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Abstract
Radio observations of the 21 cm (1420 MHz) fine-structure
splitting of the ground state of neutral hydrogen have been
an essential component of astronomy for over 60 years. Because the expansion of the universe encodes information
about the distance to an emitter in the redshift of its wavelength, it is possible to observe the redshifted 21 cm line
and obtain fully three-dimensional information about the
location of neutral hydrogen at early times. Recent scientific interest in observing the highly redshifted (50 - 250
MHz) emission of neutral hydrogen has been spurred by
the promise of a unique view into the first billion years of
the universe’s history, by revealing – in three dimensions,
and over time – the formation of the first stars, galaxies,
and black holes through their effect on the thermal and ionization state of the intergalactic medium. Measurements
of this signal will require an unprecedented understanding of the properties of low-frequency radio interferometers
and careful data analysis to separate the strong intervening “foreground” emission from other, nearer, astrophysical sources from the desired signal. A powerful tool for
this separation is by contrasting the spectral “smoothness”
of the foreground signal, primarily synchrotron emission,
from the highly spectrally structured cosmological line signal. This signal is intrinsically unpolarized, but because
Faraday-rotated polarized emission is spectrally structured
in a way difficult to distinguish statistically from the cosmological signal, a high degree of isolation of polarized leakage from Stokes Q and U to I is necessary. A thorough understanding of the instrument’s polarization properties are
necessary to separate Faraday-rotated astrophysical emission from the expected signal and to achieve high dynamic
range imaging. We review the crucial elements of polarized
interferometry and the current state of the art.
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Introduction

The current generation of epoch of reionization experiments seeks to make a statistical detection of the power
spectrum of brightness-temperature fluctuations in neutral
hydrogen (HI) during the Epoch of Reionization (EoR; for
a scientific review see [1]). A number of groups around the
world are currently pursuing a detection of this signal (e.g.

LOFAR1 , MWA2 , PAPER3 , HERA4 ) This detection must
be made in the presence of foreground emission from our
Galaxy and intervening galaxies which is orders of magnitude brighter. There are various approaches to allow the
measurement in the presence of these foregrounds, which
focus more heavily on modeling and subtraction in the image domain [2], avoidance via spectral smoothness in the
Fourier domain [3], or hybrid approaches [4].
A feature of observed polarized emission that is not present
for the unpolarized case is Faraday rotation. This is due
to the index of refraction of an ionized, magnetized plasma
being birefringent, and so the left-and right-circular polarizations of an electromagnetic wave passing through such a
plasma undergo different phase shifts, such that the phase
difference ∆ϕ of the light becomes
∆ϕ =

e2
λ2
(me c2 )2

Z

ne (s)Bk (s)ds ≡ λ 2 Φ,

(1)

where ne is the electron density of the plasma, Bk is the
component of the magnetic field along the line of sight, e
and me are the electron charge and mass, λ 2 is the wavelength of the incident light, and the integral extends along
the line of sight. Equation 1 defines the rotation measure
Φ. Faraday rotation affects the linear components of the
Stokes parameters such that a polarized source with intrinsic Stokes Q and U, when viewed through a magnetized
plasma, will have measured Stokes parameters Q0 and U 05
Q0 (ŝ, ν) + iU 0 (ŝ, ν) = e−2iλ

2 Φ(ŝ)

(Q(ŝ, ν) + iU(ŝ, ν)) (2)

Note that the rotation measure in general depends on the
direction of observation, but the frequency dependence has
been factored out. It is this frequency structure which can
mimic exactly the cosmological modes of the HI signal.
For image-based approaches to measuring the EoR, the
problem of polarization is primarily the need to build a polarized instrument and sky model, including Faraday rotation, in order to isolate and remove the polarized foreground signal. The requisite complexity of the model and
its accuracy remains a subject of active investigation. For
avoidance techniques, there is little concern about polarized
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use the physics convention i =

√
−1.

