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Abstract

The problem of hybrid TE-TE wave propagation in a plane
nonlinear anisotropic shielded waveguide is considered.
This problem is reduced to a new type of nonlinear two-
parameter problems with one spectral parameter. For the
determination of approximate solutions of the problem a
version of the shooting method specifically developed for
this type of two-parameter problems is proposed. Numeri-
cal results are presented.

1 Introduction

The study of eigenmodes of nonlinear cylindrical and pla-
nar waveguide structures [1, 2, 3, 4, 5, 6] was resulting in
emergence of new problem statements and mathematical
methods. In particular, a new class of two-parameter non-
linear problems is of interest. In such problems, only one of
the parameters is spectral, and the second is selected taking
into account some condition. This class includes problems
on the propagation of symmetric hybrid TE-TM waves in
a plane nonlinear waveguide [7, 8] and azimuthal symmet-
ric hybrid TE-TM waves in nonlinear cylindrical waveg-
uide [9, 10].

In this paper, we numerically study the problem of propa-
gation of hybrid TE-TE waves in a shielded plane nonlin-
ear anisotropic waveguide. This problem also belongs to
a new class of nonlinear two-parameter problems, which
is described above. The propagation constant of the hy-
brid TE-TE wave is a spectral parameter of the problem, an
additional parameter is related to the absolute value of the
magnetic field at one of the waveguide boundaries and cho-
sen such that there is a nontrivial solution to the eigenvalue
problem.

2 Statement of the problem

Consider the propagation of an electromagnetic wave in a
plane dielectric waveguide

o= {02 :0<x<h(yz) € RZ}’

where h > 0. The waveguide ¥ is located in the Cartesian
coordinate system Oxyz (see figure 1). At the boundaries
x =0, x = h the waveguide has perfectly conducted walls.
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Figure 1. Geometry of the problem.

Let us consider electromagnetic waves (E,H)e™'®" propa-
gating in the waveguide X, where @ > 0 is a circular fre-
quency; the complex amplitudes E, H have the form

E= <O,Ey(x)eiyz,EZ(x)eiyy) ! ,
H= (Hx] (x)e” + Hyeo(x)e?, Hy (x)e?, H, (x)eiﬂ) !

This type of wave is called hybrid TE-TE waves. yis a
propagation constant of a hybrid TE-TE wave.

The permittivity inside the waveguide is described by the
diagonal tensor

* 0 0
=10 81+O£1E§+062E§ 0 ,
0 0 &+ (XZE§ + OclE?

where & > 1, o, > 0 are real constants, x is a tensor
element that does not affect the propagation of hybrid TE-
TE waves.

Maxwell’s equations for the complex amplitudes E, H have
the form

VxH=—iogéE, VXE=iouH, (1



where & > 0 is the permittivity of vacuum, o > 0 is the
permeability of vacuum.

Thus the complex amplitudes E, H satisfy equations (1),
and tangential components of E vanish on the perfectly con-
ducted walls (x =0, x = h).

Substituting the complex amplitudes into Maxwell’s equa-
tions (1), we obtain the following system

{E;’ =rE ket ab aB)E,

E! = Y’E. — kj (& + wE; + a4 E7 )E,
where k(z) = ©? Uo&o,

H, = —(iou) 'E,
H; = (iwuo)flE;-

Hy = —y(ouo) 'E,,
sz = Y(wM)71E17

The wave field in the waveguide ¥ can be represented using
functions u; (x) := Ey(x), uz(x) := E;(x).

From system (2) we get

{u/l'yzu]k(z)(squ(xlu%Jrazu%)ul, 3)

uf = Yur — kg (&+ onui + alu%)uz-

Taking into account the conditions at the boundaries, we
obtain

Ml(O) =0, 1753 (0) =0, %)
M/l(O) ZAl7 M/Z(O) =A2, (5)
ui(h) =0, up(h) =0, (6)

where A;, A, > 0 are an unknown constants. We assume
that

A3+ A3 =A%, (M

where A > 0 is a known constant, Aj,A; € (0,4). Thus, we
need to find Ay, and A; can be found using the following

formula
Ay = /A% — A% (8)

Definition 1 The problem P is to find a couple (y,A}),
where Y € (—oo,+0), A| € (0,A), at which for a given
value of A > 0 and condition (7), there exist solutions
uy,uy € C?[0, 1] of system (3), satisfying the boundary con-
ditions (4)—(6).

We stress that the problem P is a two-parameter nonlinear
problem, where ¥ is a spectral parameter, A is an additional
parameter, and A5 is determined by the formula (8).

