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Abstract

Propagation of surface waves in a radially inhomogeneous
chiral waveguide is considered. The setting is reduced to
a boundary eigenvalue problem for the longitudinal com-
ponents of the electromagnetic field in Sobolev spaces. To
find the solution, variational formulation is used. The va-
riational problem is reduced to the analysis of an operator-
valued function. Discreteness of the spectrum is proved and
distribution of the characteristic numbers of the operator-
valued function on the complex plane is determined. The
results of numerical modeling of the spectrum of propaga-
ting surface waves in an open chiral waveguide are presen-
ted.

1 Introduction

We consider the wave propagation in a dielectric rod filled
with an inhomogeneous chiral media. This is an example of
an open waveguide for which the existence of normal wa-
ves and the distribution of the wave spectra on the complex
plane remain unsolved problems.

Investigations of waveguides filled with chiral media have
been a subject of intense studies since the late 1970s (see
e.g. [3, 4] and references therein). However, numerous pa-
pers in this field report only the results of numerical mo-
deling; rigorous proofs revealing the existence and locali-
zaiton of the wave spectra have never been obtained, to the
best of our knowledge.

This circumstance has served as a driving force to accom-
plish this study aimed at creating foundations of a rigorous
theory of the wave propagation in chiral waveguides and a
justified numerical method for their calculation.

Generally, the determination of the spectrum of normal wa-
ves in open structures is reduced [1, 2] to nonselfadjoint
boundary eigenvalue problems for the systems of Helm-
holtz equations with piecewise constant coefficients and the
transmission conditions containing the spectral parameter.
On the discontinuity lines (surfaces) additional conditions
are stated called the transmission conditions. In classi-
cal settings applicable in particular for shielded wavegui-
des with homogeneous dielectrics, the spectral parameter is
present in the equations and not in the transmission condi-
tions (and conditions at infinity for open structures) which

results in eigenvalue problems for selfadjoint operators. For
inhomogeneous media filling the waveguide, the spectral
parameter enters both the equation and the transmission
conditions, often in a nonlinear manner, yielding nonself-
adjoint eigenvalue problems. The latter are reduced to the
analysis of spectra of operator-valued functions nonlinear
with respect to the spectral parameter which consitutes the
only possible and natural mathematical way to investigate
oscillations and waves in open inhomogeneously filled wa-
veguides.

An approach proposed in [1] employing the reduction of
eigenvalue problems to the determination of characteristic
numbers of operator-valued functions and operator pencils
considered in Sobolev spaces was developed by Y. Smir-
nov in [5, 6, 7] (see also [8, 9]). General theory of poly-
nomial operator-functions called operator pencils is suffi-
ciently well elaborated. A fundamental work by Keldysh
[10] pioneered investigation of nonselfadjoint polynomial
pencils.

The method of operator pencils has proved to be an efficient
technique for the analysis of the wave propagation in open
and shielded waveguides. Operator pencils were applied to
the analysis of electromagnetic problems in [11, 12, 13].

Recently, in connection with the progress in polymer
technologies, new synthesized chiral materials have appea-
red, which has enhanced the interest of researchers to this
field. [14, 15, 16, 17] and caused a necessity to elaborate
adequate mathematical and numerical methods for the ana-
lysis of waves in chiral waveguides.

In these problems, however, we have to analyze not ope-
rator pencils (as in [7]), but operator-valued functions. Ne-
vertheless, it is possible to apply and develop the previously
created techniques to study the properties of the operator–
valued function in sufficient detail and obtain the results
describing their spectrum. In this work, the discreteness of
the spectrum of normal waves in chiral waveguides is pro-
ved and the distribution of characteristic numbers on the
complex plane is presented.

Note that we consider waves that decrease at a distance
from the waveguide (we impose the corresponding condi-
tions at infinity). Other types of waves are not conside-
red. This approach was used in our earlier works to study



shielded waveguide structures [18, 19, 20]. The results of
a numerical study of the spectrum of propagating surface
waves in an open chiral waveguide are presented; they have
been obtained using a specially created numerical method
employing the developed variational setting.

