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Abstract

The characterization of different transmission media has
been carried out using the canonical polyadic decomposi-
tion formulation of the multi-line TRL calibration. Some
improvements to this approach are presented. The measure-
ment of microstrip lines from 500 MHz to 20.5 GHz has
been carried out and the results discussed. Furthermore, a
pseudo-SIW waveguide has also been characterized in the
band from 4.5 to 7.5 GHz.

1 Introduction

The measurement of multiple lines differing only in length
allows the characterization of transmission media as sug-
gested by the procedure of the Multi-line Thru-Reflect-Line
calibration (MTRL) [1–10]. The characterization of trans-
mission media is becoming more and more important as
the systems’ frequency operation increases. Feed networks
are becoming electrically large and, therefore, materials
and transmission media that conforms them must be care-
fully characterized. In this communication, the recently
published idea of a MTRL calibration using a tensor de-
composition [11, 12] has been used to characterize differ-
ent transmission media. Furthermore, some improvements
to the implementation of the tensor decomposition method
have been included. More precisely, the optimal Gauss-
Markov formulation presented in [5–7] has been included
in the derivation of the results.

Section 2 of this communication gives the main character-
istics of, and details the improvements added to, the Canon-
ical Polyadic Decomposition (CPD) in the multi-line cali-
bration procedure. Then, Section 3 shows the results of a
microstrip transmission medium characterization covering
the 0.5 to 20.5 GHz frequency band, as well as the charac-
terization of a pseudo-SIW waveguide from 4.5 to 7.5 GHz.
Finally, some conclusions are presented in Section 4.

2 CPD Implementation Overview

If a set of N lines which do only differ in length is measured,
the power-wave chain matrix Mi of the i-th measuremnent

can be written as:
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]
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(1)

where Ti is the chain matrix of the i-th line; P is a permu-
tation matrix; A, p, B and q are unknown scalar values; and
X and Y represent the VNA non-idealities. Then,

Mi = ABpq
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which can be written as:

Mi = λ1e∓γli

[
x11

x21

][
y11 y12

]
+

λ2e±γli

[
x12

x22

][
y21 y22
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or
Mi = λ1e∓γlia⊙b+λ2e±γlic⊙d (4)

where ⊙ denotes the outer product between two column
vectors a⊙b = abT being the superindex T the transpose
operation. Hence, the external product of two vectors re-
sults in a matrix. Extending this definition to tensors, each
new vector outer product adds a new dimension to the re-
sult. Then, we can write:

T = λ1a⊙b⊙ e1 +λ2c⊙d⊙ e2 (5)

where e1 and e2 contain the propagation factors of the N
lines considered in the problem.

We can define the factor matrices:
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and
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The D matrix is written this way to show that in each col-
umn of D we can obtain either a positive or a negative expo-
nential, as a result of the presence of the permutation matrix
P. But it is not possible that both types of exponentials are
mixed in the same column, as it can be deduced from (4).

Then, with λλλ =
[
λ1 λ2

]
:

T = [λλλ ; Ẋ, Ẏ,D] (9)

which corresponds with the Canonical Polyadic Decompo-
sition (CPD) operation. The CPD is a tensor decomposition
that is unique, up to a permutation and scaling factors, when
the sum of the factor matrices ranks, defined as the num-
ber of linearly independent columns, is greater or equal to
2F+2 being F the number of summing elements in (4). So,
in the MTRL calibration technique uniqueness is achieved.
Therefore, if a tensor T containing the transmission pa-
rameters of N lines of different lengths, but with identical
launchers, is formed, then the CPD leads to the matrices
Ẋ, Ẏ and D in equations (6) to (8). The matrices X and
Y, which define the VNA errors, can be obtained once the
permutation P and the scaling factors are found.

2.1 CPD Solution

Note that the line order in (8) corresponds with the order in
which the measured data is included in T , since permuta-
tion P do not affect it. However, the numerical result of (9)
for D matrix can include two arbitrary scale factors: one of
them multiplies the entire matrix, the other multiplies one
column and divides the other. Because of the exponential
form of the matrix terms, this second factor can be inter-
preted as a change of the reference plane. Therefore, some
information about the line lengths should be used to fully
determine the D matrix. In [12] an optimization is carried
out, whose results are both the scale factors and the estima-
tion of γ . In the implementation described here the obtain-
ment of the propagation constant has been separated from
the deduction of the scale factors in order to use the Gauss-
Markov results. Thus, it can be ensured that the best linear
estimation of the propagation constant can be found, at least
when only considering zero-mean additive white Gaussian
noise (AWGN). Therefore, focusing throughout this section
on the sole objective of determining the D matrix, a two-
step normalization has been established. Firstly, just for
simplicity and although it is not indispensable, the length
of the line chosen as thru is set as zero. Then, each of the
columns on (8) is normalized by the value on the position
of the thru. This normalization gives special precedence to

the accuracy of the result for the line chosen as thru. But
the objective of the CPD is to make an approximation to
the Ẋ, Ẏ and D values that best fit the tensor T , without
prioritizing any of the lines. This is why a second step has
been included. The second step is based on an optimization,
which finds the ξ factor that best fits that all the elements
in e1, multiplied by their corresponding elements in e2, are
equal to one. So, this second step can be seen as the fine-
tuning of a factor ξ that must divide both columns in (8).
The optimization problem is stated as:

ξ = min
ν

N

∑
i=1

∣∣ei1ei2 −ν
2∣∣2 (10)

where the summation includes the thru, and the sign of ξ

is chosen so that the terms corresponding to the thru in the
normalized D are close to +1 (and not to −1).

Furthermore, it is necessary to find the permutation that the
CPD has introduced. An estimation of the propagation con-
stant has been used in our implementation. The main reason
for such a decision is that, when considering low-loss trans-
mission lines and noise, there is no trivial way to clearly
distinguish which is the positive exponential and which is
the negative one in the rows of D.

