguide
with perfectly conductive walls, radius a and length L, is set
up along the z-axis. The waveguide is filled by the graded
metamaterial composite with RHM filling the left-hand side
of the waveguide, and LHM filling the right-hand side of the
waveguide, as shown in Figure 2.

A TE11 wave is excited from the port connected to the left-
hand side of the waveguide. At both ends of the structure,
two cylindrical boxes of perfectly matched layers (PMLs)
are added together with scattering boundary conditions at
the very ends of the PMLs. This ensures that any waves
outside the ports are absorbed and not scattered back into
the structure.

Figure 2. Graded RHM-LHM material along the z-axis in
the waveguide.

4 Comparison and discussion

A comparison between analytical and numerical results for
the wave propagation of the TE11-mode (m = 1 and n = 1),
is performed for a circular waveguide with radius a = 0.5
m and length L = 2 m. In this case, we have x′mn = 1.8412.
The material parameters are chosen to be εRHM = 2− i 0.04,
µRHM = 1− i 0.02 in RHM, as well as εLHM =−2− i 0.02,
µLHM =−1− i 0.01 in LHM. Two lengths of the transition
region, z0 = 0.01 m, and z0 = 0.04 m are considered. The
operating frequency is chosen to be 1 GHz.

4.1 Longitudinal field pattern

The longitudinal pattern of the electric field along the struc-
ture has been evaluated by studying the normalized electric
field intensity E(a/2,0,z). The comparison between the
analytical and numerical results for z0 = 0.01 is shown in
Figure 3 (a), while the comparison between the analytical
and numerical results for z0 = 0.04 is shown in Figure 3 (b).
From Figure 3, we see an excellent agreement between the
analytical and numerical results. We see that the direction
of the wave vector is changed at z = 0, where the transition
from RHM to LHM occurs, as expected.

4.2 Transversal field pattern

The transversal distribution pattern of the field is indepen-
dent of the position in the direction of wave propagation
(z-direction), even though we have a material variation in
z-direction. The electric field patterns at z = −L/2 and
z = L/2 are shown in Figures 4 (a) and 4 (b), respectively.
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Figure 3. A comparison of the analytical and numerical
results for two different lengts of the transition region of (a)
z0 = 0.01 m, and (b) z0 = 0.04 m.

The two field patterns are the same, as expected. The field
magnitudes at the two longitudinal positions are, however,
not equal to each other, due to the attenuation of the wave
throughout the waveguide. The analytical results for the
transversal electrical field components are also in excellent
agreement with the corresponding results obtained using
numerical simulations in COMSOL.

5 Conclusions

In this paper, TE-wave propagation in a circular waveguide
filled by a metamaterial composite with a graded transition
between RHM and LHM, is studied both analytically and
numerically. The analytical solution of Maxwell’s equa-
tions is in excellent agreement with the numerical results
obtained in COMSOL, both for the transverse and for the
longitudinal parts of the field intensity along the structure.
The results are also in agreement with the expected behav-
ior of wave propagation in a graded RHM-LHM composite.
The presented results also show that it is possible to perform
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Figure 4. Transversal electric field intensity pattern at
(a) z =−L/2 and (b) z = L/2. In both figures, the transition
region length is z0 = 0.01 m.

accurate numerical simulations on these structures. This is
of importance for future studies where both exact analyti-
cal analysis as well as numerical simulations can be used to
study and design GRIN waveguide devices.
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