2 Statement of the problem

Consider the three-dimensional space R3 with the cylindri-
cal coordinate system Oρϕz. The space is filled with an
isotropic source-free medium having permittivity ε = ε0 ≡
const and permeability µ = µ0 ≡ const, where ε0 and µ0
are permittivity and permeability of vacuum. A waveguide
with a cross-section

Σ := {(ρ,ϕ,z) : r0 6 ρ 6 r,0 6 ϕ < 2π}

and a generating line parallel to the axis Oz is placed in R3.

The cross section of the waveguide by a plane perpendicular
to its axis consists of two concentric circles of radii r0 and
r (see Fig. 1): r is the radius of the internal (perfectly con-
ducting) cylinder and r− r0 is the thickness of the external
(dielectric) cylindrical shell. The geometry of the problem
is shown in Fig. 1.

Figure 1. Geometry of the problem.

The problem on normal waves in a waveguide structure re-
duces to finding nontrivial running-wave solutions to the
homogeneous system of Maxwell equations, i.e., solutions
with the dependence of the from eiγz on the coordinate z
along which the structure is regular,{

rotH =−iωε̃E−ωχ̃H,

rotE = iωµ̃H−ωχ̃E,
(1)

E =
(
Eρ(ρ) eρ +Eϕ(ρ) eϕ +Ez(ρ) ez

)
eiγz,

H =
(
Hρ(ρ) eρ +Hϕ(ρ) eϕ +Hz(ρ) ez

)
eiγz,

(2)

with the boundary conditions for the tangential electric
components on perfectly conducting surfaces (ρ = r0)

Eϕ

∣∣
ρ=r0

= 0, Ez|ρ=r0
= 0, (3)

transmission conditions for tangential electric and magnetic
components on the surfaces of “discontinuity” of permitti-
vity and permeability (ρ = r)

[Eϕ ]
∣∣
ρ=r = 0, [Ez]|ρ=r = 0,

[Hϕ ]
∣∣
ρ=r = 0, [Hz]|ρ=r = 0, (4)

the condition of the finiteness of energy
∞∫

r0

(ε̃|E|2 + µ̃|H|2)dρ < ∞, (5)

and the radiation condition at infinity: the electromagnetic
field decays as o(ρ -1/2) for ρ → ∞.

Permittivity, permeability, and chirality in the whole space
have the form

ε̃ =

{
ε(ρ), r0 ≤ ρ ≤ r,
ε0, ρ > r. ,

µ̃ =

{
µ(ρ), r0 ≤ ρ ≤ r,
µ0, ρ > r. ,

χ̃ =

{
χ, r0 ≤ ρ ≤ r,
0, ρ > r. ,

(6)

where ε(ρ) ∈ C1[r0, r], min
[r0, r]

ε(ρ) > ε0, µ(ρ) ∈

C1[r0, r], min
[r0, r]

µ(ρ)> µ0 and χ is a constant.

The problem on normal waves is an eigenvalue problem for
the Maxwell equations with spectral parameter γ which is
the normalized propagation constant.

Rewrite system (1) in the expanded form:

−iγHϕ =−iωε̃Eρ −ωχ̃Hρ ,

iγHρ −H ′z =−iωε̃Eϕ −ωχ̃Hϕ ,

1
ρ
(ρHϕ)

′ =−iωε̃Ez−ωχ̃Hz,

−iγEϕ = iωµ̃Hρ −ωχ̃Eρ ,

iγEρ −E ′z = iωµ̃Hϕ −ωχ̃Eϕ ,

1
ρ
(ρEϕ)

′−= iωµ̃Hz−ωχ̃Ez,

(7)

and express functions Eρ ,Hρ ,Ez,Hz via functions Eϕ and
Hϕ from the 1st, 3rd, 4th, and 6th equations in system (1)

Eρ =
γ

ω

iχ̃Eϕ − µ̃Hϕ

χ̃2− ε̃ µ̃
, Ez =−

1
ωρ

χ̃(ρEϕ)
′+ iµ̃(ρHϕ)

′

χ̃2− ε̃ µ̃
,

Hρ =
γ

ω

iχ̃Hϕ + ε̃Eϕ

χ̃2− ε̃ µ̃
, Hz =−

1
ωρ

χ̃(ρHϕ)
′− iε̃(ρEϕ)

′

χ̃2− ε̃ µ̃
.

