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Bispectra of simulated GPS data for potential RFI mitigation
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Abstract

Radio telescopes are becoming more powerful, with in-
creased sensitivity to both astronomical and interfering
sources. Various interference mitigation techniques exist,
however they could be harmful to the signal of interest, thus
it is important to develop new techniques. Majority of radio
astronomical sources are considered to have a Gaussian dis-
tribution which are fully characterised using second-order
power statistics. Higher-order statistics is a tool that can
suppress Gaussian noise, therefore if interference have en-
ergy in higher domains it could form the basis for a new
mitigation technique. This work uses a third-order statistic,
the bispectrum, to conduct analysis on global positioning
system (GPS) signals. It is found that one of the in-phase
components of GPS signals has energy in the bispectrum.

1 Introduction

Radio astronomy is currently conducted using Earth-based
radio telescopes and therefore radio frequency interference
(RFI) from terrestrial sources are inevitable. There is a
drive to construct radio telescopes in space due to the detri-
mental effects of RFI along with the ionospheric reflections
at low frequencies [1]. For Earth-based telescopes, other
strategies exist to mitigate the effects of RFI. This includes
legislation to protect the areas in which radio telescopes
are constructed [2]. Certain radio frequency bands are re-
served specifically for radio astronomy [3]. Additionally,
the RFI environment at the site of a telescope is charac-
terised as was done in [4]. In the advent of constructing the
world’s largest radio telescope, the Square Kilometre Array
(SKA), the problem of RFI will continue to hinder scien-
tific observations. This is exacerbated by the advancement
of the communications industry and an increase in popula-
tion. Therefore, research into RFI excision techniques are
important.

Signals of scientific interest originate from distant sources
whereas RFI is generated locally. Therefore, differentiat-
ing between astronomical and terrestrial sources are con-
ducted using power statistics by setting a threshold in a
time-frequency plot to identify outliers [5]. In practice, the
mean and standard deviation are also used to generate an
RFI mask which can be applied to the data, as is done by
the PRESTO software [6]. Astronomical signals disperse as

they travel through the interstellar medium (ISM) and sci-
entists use dispersion measure (DM) to estimate distances
to the source [7]. A zero-DM filtering technique can there-
fore be used as an RFI mitigation technique as illustrated
by [8]. In [9] the cyclostationarity characteristic of RFI is
used to derive two RFI mitigation techniques. Another stan-
dard tool for RFI mitigation is the spectral kurtosis (SK) es-
timator. This tool utilises the fact that, by definition, the ex-
cess kurtosis of a Gaussian distribution is zero. The SK es-
timator makes use of the fourth-order moment which forms
part of higher-order statistics (HOS) [10]. Another HOS is
the bispectrum, which is used for this analysis.

This work investigates whether GPS signals inherently have
energy within their bispectrum. GPS signals are used be-
cause it is a prominent source of RFI within the L-band
radio spectrum. While most radio-astronomical signals
can be characterised as Gaussian noise, pulsar signals have
exhibited non-Gaussian components [11]. Furthermore,
in [12] it is shown that the folded profile of Pulsar J0437-
4715 has energy in the bispectrum. Therefore, if GPS sig-
nals have energy in the bispectrum and the signature thereof
is different to that of astronomical transient sources, it could
potentially be used as an RFI mitigation technique. Sec-
tion 2 gives an overview of HOS and details the estimation
of the bispectrum which is used for this study. Section 3
discuses how the signals are simulated and subsequently
processed. Conclusions are drawn in Section 4, which also
discusses how this analysis will form the basis of future
work.

2 Higher-Order Statistics

Traditionally, received random processes are characterised
using the power spectrum, which is the Fourier transform of
the autocorrelation of the signal. This relationship is known
as the Wiener-Khintchine theorem [13]. It is also known
as second-order statistics, because the autocorrelation in-
volves the multiplication of the signal with itself. One
can also calculate a triple or quadruple product and take
the Fourier transform in order to obtain the bispectrum and
trispectrum, respectively. Statistics are classified as higher-
order when the order is greater than second-order. When
working with a zero-mean signal, the moments and cumu-
lants for the first, second, and third-order are the same. An
advantage of working with higher-order cumulants is that



they are zero for Gaussian processes, which is not always
the case with higher-order moments [14].

