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Abstract

This paper presents a machine learning approach to pre-
dict the magnetic field distribution in railway catenary sys-
tems. The proposed method leverages kernel regression
to account for tolerances in system parameters. The accu-
racy of the model is assessed by comparing predicted fields
to ground-truth data obtained via the Biot-Savart equation.
Results demonstrate the effectiveness of the method with
different training sample size.

1 Introduction

A catenary system is a crucial component of electrified rail-
way infrastructure, consisting of overhead wires that deliver
electrical power to trains. These systems are designed to
maintain reliable electrical contact between the train’s pan-
tograph and the power supply, even under dynamic condi-
tions. The catenary system includes the contact wire, mes-
senger wire, and droppers, which together ensure mechani-
cal stability and efficient power transfer. Given their prox-
imity to trains and passengers, understanding the electro-
magnetic behavior of these systems is vital for safety, sys-
tem design, and electromagnetic compatibility (EMC) [1]-
[4].

Predicting the magnetic field distribution in railway cate-
nary systems is essential due to its implications for opera-
tional safety and regulatory compliance. Electromagnetic
fields must adhere to stringent EMC standards, such as the
EN 50500 [5], limiting magnetic field values to mitigate
interference and health risks [1, 2]. Accurate modeling of
these fields is critical, due to the effect of system tolerances
and uncontrolled variations, such as: deviations in wire ge-
ometry, current magnitudes, antenna positions, site config-
uration, and environmental conditions [2, 3].

This work investigates the ability of kernel regression tech-
niques to approximate magnetic field distributions under
varying system configurations. Specifically, the vector-
valued kernel ridge regression (VV-KRR) [6, 7] is em-
ployed to learn the magnetic field map of the catenary sys-
tem as a function of 16 uniformly distributed parameters.
The methodology is validated through numerical simula-
tions based on a simplified model using the Biot-Savart law,
demonstrating its effectiveness and accuracy with different
training sample sizes. The results underscore the potential

of data-driven models to enhance electromagnetic analy-
sis in railway applications, contributing to improved system
design and compliance with EMC standards.

It is worth noting that, while the Biot-Savart law serves as
an effective tool for demonstrating the applicability and the
effectiveness of the proposed machine learning techniques
in this context, the data-driven nature of the proposed mod-
eling framework also enables it to approximate results ob-
tained from more sophisticated simulation techniques and
advanced models [3, 4].

2 Proposed Method

The proposed method for predicting the magnetic field dis-
tribution in railway catenary systems combines the effi-
ciency of the Biot-Savart law with the power of machine
learning for generalizing across various configurations. In
the following subsections, we discuss the two key compo-
nents of the method: the magnetic field estimation using
the Biot-Savart law and the kernel regression model used
for field prediction across different system configurations.

2.1 Magnetic Field Estimation Using the
Biot-Savart Law

For N wires located along the z-axis and placed in the
(x,y)-plane at the position (x;,ys;) each of them carry-
ing a constant current /;;, the magnetic field components
(Bx(x,y),By(x,y)) at any field point (x,y) # (xy;,s,) cal-
culated using the Biot-Savart law are expressed as:
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in which Ly is the permeability of free space.

The above equations have been implemented in MATLAB
by considering a discrete grid of equally spaced points
in the (x,y)-plane. Specifically, after the discretization
of the domain, the continuous variables x and y in equa-
tions (1) and (2) are replaced by the discrete variables



xj=x0+Ac-jand yy =yo+ Ay -k, with j=0...(Ny—1)
and k=0... (N, — 1), respectively.

The magnitude of the magnetic field B for any pair (x;,yx)
writes:

B(xj,yx) = \/B,%(xj>Yk)+B§(xja)’k)- 3)

To avoid numerical instability induced by the spatial dis-
cretization, the magnitude of the magnetic field B in (3) is
considered 0, when the distance of a discrete point (x;,yx)
from any source point (xy;,ys;) is less than A, along the
x-dimension and A, along the y-dimension, respectively.

It is important to remark that the proposed method predicts
a quasi-static DC solution (i.e., it does not account for prop-
agation and frequency-dependent effects), assuming ideal
and infinitely long straight conductors with negligible ra-
dius [4]. On the other hand, thanks to its high efficiency and
low computational cost, the proposed implementation of
the Biot-Savart law offers a valid and interesting approach
for benchmarking machine learning techniques.