(8)

It follows from Eqs. (8) that the normal wave field in the
waveguide can be represented with the use of two scalar
functions

ue := iEϕ(ρ), um := Hϕ(ρ). (9)

Thus, the problem has been reduced to finding the tan-
gential components ue and um of the electric and magnetic
fields. Throughout the text, ( · )′ stands for differentiation
with respect to ρ .

For the tangential field components ue and um we have the
following eigenvalue problem: find such γ ∈ C for which



there exist non-trivial solutions of the following system of
differential equations

u′′e + h̃eu′e +
(
g̃e− γ

2)ue = f̃m(ρum)
′+ k̃mum,

u′′m + h̃mu′m +
(
g̃e− γ

2)um = f̃e(ρue)
′+ k̃eue,

(10)

where

h̃e =
ε̃ µ̃ ′

χ̃2− ε̃ µ̃
+

1
ρ
, and h̃m =

ε̃ ′µ̃

χ̃2− ε̃ µ̃
+

1
ρ
,

g̃e = ω
2(χ̃2 + ε̃ µ̃)− 1

ρ2 +
1
ρ

ε̃ µ̃ ′

χ̃2− ε̃ µ̃
,

g̃m = ω
2(χ̃2 + ε̃ µ̃)− 1

ρ2 +
1
ρ

ε̃ ′µ̃

χ̃2− ε̃ µ̃
,

f̃e =
χ̃ ε̃ ′

ρ (χ̃2− ε̃ µ̃)
and f̃m =

χ̃ µ̃ ′

ρ (χ̃2− ε̃ µ̃)
,

k̃e =−2ω
2
χ̃ ε̃ and k̃m =−2ω

2
χ̃ µ̃,

satisfying the boundary and transmission conditions

ue|r0
= 0, u′m

∣∣
r0
= 0, [ue]|r = 0, [um]|r = 0,[

χ̃(ρue)
′− µ̃(ρum)

′

χ̃2− ε̃ µ̃

]∣∣∣∣
r
= 0,

[
χ̃(ρum)

′− ε̃(ρue)
′

χ̃2− ε̃ µ̃

]∣∣∣∣
r
= 0,

(11)
the condition of boundedness of the field in any finite dom-
ain, and the condition of decay at infinity.

For ρ > r, we have ε̃ = ε0, µ̃ = µ0 and χ̃ = 0; then from
(10) we obtain the system

(ρu′e)
′−ρ

(
κ

2 +
1

ρ2

)
ue = 0,

(ρu′m)
′−ρ

(
κ

2 +
1

ρ2

)
um = 0,

where κ2 = γ2−ω2ε0µ0.

In view of the condition at infinity, a solution of this system
is sought in the form{

ue(ρ;γ,m) =C1K1(κρ),
um(ρ;γ,m) =C2K1(κρ),

(12)

where K1 is the modified Bessel function (the Macdonald
function) [21] and C1 and C2 are constants.

Remark 1. Due to the condition at infinity, we choose the
following branch of the square root

κ =
√

γ2− εcµ0 =

=
1√
2

(√
|γ2− ε0µ0|+Re(γ2− ε0µ0) +

+ isignIm
(
γ

2− ε0µ0
)√
|γ2− ε0µ0|−Re(γ2− ε0µ0)

)
.

(13)

For r0 ≤ ρ ≤ r, we have ε̃ = ε (ρ) , µ̃ = µ (ρ) and χ̃ = χ ,
and from system (10) we obtain the system of differential
equations

L ue : = u′′e +heu′e +
(
ge− γ

2)ue = fm(ρum)
′+ kmum,

L um : = u′′m +hmu′m +
(
ge− γ

2)um = fe(ρue)
′+ keue,

(14)
where

he =
εµ ′

χ2− εµ
+

1
ρ
, and hm =

ε ′µ

χ2− εµ
+

1
ρ
,

ge = ω
2(χ2 + εµ)− 1

ρ2 +
1
ρ

εµ ′

χ2− εµ
,

gm = ω
2(χ2 + εµ)− 1

ρ2 +
1
ρ

ε ′µ

χ2− εµ
,

fe =
χε ′

ρ (χ2− εµ)
and fm =

χµ ′

ρ (χ2− εµ)
,

ke =−2ω
2
χε and km =−2ω

2
χµ,

Knowing the solution in free space, the problem (10) - (11)
can be reduced to an eigenvalue problem on the segment
[r0, r].