There are multiple reasons to use HOS, as outlined in [15,
16]. When the signal of interest (SOI) has a non-Gaussian
distribution and is corrupted by Gaussian noise, one can use
HOS to suppress the Gaussian noise. This can be seen from
definition (19) as given by [16]. When a signal consists of
two non-Gaussian components, one can get rid of Gaussian
noise by going to higher domains in order to investigate
whether the two signals have different signatures in the bi-
spectrum. In addition to Gaussian noise, symmetrically dis-
tributed signals also have zero higher-order cumulants.

2.1 Estimating the bispectrum

For a zero-mean process, the third-order cumulant is given
by

c3(τ1,τ2) = E{x(n)x(n− τ1)x(n− τ2)} , (1)

where x(n) is a discrete-time random process and E is the
expectation operator. The bispectrum is calculated as the
2-D Fourier transform of Equation 1 as follows:

C3(ω1,ω2) =
∞

∑
τ1=−∞

∞

∑
τ2=−∞

c3(τ1,τ2)e− j(ω1τ1+ω2τ2) (2)

= X(ω1)X(ω2)X∗(ω1 +ω2).

The bispectrum can be estimated directly as outlined in al-
gorithm 1, adapted from [17]. Although the literature also
documents an indirect method, only the direct method was
used in this analysis and is therefore repeated here. Note
that one can smooth the bispectrum by applying a window
before the averaging in step 5. The bispectrum is compu-
tationally expensive and symmetry for real signals are usu-
ally exploited for optimisation. A 12-fold symmetry holds
for real signals as is illustrated in Figure 1.

Algorithm 1 Direct method

0. x(n) is N data samples, n = 1...N
1. Reshape into M segments of K samples, where N=MK
2. Subtract the mean of each segment
3. Compute DFT of the ith segment, xi(n)
Xi(k) = ∑

K−1
n=0 xi(n)e− j 2π

K nk,k = 0...K−1, i = 1...M
4. Compute bispectrum of each segment
Ĉi

3(k1,k2) =
1
K Xi(k1)Xi(k2)X∗i (k1 + k2), i = 1...M

5. Average bispectrum over all segments
Ĉ3(k1,k2) =

1
M ∑

M
i=1 Ĉi

3(k1,k2),k1 =
K
2π

ω1,k2 =
K
2π

ω2

3 Bispectra of simulated GPS signals

3.1 Simulation methodology

Software provided by [18] is used to simulate GPS wave-
forms based on the interface standard as documented
in [19]. Baseband signals are generated for both legacy

Figure 1. Bispectrum symmetry regions for real signals

navigation data (LNAV), denoted by D, and civil naviga-
tion data (CNAV), denoted by Dc. LNAV data frames are
generated at 50 bps. An LNAV frame consists of five sub-
frames, where each subframe is 300 bits long. The CNAV
data consists of messages which are 300 bits long, gener-
ated at 25 bps. CNAV data is passed through a half-rate
convolutional encoder to produce an output at 50 bps. All
GPS satellites broadcast LNAV data, whereas CNAV data
are being broadcasted only by a subset.

