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Abstract

The direction information of the electromagnetic waves

plays an important role in the deployment of 5G and beyond

wireless communication networks. This necessitates the re-

search on numerical methods to estimate the direction of

arrival (DoA) information in such systems. The parabolic

equation (PE)-based DoA estimation method has emerged

as a promising technique due to its robustness and stability.

However, the computational cost of the PE-based methods

increases significantly as the frequency rises. This paper

applies a sparse Fourier transform technique to accelerate

the DoA estimation process. The performance is investi-

gated in an indoor corridor and validated against theoretical

results.

1 Introduction

In recent years, the use of direction information has been

considered in various fields including wireless communica-

tion systems, localization, and autonomous vehicles [1, 2,

3]. There has been significant interest in research on the

development of DoA estimation methods. The parabolic

equation (PE) methods [4, 5] have been successfully em-

ployed in the past to obtain reliable channel modeling of

radio wave propagation in large-scale environments. The

simultaneous calculation of received signal strength at nu-

merous sampling points makes PE a natural choice for DoA

estimation. However, despite the proven promise of PE-

based DoA estimation methods, the rapidly growing com-

putation time at higher frequencies poses a challenge [6].

This limitation renders the approach unable to meet the de-

mands of emerging real-time applications in various scenar-

ios.

In this paper, a spare Fourier transform technique [7, 8] is

introduced to reduce the computational cost involved in the

process of wave propagation modeling. The generated sig-

nal strength is subsequently employed for calculating the

DoA information using the classical multiple signal classi-

fication (MUSIC) algorithm. By calculating only a subset

of Fourier coefficients instead of applying the Fourier trans-

form across the entire two-dimensional transverse plane,

a significant reduction in computational time is achieved.

The proposed method and the conventional PE-based DoA

estimation methods are demonstrated in an indoor corri-

dor example and validation against analytical results is also

given.

2 The Proposed DoA Estimation Method

2.1 The Split-Step Parabolic Equation Meth-
odethod

The PE method is derived from the Helmholtz wave equa-

tion for free space:(
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φ(x,y,z) = 0 (1)

where φ is a scalar potential and k0 is the free-space wave

number. In this paper, assuming propagation along the z-

axis, a solution to (1) can be cast into the form:

φ(x,y,z) = u(x,y,z)e− jk0z (2)

where u is the reduced plane wave solution. Assuming that
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The standard parabolic equation can be expressed as:
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where u is the reduced plane wave solution. A commonly

used split-step Fourier technique [9] can be utilized for its

numerical implementation, as follows:

u(x,y,z+Δz) = F−1
{

C (kx)C (ky)F {u(x,y,z)}} (5)

where u is the reduced plane wave solution; F and F−1 are

Fourier transform pairs; kx and ky are spectral variables, and

C (k) = exp(
− jk2Δz

2k0
). (6)

All field components can be determined iteratively us-

ing (5).



2.2 Proposed DoA Estimation Method

Our proposed fast DoA estimation algorithm combines the

principles of PE methods with sparse matrix techniques,

resulting in substantial improvements in processing speed.

An overview of the method is shown in Fig. 1, with a de-

tailed breakdown of the procedure provided below:

Algorithm inputs: geometry
information, material parameters,

antenna specifications

Calculate the field in the initial
plane

Estimate the K main Fourier
coefficients

Calculate the fields in the next
cross-section using sparse PE

methods

Reach the cross-section where the
receiving point is located?

Yes

No

Generate the channel impulse
response at the receiving point

Calculate the DoA information
using the MUSIC algorithm at the

receiving point

Calculate the eigenvalue vectors in
equation (12)

Figure 1. Diagram of the proposed DoA estimation algo-

rithm.

Step 1: Generate the N ×N-dimensional fields in the ini-

tial plane through the antenna specifications infor-

mation.

Step 2: Estimate the K main Fourier coefficients.

Step 3: Use (5) to generate the N×N-dimensional fields in

the next cross-section.

Step 4: Repeat Steps 1-3 until reach the cross-section

where the receiving point is located.

Step 5: Calculate the corresponding eigenvalue vectors

in (12).

Step 6: Generate the channel impulse response informa-

tion at the receiving point.

Step 7: Estimate the DoA information at the receiving

point.

In Step 3, the field update procedure for each cross-section

is applied iteratively until the propagator reaches the de-

sired range. In this work, we group the Fourier coefficients

into a limited number of categories, referred to as baskets,

as described in 2.2.1 [7, 8]. Each basket is expected to con-

tain only one dominant coefficient, meaning that baskets

without large coefficients can be discarded to reduce com-

putational costs.

Furthermore, the locations of the large coefficients, which

are necessary for reconstructing the entire matrix, still need

be determined. To achieve this, we introduce the Hash func-

tion to estimate the positions of these large coefficients, as

detailed in 2.2.2.

2.2.1 Binning the Fourier Coefficients

We provide a brief introduction to the binning method em-

ployed in this work. Initially, the signal is permuted to iso-

late the large coefficients [10]:

P(x,y,z) = U(σ1x+ τ1,σ2y+ τ2,z). (7)

P denotes the signal after permutation, while σ1, σ2, τ1,

and τ2 are random integers. Next, a subsampling process

is applied to extract the large coefficients and reduce the

signal data dimensionality:

Zz(i, j) =
N/B−1

∑
u=0

N/B−1

∑
v=0

P(i+Bu, j+Bv,z) (8)

where i, j ∈ [1,B]. Following subsampling, the matrix Zz
is compressed to a B×B size, with the primary Fourier co-

efficients distributed into B× B baskets at the z-th cross-

section.