Introduce the following

Definition 1. If there exist nontrivial functions ue and um
corresponding to some γ ∈ C such that these functions
are the solutions (12) for ρ > r, solve system (14) for
r0 ≤ ρ ≤ r, and satisfy conditions (11), then γ is called a
characteristic number of the problem.

Definition 2. The pair ue and um, |ue|2+ |um|2 6≡ 0 is called
an eigenvector of the problem corresponding to the charac-
teristic number γ ∈ C.

3 Sobolev spaces and variational relation

We will look for solutions ue and um of problem Pm in the
Sobolev spaces

H1
0 (r0,r) =

{
f : f ∈ H1 (r0,r) , f (r0) = 0

}
and H1 (r0,r) ,

with the inner product and the norm

( f ,g)1 =

r∫
r0

(
f ′g′+ f g

)
dρ,

‖ f‖2
1 = ( f , f )1 =

r∫
r0

(
| f ′|2 + | f |2

)
dρ.

Remark 2. Here we use the notation for the Sobolev space
H1

0 (r0,r), which does not coincide with the standard one:
in our case f (r0) = 0 but generally f (r) 6= 0.



Let us give a variational formulation of problem Pm.
Multiply equations (14) by arbitrary test functions ve ∈
H1

0 (r0,r) and vm ∈ H1 (r0,r) (one can assume that these
functions are continuously differentiable in (r0,r)) and ap-
ply Green’s formula to obtain

r∫
r0

vL udρ =

r∫
r0

u′′vdρ +

r∫
r0

hu′vdρ−
r∫

r0

(
γ

2−g
)

uvdρ =

= u′v
∣∣r
r0
−

r∫
r0

u′v′dρ +

r∫
r0

hu′vdρ−
r∫

r0

(
γ

2−g
)

uvdρ,

(15)

where u = u j, v = v j, h = h j, g = g j, j = e or m.

We separately apply formula (15) to the first and second
equations in system (14) on the interval [r0, r] and add the
results to verify that the sum of left-hand sides of Eqs. (14)
satisfies the relation

r∫
r0

(veL ue + vmL um)dρ =−γ
2

r∫
r0

(ueve +umvm)dρ−

−
r∫

r0

(u′ev′e +u′mv′m)dρ +

r∫
r0

(heu′eve +hmu′mvm)dρ+

+

r∫
r0

(geueve +gmumvm)dρ +(u′e(r)ve(r)+u′m(r)vm(r)).

(16)

On the other hand, for the right-hand sides of the equations
in system (14), we have

r∫
r0

(veL ue + vmL um)dρ =

=

r∫
r0

( fe(ρue)
′vm + fm(ρum)

′ve)dρ+

+

r∫
r0

(keuevm + kmumve)dρ. (17)

Given the solutions (12), we express the values of the nor-
mal derivatives at ρ = r from relations (11) as follows:

u′e(r) = κ

(
µ

ε0
F(γ)− 1

r

)
ue(r)+κ

χ

ε0
F(γ)um(r),

u′m(r) = κ

(
ε

µ0
F(γ)− 1

r

)
um(r)+κ

χ

µ0
F(γ)ue(r),

(18)

where

F(γ) =−K0(κr)
K1(κr)

.

From (16), taking into account (17) and (18), we obtain the
sought variational relation

γ
2

r∫
r0

(ueve +umvm)dρ+

+

r∫
r0

(u′ev′e +u′mv′m +ueve +umvm)dρ−

−
r∫

r0

((ge +1)ueve +(gm +1)umvm)dρ−

−
r∫

r0

(heu′eve +hmu′mvm)dρ+

+

r∫
r0

( fe(ρue)
′vm + fm(ρum)

′ve)dρ+

+

r∫
r0

(keuevm + kmumve)dρ+

+

(
κ

(
µ

ε0
F(γ)− 1

r

)
ue(r)+κ

χ

ε0
F(γ)um(r)

)
ve(r)+

+

(
κ

(
ε

µ0
F(γ)− 1

r

)
um(r)+κ

χ

µ0
F(γ)ue(r)

)
vm(r)= 0.