The permutation P is found by minimizing the distance be-
tween the exponential terms of D and the exponentials cal-
culated with an estimation of the propagation constant. One
must be cautious not to take a line that is too short or too
long to find the permutation. A short one increases the
possibility to misidentify the exponential factors. But, if
the line is too long, identification errors also arise because
of the indetermination introduced by the periodicity of the
phase.

2.2 Propagation Constant by CPD

Once the permutation is found, the values of the propaga-
tion constant are calculated at each frequency, as given by
each of the elements in both columns of D (excluding those
corresponding to the thru). The possible phase jumps are
then removed (the phase is unwrapped) so that the result-
ing propagation constant is continuous with frequency. The
propagation constants of the waves propagating in both di-
rections are averaged to minimize the influence of second-
order errors that may arise from differences between the
connectors which allow to obtain N − 1 propagation con-
stants as

γi j =
ln
(
e+γ∆li j

)
− ln

(
e−γ∆li j

)
2∆li j

(11)

Then we have to calculate, again for each of the frequen-
cies, the estimation of the propagation constant, γ̂ , combin-
ing the N −1 propagation constants γi j of (11). Their com-
bination following the Gauss-Markov theorem is the main



key of the multi-line algorithm. With it, it is possible to
achieve the best unbiased linear estimation under a series
of considerations about the nature of measurement errors.

Let’s define L, size (N −1)×1, as the array containing all
the ∆li j values and G as the size (N −1)×1 array with the
N −1 values of γi j. If we name V of size (N −1)× (N −1)
the measurement of the noise covariance we have that:

γ̂ =
LHV−1G
LHV−1L

(12)

where the superindex H stands for hermitian transpose.

The calculation of the V matrix is another key element that
was presented in [6]. Realizing that the eigenvalue solu-
tion uses the difference between two measurements (Mi j),
the noise covariance matrix must be filled in accordingly.
Therefore, assuming that there is no correlation between
the measurement of the different lines and that they are all
equally noisy, we get:

V−1 =
1

σ2
k

[
1− 1

N − 1
N

− 1
N 1− 1

N

]
(13)

where σk is the variance of the noise in the individual line
measurements, not being necessary its determination be-
cause of its appearance in the numerator as well as in the
denominator of (12).

This approach is better than the optimization proposed and
used in [12], since at least (12) provides the best linear es-
timator.

3 Measurements

3.1 Microstrip Transmission Medium

A multi-line microstrip calibration kit (see Fig. 1), con-
sisting of nine lines and an open end, has been manufac-
tured using 30-mil thick ARLON25N as substrate. The line
lengths have been chosen to minimize the TRL calibration
error in the range from 500 MHz to 20.5 GHz, namely, 40,
42.1, 44, 54.9, 69.4, 87.5, 97.3, 109 and 119.5 millimeters.
The microstrip open end used as reflect has been located
20 mm away from the launcher. Thus, the use of the 40 mm
line as a zero-length thru places the reflect in the reference
plane of the measurements. However, the measurement of
the reflect is not included here, since it is not needed for the
characterization of the microstrip transmission medium.

The multi-line calibration kit in Fig. 1 has been measured
with Southwest coaxial-to-microstrip launchers in an Ag-
ilent N5230A VNA, and the resulting S-parameters have
been processed with Matlab.

The propagation constant, as extracted from the measure-
ments, is shown in Fig. 2. Its real part, the attenuation con-
stant, is the most sensitive parameter and it can be seen how

Figure 1. Manufactured multi-line TRL calibration kit
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Figure 2. Attenuation constant and effective relative per-
mittivity for the measured microstrip transmission medium.

above 10 GHz a little ripple appears in this parameter. Au-
thors associate this ripple to the connectors frequency re-
sponse deterioration with frequency. The simulated attenu-
ation constant, from a quasi-TEM approximation, has been
included in Fig. 2 for comparison. Finally, the effective rel-
ative permittivity is also shown in Fig. 2, which completes
the characterization of the manufactured microstrip.

3.2 Pseudo-SIW

In order to show the potential of this procedure for the char-
acterization of all kind of transmission media, an air-filled
pseudo-SIW waveguide has been manufactured, see Fig. 3.
This structure is not exactly a SIW waveguide, since posts
are not close enough to make the waveguide behave as a
closed medium. Therefore, the measurement of this waveg-
uide, and its resulting attenuation constant, is going to take
into account radiation losses.

A number of line lengths have been chosen to minimize the
TRL uncertainties in the range from 4.5 GHz to 7.5 GHz
leading to: 63, 84, 105, 126, 189, 210, 273, 357, 399 and
441 mm. The shortest has been considered as thru. Fur-
thermore, 3.5 mm coaxial ports have been used as launch-
ers. The measurement has also been carried out with an
Agilent N5230A VNA, and the resulting S-parameters pro-



Figure 3. Manufactured pseudo-SIW waveguide.
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Figure 4. Attenuation constant and effective relative per-
mittivity for the measured pseudo-SIW waveguide.

cessed with Matlab.

The real part of the propagation constant together with the
relative permittivity of the pseudo-SIW waveguide is shown
in Fig. 4 and they agree with the results presented in [13],
obtained by a different and much more laborious procedure.

4 Conclusions

Through the rigorous completion of the MTRL calibration
technique by tensor decomposition, the characterization of
any transmission medium is possible without no more than
manufacturing several lines which do only differ in length.
Along this communication improvements in the implemen-
tation of the MTRL by means of the CPD have been in-
cluded, which implies that more accurate characterizations
are now possible. A microstrip line as well as a pseudo-SIW
waveguide had been measured and results are satisfactory.
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