2.2.2 Estimation of Main Fourier Coefficients

Using the Hash function, a set of coordinates I can be ob-

tained for all large coefficients in the B×B baskets.

hσ1,σ2
(i, j) = round(σ1σ2i j

B2

N2
). (9)

Multiple sets I1, I2, ... are generated, and the positions of the

estimated Fourier coefficients can also be obtained.

2.2.3 DoA Estimation

After applying the Fourier transform technique, the base-

band impulse response of the channel can be derived

through an inverse Fourier transform applied to the

frequency-domain electromagnetic field distribution:

h(x,y,z, tm) = NΔ f
N−1

∑
n=0

H(ωn,x,y,z)exp(
i2πmn

N
), (10)

where N denotes the number of selected frequency points,

and Δ f is the frequency interval. H is the field distribution

of the receiver at different frequency points ωn, and tm =
z/c+m ∗Δt is the propagation time. Δt denotes the time-

domain resolution, and z is the projection distance between

the transmitter and the receiver.



To generate the DoA information, the classical MUSIC al-

gorithm is employed. A uniform linear array with I ele-

ments is assumed to be placed at the receiving location. The

impulse response calculated in (10) can be used to construct

the input matrix which contains the time-domain received

information at different points:
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Subsequently, an eigenvalue decomposition can be applied

to matrix A, yielding a total of I eigenvalues and their cor-

responding eigenvectors. Let D represent the number of

paths of incoming waves. A vector En can be formed by se-

lecting the I −D smallest eigenvalues, which are regarded

as unrelated to the incoming waves. Another vector, de-

noted as a(θ) = [1,e− j 2π
λ Δzsinθ , ...,e− j 2π

λ (I−1)Δzsinθ ], is con-

sidered orthogonal to En and is defined based on the as-

sumed array structure. Then we can get:

aH(θ)En = 0 for θ = θ1, ..,θD (12)

where θ1 ∼ θD denotes the DoA (in degree). The direction

information can be found as [11, 12]:

PMUSIC (θ) =
1∣∣aH (θ)EnEn

HaH (θ)
∣∣ . (13)

This results in peaks in the spectrum at the signal direc-

tions, stemming from the orthogonal relationship between

En and a(θ), and DoA information can be determined by

identifying the peaks in PMUSIC.

3 Results in an Indoor Corridor

For validation purposes, the conventional PE-based DoA

estimation methods and the proposed methods are applied

in a rectangular indoor corridor with perfectly conduct-

ing walls. The corridor cross-section’s dimensions are

4m × 4m, and the longitudinal length of the corridor is

100m, as shown in Fig. 2. The relative dielectric permit-

tivity and conductivity of the surrounding walls are set as

εr = 5 and σ0 = 0.01 S/m, respectively. The center fre-

quency is set as 4.9 GHz. A unit-strength Gaussian source

with a standard deviation of 3 dB is placed at the center

of the transverse plane, and the receiver is placed at the

same position along the corridor. The frequency interval

and the number of selected frequency points in (10) are

set as 100 MHz and 91, respectively. The simulation time

of the conventional PE-based DoA estimation and the pro-

posed methods are 52.8 s and 9.3 s, respectively. By em-

ploying the conventional SSPE methods and the proposed

methods, the spatial distribution of the electric field on the

cross-section at a distance of 100 m is illustrated in Fig. 3.

The results of DoA estimation at various delay values are

summarized in Fig. 4 and Table 1. We can see that the pre-

dicted results of the two methods both have good agreement

with the theoretical results. However, the proposed model

can achieve significant computational savings.

Figure 2. Diagram of the considered indoor corridor.

Table 1. DoA results generated by the conventional PE-

based and the proposed methods in the considered indoor

corridor.

Path
Number

Theoretical
Results
[degree]

The Con-
ventional
Method

The
Proposed
Method

Path 1 0 0 0

Path 2 2.29 2.48 2.34

Path 3 4.57 4.47 4.72

Path 4 6.84 7.02 7.02

Path 5 9.09 9.54 9.33

4 Conclusion

This paper presents an efficient DoA estimation method

for indoor environments, leveraging a sparse Fourier

transform-based SSPE technique. The proposed method

significantly reduces computational costs compared to con-

ventional PE-based approaches while maintaining high ac-

curacy. By employing sparse matrix techniques and selec-

tive Fourier coefficient estimation, the method accelerates

the wave propagation modeling process, making it suitable

for real-time applications in high-frequency scenarios. Fu-

ture work will focus on further optimizing the algorithm

for even lower computational complexity and extending its

application to more complex indoor environments, such as

those with irregular geometries. This research aims to con-

tribute to the development of advanced wireless communi-

cation systems, particularly for 5G and beyond technolo-

gies, by providing a reliable and efficient solution for direc-

tion information acquisition.
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Figure 3. The spatial distribution of the electric field on the

cross-section at a distance of 100 m from the source plane

z = 0 in the considered indoor corridor. (a) conventional

SSPE method. (b) sparse SSPE method.
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