(19)

We note that variational relation (19) has been obtained for
smooth functions ve and vm.

Let H = H1
0 (r0, r)×H1 (r0, r) be the Cartesian product of

the Hilbert spaces with the inner product and the norm

(u,v) = (u1, v1)1 +(u2, v2)1,

‖u‖2 = ‖u1‖2
1 +‖u2‖2

1;u,v ∈ H,

u = (u1, u2)
T , v = (v1, v2)

T ,

u1,v1 ∈ H1
0 (r0, r) , u2,v2 ∈ H1 (r0, r) .

Then the integrals occurring in (19) can be viewed as
sesquilinear forms over the field C defined on the space H
and depending on the arguments

u = (ue, um)
T , v = (ve, vm)

T .

These forms t define some bounded linear operators T :
H→ H by the formula [22]

t(u, v) = (Tu, v), ∀v ∈ H, (20)

provided that the forms themselves are bounded,

|t(u, v)| ≤C‖u‖‖v‖.

The linearity follows from the linearity of the form in the
first argument and the continuity from the estimates

‖Tu‖2 = t(u,Tu)≤C‖u‖‖Tu‖.



Consider the following sesquilinear forms and the corre-
sponding operators:

k(u, v) :=
r∫

r0

(ueve + umvm)dρ = (Ku,v), ∀v ∈ H,

k1(u, v) :=

=

r∫
r0

((ge+1)ueve+(gm+1)umvm)dρ =(K1u,v), ∀v∈H,

k̃(u, v) :=
r∫

r0

(keuevm+kmumve)dρ = (K̃u,v), ∀v∈H,

a(u, v) :=

=

r∫
r0

(u′ev′e +u′mv′m +ueve +umvm)dρ = (Iu,v), ∀v ∈ H,

b1(u, v) :=
r∫

r0

(heu′eve+hmu′mvm)dρ =(B1u,v), ∀v∈H,

b2(u, v) :=

=

r∫
r0

( fe(ρue)
′vm + fm(ρum)

′ve)dρ = (B2u,v), ∀v ∈ H,

s(u, v) =

=

(
κ

(
µ

ε0
F(γ)− 1

r

)
ue(r)+κ

χ

ε0
F(γ)um(r)

)
ve(r)+

+

(
κ

(
ε

µ0
F(γ)− 1

r

)
um(r)+κ

χ

µ0
F(γ)ue(r)

)
vm(r) =

= (S(γ)u,v), ∀v ∈ H. (21)

Now variational problem (19) can be written in the operator
form

(N(γ)u, v) = 0, ∀u ∈ H

or, equivalently,

N(γ)u :=
(

γ
2K+ I−K1−B1 +B2 + K̃+S(γ)

)
u = 0.

(22)

Equation (22) is the operator form of variational relation
(19). The characteristic numbers and eigenvectors of ope-
rator N by definition coincide with the eigenvalues and ei-
genvectors of the original problem.

4 Properties of the operator-valued function

The problem on surface electromagnetic waves in an inho-
mogeneous open waveguide has been reduced to the study
of the spectral properties of operator-valued function rmN.

We present the following statements about the properties of
operators entering N(γ) (see the proof in [24]):

Statement 1. The bounded operators K, K1 and K̃ : H →
H are compact and K > 0.

Statement 2. The operators B1 and B2 : H → H are com-
pact.

Statement 3. The operator S : H→ H is compact.

Statement 4. There exists a γ̃ ∈ R such that the opera-
tor N(γ̃) is continuously invertible; i.e., the resolvent set
ρ(N) := {γ : ∃ N−1(γ) : H → H} of the operator function
N(γ̃) is nonempty, ρ(N) 6=∅.

Proof. Let γ0 = ω
√

ε0µ0, then

κ =
√

γ2−ω2ε0µ0 = 0. (23)

Consider operator-valued function N(γ) on the set
[γ0,γ0 + t) , for some t > 0. This function is continuous on
the indicated set due to (21), (22) and (23) and the asymp-
totics of functions as z→+0,(z ∈ R)

K0(z)∼− lnz, K1(z)∼
1
z
, F(γ0) = 0.