The navigation data for each satellite is exclusive-ored with
a unique pseudorandom noise (PRN) code, which can also
be generated by the receiver. The following three PRN
codes exist:

1. P(Y ): Precision with anti-spoofing
2. C/A: Coarse/Acquisition
3. L2CM/L2CL: Civil Moderate / Civil Long

The P(Y ) code is generated from a base frequency of fb
= 10.23 MHz, whereas the C/A and L2CM/L2CL are 10
times lower at fb

10 = 1.023MHz. Table 1 provides a summary
of PRN codes for the in-phase (I) and quadrature phase (Q)
components of the simulated GPS signals. The PRN codes
spread the data over a wider bandwidth and is unique to
each transmitter. This allows all satellites to transmit on
the same frequency. The product of the XOR operation
is modulated with a carrier frequency using the bi-phase
shift key (BPSK) modulation technique. The carrier fre-
quencies for GPS L1 and L2 bands have frequencies cen-
tered at fL1=1575.42 MHz and fL2= 1227.60 MHz, respec-
tively [18, 19]. For this study the baseband output of the
XOR operation is used.

Table 1. PRN codes

I Q
C/A⊕D C/A⊕D
P(Y ) C/A
P(Y )⊕D L2CM/L2CL⊕Dc



3.2 Bispectral analysis

The simulated signals are processed to compute the esti-
mated bispectrum as per algorithm 1. A 1024-point FFT is
used to estimate Xi(k). During the analysis, both the I and
Q data streams are treated as real stationary signals. There-
fore, when calculating the bispectrum, the 12-fold symme-
try displayed in Figure 1 holds, and was used to obtain the
full bispectrum.

The results are presented in Figures 2 and 3 for the I branch
data, and Figures 4 and 5 for the Q branch data. Initially
one bit worth of simulated data was used before comparison
with 300 bits of data. This was done to investigate whether
additional features would emerge by using more samples.

The bispectrum of the I component for C/A⊕D data is de-
picted in Figure 2, and it clearly shows energy within the bi-
spectrum. The result is sustained with a 300-fold increase
in the number of data points used in the estimator. It is
noted that the bispectral signature of the signal is different
to that of Pulsar J0437-4715 shown in [12]. The P(Y ) and
P(Y )⊕D bispectra are similar, and therefore only the latter
is displayed in Figure 3. No emergent features arise as one
increases the number of samples in the experiment.

For the Q branch, the bispectrum of the C/A⊕D data is
depicted in Figure 4, which is equivalent to that of the C/A
data and therefore only one is shown. Figure 5 shows the
bispectra for the L2CM/L2CL⊕Dc code. No significant en-
ergy is evident from the images using either one or 300 bits
of data. The Q branch data consists of L2CM/L2CL and
C/A codes, which are generated at a lower bitrate than the
P(Y ) codes, thereby yielding less data in the same amount
of time. However, using a 300-fold increase in data did not
yield additional structures in the bispectra. Therefore, the
energy seen in the bispectra of the Q components is a re-
sult of estimator errors. From this result, one can deduce
that all Q components of the simulated signals have a sym-
metric or Gaussian distribution, as all energy is suppressed
when calculating the bispectrum.

4 Conclusion

RFI continues to hinder scientific observations and the ne-
cessity of mitigation techniques are evident. Various RFI
mitigation techniques already exist as was discussed in the
introduction. The SK estimator stems from HOS and is an
established RFI mitigation technique. Therefore, this work
investigated whether GPS signals contained any energy in
the bispectrum. The I and Q branch data for all combina-
tions of PRN codes were simulated using a GPS simulator.
The data was passed through a bispectrum estimator. Using
one bit of data, it was found that bispectral energy within
the I branch data for the C/A⊕D PRN code is present. This
bispectrum is different to that of Pulsar J0437-4715, which
is a promising result.

Figure 2. Bispectrum of I branch C/A⊕D GPS data

Figure 3. Bispectrum of I branch P(Y )⊕D GPS data

Figure 4. Bispectrum of Q branch C/A⊕D GPS data



Figure 5. Bispectrum of Q branch L2CM/L2CL⊕Dc GPS
data

Future work includes efforts to derive an RFI mitigation
technique based on bispectrum statistics. Characterisation
needs to be done as to whether the bispectral signatures of
all non-Gaussian astronomical sources differs from that of
RFI. It also needs to be investigated whether the results are
consistent using data from a radio telescope. Further analy-
sis could be performed using the bicoherency index and the
trispectrum.
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