emission with Φ ≈ 0, since this maps to modes which are
already corrupted by unpolarized foregrounds, but sources
with larger Φ will contaminate the putative EoR power
spectrum. Thus Faraday rotation is uniquely problematic,
as there is no additional discriminant against spectral structure. Regardless of the approach taken, any effort in instrument design which cleanly separates the Stokes parameters
minimizes the effect of polarization on the final EoR spectrum, as we show below.
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Interferometric Response to Polarization

To capture all of the instrument effects, it is necessary to use
a fully polarized description of an interferometer; we follow
the basic conventions laid out in [5]. This will also naturally
include wide-field effects. We begin by defining the Stokes
parameters on the sphere. For astronomical purposes we
express the incident electric field ~E(ŝ, ν) from direction ŝ at
frequency ν in the Right Ascension and Declination basis
(unit vectors êα , êδ ), allowing us to define the coherency
tensor field

V jkI = Tr(σI V jk )
U
V jk

= Tr(σU V jk )

V jkQ = Tr(σQ V jk )

(9)

= Tr(σV V jk ).

(10)

V
V jk

where the σα -matrices are the Pauli matrices labeled by the
appropriate Stokes parameter:




1 0
1 0
σI =
, σQ =
,
(11)
0 1
0 −1




0 1
0 −i
σU =
, σV =
.
(12)
1 0
i 0
By expanding Equations 9 and 10 we find the that the Vokes
visibilities are naturally described by the Mueller matrix elements. For each of a ∈ {I, Q,U,V }, we have
V jka (ν,t) =
Z

=

Z

Mab (ŝ, ν) exp(−2πiν~b · ŝ/c)d ŝ

(MaI I +MaQ Q+MaU U +MaV V ) exp(−2πiν~b· ŝ/c)d ŝ
(13)

where

C = hEδ∗ Eδ iêδ ⊗ êδ + hEα∗ Eδ iêα ⊗ êδ
+ hEδ∗ Eα iêδ ⊗ êα + hEα∗ Eα iêα ⊗ êα

in analogy with the Stokes parameters,

Mab (ŝ, ν) = Tr(σa J j σb Jk† )

(3)

(14)

are the Mueller matrix elements.

or as a matrix

hEδ∗ Eδ i hEα∗ Eδ i
C=
hEδ∗ Eα i hEα∗ Eα i


(4)

where we the direction ŝ and frequency ν dependence of the
fields is implicit. The coherency field in terms of the Stokes
parameters on the sphere is then


I(ŝ, ν) + Q(ŝ, ν) U(ŝ, ν) − iV (ŝ, ν)
C=
(5)
U(ŝ, ν) + iV (ŝ, ν) I(ŝ, ν) − Q(ŝ, ν)
Each polarized feed p of an antenna j responds to incident
radiation from infinity in the direction (α, δ ) with an complex vector antenna pattern
~A p (ŝ, ν) = A p (ŝ, ν)êδ + A p (ŝ, ν)êα
j
j,α
j,δ

Requirements for the Primary Beam

The EoR signal is expected to be highly unpolarized, and
thus we seek an estimate of Stokes I to measure it. Imagebased approaches attempt to avoid polarized contamination
by inverting Equations 8 or 13 via Fourier methods or otherwise (e.g,[7, 8, 9]). Foreground avoidance techniques use
the Vokes-I visibility directly [10]. In either case, the requirement for reducing the leakage between Stokes parameters due to the wide-field beam can be seen fairly straightforwardly from Equation 13:
MIQ = MIU = MIV = 0

(6)

where (δ̂ , α̂) define an orthogonal coordinate system on the
sphere. This antenna pattern is proportional to the far-field
beam patterns, by the reciprocity theorem. The antenna patterns can be assembled into a Jones matrix per antenna as
" p
#
A j,δ (ŝ, ν) A pj,α (ŝ, ν)
Jj = q
(7)
A j,δ (ŝ, ν) Aqj,α (ŝ, ν)
We can then express the fully-polarized visibility equation
as
 pp
 Z
V
V jkpq
V jk = jkqp
= J j C Jk† exp(−2πiν~b · ŝ/c)d ŝ
V jk V jkqq
(8)
where the integration is taken over the full sphere. From the
visibility matrix we can then define the Vokes6 visibilities,
6 We
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use “Vokes" throughout this work to refer to the linear combinations of visibilities that are formed as proxies for the real “Stokes parameters" as defined by the IEEE [6] in order to clearly differentiate between
quantities that have distinctly different properties.