Then if the operator N−1(γ0) : H → H, then there is a
0 < t0 < t, such that the operator N−1(γ0+ t0) will be boun-
ded and γ0 + t0 ∈ ρ(N). Thus, since N(γ) is a Fredholm
operator, it suffices to prove that the equation N(γ0)u = 0
has only a trivial solution.

Varying the functions ve and vm in (19), we see that
(18) holds. Then for γ = γ0 (respectively, κ = 0) we
have u′e(r) = u′m(r) = 0. Substituting these expressions into
conditions (11), it is easy check that for χ2 6= (ε(r)−
ε0)(µ(r)− µ0) it is necessary that ue(r) = um(r) = 0. We
obtain a Cauchy problem for a system of second-order dif-
ferential equations (10) with homogeneous (zero) initial
conditions. Whence, due to the smoothness of the coeffi-
cients, we find that ue(ρ)≡ um(ρ)≡ 0. Note that the point
γ0 + t0 lies in the domain where operator-valued function
N(γ) is holomorphic. Thus we have proved that the resol-
vent set is not empty.

Theorem 1. Operator-valued function N(γ) : H → H is
bounded, holomorphic, and Fredholm in the domain Λ =
C\Λ̃, Λ̃ = {γ : Imγ2 = 0, γ2 ≤ ω2ε0µ0}.

Proof. In the domain Λ, N(γ) : H→ H is bounded and ho-
lomorphic. Operator-valued function Ñ(γ) is Fredholm as
the sum of invertible I and compact K,K1,B1,B2, K̃ and S
operators.



Theorem 2. The spectrum of operator-valued function
N(γ) : H→H is discrete in the domain Λ; i.e., this function
has finitely many characteristic numbers of finite algebraic
multiplicity on any compact set K0 ⊂ Λ.

Proof. The assertion of the theorem is a corollary of The-
orem 1 and properties of a holomorphic operator-valued
function [25].

5 Numerical results

Using the projection method [26, 27] we reduce variational
equation (19) to a system of algebraic equations.

First, split an interval [r0, r] into n subintervals with the
length

h =
r0− r

n
.

Define a set of n subintervals

Φi = [r0 +(i−1)h, r0 +(i+1)h], i = 1, ...,n−1

and
Φn = [r0 +(n−1)h, r],

and set of n+1 subintervals

Ψ1 = [r0, r0 +h],

Ψ j = [r0 +(i−2)h, r0 + ih], j = 2, ...,n

and
Ψn+1 = [r0 +(n−1)h, r].

These subintervals are called base finite elements.

The basis functions φi defined on Φi are

φi =


ρ− r0− (i−1)h

h
, ρ < r0 + ih,

−ρ− r0− (i+1)h
h

, ρ > r0 + ih,
, i = 1,n−1

(24)
and

φn =
ρ− r+h

l
; (25)

The basis functions ψi defined on Ψi are

ψ1 =−
ρ2−2r0ρ + r2

0−h2

h2 , (26)

ψ2 =


ρ2−2r0ρ + r2

0
h2 , ρ < r0 +h,

−ρ− r0−2h
h

, ρ > r0 +h,
(27)

ψ j =


ρ− r0− (i−2)h

h
, ρ < r0 +(i−1)h,

−ρ− r0− ih
h

, ρ > r0 +(i−1)h,
, j = 3,n

(28)

and
ψn+1 =

ρ− r+h
h

. (29)

Such basis functions take into account the physical nature
of the problem under consideration.

We look for an approximate solution with real coefficients
αi and β j such that

ue =
n

∑
i=1

αiφi, um =
n+1

∑
j=1

β jψ j. (30)

Substituting functions ue and um with representations (30)
into the variational equation (19), we obtain a system of
linear equations with respect to αi and β j (for a fixed value
of γ)

A(γ)x = 0, (31)

where matrices A(γ) and x have the form

A =



A1,1
ee · · · A1,n

ee A1,1
em · · · A1,n+1

em
...

. . .
...

...
. . .