3 Numerical method

First of all let us consider the Cauchy problem for system
(3) with the initial conditions (4)—(5).

Using the «integral» continuity theorem [11], it can be
proved that for sufficiently small o, the Cauchy prob-
lem (3)—(5) is globally uniquely solvable for x € [0,4] and
its (classical) solution u; = u;(x;Y,A1), u; = us(x;y,42)
continuously depends on the point (x;y,A;) € [0,h] X
(—o0,400) x (0,A).

Using the condition on the boundary x = 4 (6), we can ob-
tain the system of dispersion equations

Ai(1,A1)
A (7,A2)

M](l’l;'y,A]) = Oa

9
uz(hyy,A2) =0, ®

where quantities u;(h;v,A) and u,(h;y,A;) are obtained
from the solution of the Cauchy problem (3)-(5).

Introduce a grid

{(#9,47): 49 =ay +im, 40 = o,

az —aj

. A
i=0n 1 ,jzl,m—l,rzz—}

n m
with steps 71 > 0, 7, > 0, where a;j, a; are real fixed con-
stants. Values of steps 7; and 7, allow us to control the
accuracy of the solution.

Solving the Cauchy problem (3)—(5) for each grid point,
we obtain solutions i, (h;y@,AE’)) and u, (h;y@,AE’)), i=
0,n, j = 1,m— 1. Let us remark that the solutions are con-

tinuously dependent on parameters ¥ and A;. This implies
that if

A (0,47 A1 (70,47 <o,
then there exists a point (W),Zl), where A, €
AV, AVTYY such that Ay (¥9,4)) = 0. Similarly,
if

Al (7/(’),A(]J))A1 (y(lJrl),A(]J)) < O,
then there exists a point (?,Agj)), where 7 € (Y1), yit1)),
such that A, (?,Agj)) = 0. In other words, we can find a set

of couples (W‘),Agk)), where k = 1, p and p is the number
of the determined points. This set is presented as a curve in
the plane OA ¥ (the blue curve in figure 2).

Applying the same approach to the second equation of
(9), we obtain set of approximate solutions of the equation
AY) (Oc7 B ) = 0. This set is presented as another curve in the
plane OA;Y (the green curve in figure 2). The dependence
Y(A1) is called the dispersion curve.

On the next step, we determine points of intersections of the
curves (the red point in figure 2). These points are approxi-
mate solutions of system (9). Consequently, the intersection
points are solutions of the problem P.
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Figure 2. Numerical solution of the system (9).

4 Numerical results

The numerical solutions of problem P shown in figure 3 are
obtained using the numerical method described in section 3.

The following values of parameters are used for calcula-
tions in figures 3-7: ko =1 mm, & =4, A =5 V/mm,
h=9 mm, a =0.12 mm*V2, o = 0.0002 mm?/V2,
a) = 0, a) = 4, T = 0008, T = 0.01.
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Figure 3. The graph of dispersion curves.

The points of intersection of blue and green curves in fig-
ure 3 correspond to approximate solutions of the problem
P. Intersection points, for which A| =~ A,, are marked with
black color. If oy = oz = 0, we obtain linear problem. It
can be proved that all couples of linear solutions (7,4 ) can
exist only inside the domain

D= (0, \/@) % (0,A).
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Figure 4. The graph of eigenfunction u; for y =
1.799 1/mm, A; = 1.923 V/mm.
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Figure 5. The graph of eigenfunction u, for y =

1.799 1/mm, A; = 1.923 V/mm.

The domain D is highlighted with magenta color in figure 3.
The red intersection points are located in the domain D and
are close to linear solutions. The purple intersection points
are purely nonlinear solutions.

The eigenfunctions u;, u, for the red intersection point
(7,A1) = (1.799,1.923) and for the purple intersection
point (y,A;) = (3.668,2.178) marked in figure 3 are pre-
sented in figures 4-7. It can be seen that an increase in the
value of the propagation constant of a hybrid TE-TE wave
leads to an increase in the amplitudes of functions uy, u;.

5 Conclusion

The numerical method for solving the problem of propaga-
tion of hybrid TE-TE waves in a shielded plane waveguide
filled with nonlinear anisotropic medium is proposed. The
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Figure 6. The graph of eigenfunction u; for y =
3.668 1/mm, A =2.178 V/mm.
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Figure 7. The graph of eigenfunction u,; for y =
3.668 1/mm, A} =2.178 V/mm.

method is based on the solution to the Cauchy problem (3)—
(5) and makes it possible to numerical determine propaga-
tion constants of a new type of waves, namely hybrid TE-
TE waves. In addition, solutions that have no analogues in
the linear case are found.
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