(15)

which also implies that there is some basis (θ̂ , φ̂ ) wherein
A pj,θ (ŝ, ν) = Aqj,φ (ŝ, ν); Aqj,θ (ŝ, ν) = Aqj,θ (ŝ, ν) = 0 (16)
This is an ideal limit that is probably not achievable in practice, but defines the goal. While Equation 15 turns out to be
basis independent, Equation 16 is not. To define a figure of
merit independent of basis which can be used to evaluate
situations near but not at the ideal, we can use the condition
number of the Jones matrix κ(J ) or the invariant quantity
2 + M 2 + M 2 . These form the bases for the intrinsic
MIQ
IU
IV
cross-polarization figures of merit


κ(J ) + 1 2
(17)
IXRJ =
κ(J ) − 1
and

|MII |
IXRM = q
2 +M2 +M2
MIQ
IU
IV

as defined by [11].

(18)
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Discussion and Conclusions
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Bruyn, V. N. Pandey, and B. K. Gehlot, “Polarization
leakage in epoch of reionization windows: III. Widefield effects of narrow-field arrays,” ArXiv e-prints,
Jun. 2017.
[15] D. F. Moore, J. E. Aguirre, A. R. Parsons, D. C. Jacobs, and J. C. Pober, “The Effects of Polarized Foregrounds on 21 cm Epoch of Reionization Power Spectrum Measurements,” Astrophysical Journal, vol. 769,
p. 154, Jun. 2013.
[16] C. D. Nunhokee, G. Bernardi, S. A. Kohn, J. E.
Aguirre, N. Thyagarajan, J. S. Dillon, G. Foster,
T. L. Grobler, J. Z. E. Martinot, and A. R. Parsons,
“Constraining Polarized Foregrounds for EoR Experiments. II. Polarization Leakage Simulations in the
Avoidance Scheme,” Astrophysical Journal, vol. 848,
p. 47, Oct. 2017.
[17] G. Bernardi et al., “A 189 MHz, 2400 deg2 Polarization Survey with the Murchison Widefield Array 32element Prototype,” Astrophysical Journal, vol. 771,
p. 105, Jul. 2013.
[18] E. Lenc et al., “Low-frequency Observations of Linearly Polarized Structures in the Interstellar Medium
near the South Galactic Pole,” Astrophysical Journal,
vol. 830, p. 38, Oct. 2016.
[19] J. S. Farnes, B. M. Gaensler, and E. Carretti, “A
Broadband Polarization Catalog of Extragalactic Radio Sources,” ApJS, vol. 212, p. 15, May 2014.
[20] E. Lenc et al., “The Challenges of Low-Frequency
Radio Polarimetry: Lessons from the Murchison
Widefield Array,” Publications of the Astronomical
Society of Australia, vol. 34, p. e040, Sep. 2017.
[21] C. L. Van Eck et al., “Polarized point sources in the
LOFAR Two-meter Sky Survey: A preliminary catalog,” ArXiv e-prints, Jan. 2018.
[22] G. Bernardi et al., “Foregrounds for observations of
the cosmological 21 cm line. I. First Westerbork measurements of Galactic emission at 150 MHz in a low
latitude field,” A& A, vol. 500, pp. 965–979, Jun.
2009.
[23] ——, “Foregrounds for observations of the cosmological 21 cm line. II. Westerbork observations of the
fields around 3C 196 and the North Celestial Pole,”
A& A, vol. 522, p. A67, Nov. 2010.
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