...
An,1

ee · · · An,n
ee An,1

em · · · An,n+1
em

A1,1
me · · · A1,n

me A1,1
mm · · · A1,n+1

mm
...

. . .
...

...
. . .

...
An+1,1

me · · · An+1,n
me An+1,1

mm · · · An+1,n+1
mm


,

x =



α1
...

αn

β1
...

βn+1


,

and

Ai, j
ee = γ

2
∫
Φi

φiφ jdρ+

+
∫
Φi

φ
′
i φ
′
jdρ−

∫
Φi

geφiφ jdρ−
∫
Φi

heφ
′
i φ jdρ+

+κ

(
µ(r)
ε0

F(γ)− 1
r

)
φi(r)φ j(r), i, j = 1,n;

Ai, j
em =

∫
Φi

(
fe(ρφi)

′++keφi
)

ψ jdρ+

+κ
χ

µ0
F(γ)φi(r)ψ j(r), i = 1,n, j = 1,n+1,

Ai, j
me =

∫
Ψi

(
fm(ρψi)

′+ kmψi
)

φ jdρ+

+κ
χ

ε0
F(γ)ψi(r)φ j(r), i = 1,n+1, j = 1,n,



Ai, j
mm = γ

2
∫
Ψi

ψiψ jdρ+

+
∫
Ψi

ψ
′
i ψ
′
jdρ−

∫
Ψi

gmψiψ jdρ−
∫
Ψi

hmψ
′
i ψ jdρ+

+κ

(
ε(r)
µ0

F(γ)− 1
r

)
ψi(r)ψ j(r), i, j = 1,n+1.

As a model problem, consider the following configuration
of parameters: r0 = 1, r = 3, ε = 4+

ρ

r
, µ = 1, ε0 = µ0 =

1. Dispersion curves (graph of the dependence of the nor-
malized propagation constant γ/ω on the frequency ω) are
shown in the following figures.

Figure 2. Dispersion curves. The red dot lines correspond
to the chiral filling of the waveguide χ = 0.0125. Blue and
green curves correspond to a waveguide filled with an in-
homogeneous dielectric χ = 0.

Figure 3. Dispersion curves. The red dot lines correspond
to the chiral filling of the waveguide χ = 1.25. Blue and
green curves correspond to a waveguide filled with an in-
homogeneous dielectric χ = 0.

Figures 2 and 3 show that the spectrum of surface wa-
ves propagating in a waveguide filled with a chiral me-
dium (χ = 0.00125), at low frequencies coincide with the
spectrum of a dielectric waveguide. However, with an
increase of the chirality coefficient, the wave spectrum
undergoes a noticeable deviation from the corresponding
spectrum of an inhomogeneous dielectric waveguide.

Note that when the parameter χ is equal to zero, the pro-
blem splits into two independent problems of TE– and TM–
polarized surface waves. The dispersion curves for such
problem are shown in Figures 2 and 3 in blue and green
color.

Next, we plot solutions to the problem inside the waveguide
for the selected frequency ω = 1.0. These solutions are
presented in Figures 4 and 5.

Figure 4. Fields ue and um. The red dots correspond to
the chiral filling of the waveguide χ = 0.0125. Blue lines
corresponds to a waveguide filled with an inhomogeneous
dielectric χ = 0.

Figure 5. Fields ue and um. The red dots correspond to the
chiral filling of the waveguide χ = 1.25. Blue lines corre-
sponds to a waveguide filled with an inhomogeneous die-
lectric χ = 0.

6 Conclusion

We have developed a method of analysis of the surface hy-
brid wave propagation in an inhomogeneous chiral metal-
dielectric waveguide structure.

The definition of solution has been formulated using a va-
riational relation. The variational problem has been redu-
ced to the study of an operator-valued function. We have
investigated all necessary properties of the operators ente-
ring the operator-valued function of the problem required
for the analysis of its spectral properties. We have proved
the discreteness of the spectrum of surface waves, which
are characteristic numbers of the operator-valued function
of the problem, and described the spectrum localization on
the complex plane.

The performed study and its theoretical and calculation re-
sults ending up with a numerical method for determining
surface waves have opened the way to creating a rigorous
theory of the wave propagation in chiral waveguides.
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