For higher accuracy more sophisticated methods, such as
those based on the multiconductor transmission line the-
ory [3, 4], can be employed. These approaches, though
computationally more demanding, can provide more accu-
rate results by considering factors such as wire geometry,
frequency-dependent propagation effects, and the influence
of nearby materials.

2.2 Kernel Regression for Magnetic Field
Prediction

The VV-KRR can be employed for the prediction of the
magnetic field distribution of a catenary system as a func-
tion of the positions of the catenary cables and the magni-
tude of their currents. For a fixed value of the discretization
variables A, and Ay, and number of discrete points Ny and
Ny, the problem is equivalent of building an approximation
F of the following matrix of functions:

B(x,,y5,15) = F(x,,y,,15), )

where for each configuration of the source parameters in
the vectors x;, ys and I, the output B(x;,y,,I;) is a (N, X
Ny) matrix function, hereafter referred to as computational
model, collecting the actual values of the B-field computed
via the Biot-Savart law described in the previous subsec-
tion. On the other hand, F is an approximated model, here-
after referred to as surrogate model.

In this work the surrogate model will be build via the VV-
KRR. To this aim, the above matrix learning problem is
rewritten in term of the following equivalent vector prob-
lem:

vec (B(xi"yhlé‘)) N}(xsvyhls)a (5)

where now vec (B(xs,ys,I5)) and f' are vectors functions
with (N, - Ny) elements each.

The VV-KRR model is built starting from a set train-
ing samples D = {(%,y,;}-,, where the vectors % =
b1, ¥5.0,15)7 € RP collect the configurations of p input
parameters, and the vectors y; = vec (B(x,;,y51,15,)) CRP
of dimension D = (N, - Ny) collect the B-field values calcu-
lated for the considered discrete points along x and y. The
above training set can be used to train a surrogate model via
the VV-KRR [6, 7], in the form of:
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where K(-,-) : RP*P — RP*P s the matrix kernel function
andc; = [c1y, ... ,cNX.NVJ]T for/ =1,...,L are column vec-
tors collecting the regression unknowns, which must be es-
timated during the training phase.

According to [8], the separable kernel matrix K(x,x’) can
be expressed as follows:

K(#.%) = k:(%,%)B, @)

where ky (¥,%') is a standard scalar kernel acting on the input
parameters and B € RMeM)*x(NeM) s g symmetric semi-
definite matrix built from the correlation matrix computed
on the output dimension of the output samples in the train-
ing set.

The separable kernel structure of the matrix kernel in (7)
allows reformulating the training problem in terms of the
following discrete-time Sylvester equation [6, 7]:

K;CB+AC=Y, (®)

where K, is a L X L Gram matrix of the input kernel (i.e.,
[Ky]ij = kx(xi,x;)), B is the the output kernel defined as
the correlation matrix computed on the output dimensions,
C=l[c1,...,cr]T € REXP is a matrix collecting the model
unknowns and Y is the L x D matrix associated to the train-
ing output samples [8].

The surrogate model in (8) is then constructed from the
training set D by solving the above discrete-time Sylvester
equation via the efficiency diagonalization procedure pre-
sented in [9].

3 Results

This section investigates the performance of the proposed
VV-KRR for the prediction of the magnetic B-filed in a
catenary system with 8 sources, as a function of a uniform
and uncorrelated variations of their current amplitude and
the position of the contact and messenger wires. Table 1
summarizes the configurations of the considered parame-
ters and the corresponding range of variation used in the
following results. The above scenario is modeled in terms
of 16 normalized uniform distributed random variables.
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Figure 1. Comparison of the magnitude of the B-field computed via the Biot-Savart law for a given configuration of the sources
and the corresponding prediction of a surrogate model trained with L = 300 training samples.

Table 1. Relative Mean Error for Varying Training Sizes

Source # Xg Vs I
1 1.3m 0.1m [1868,2068]A
2 2.7m 0.1m [1354,1554]1A
3 [1.8,22]m | [5.4,5.8]m | [-1980,-1780]A
4 [1.8,22]m | [6.2,6.6]m | [-2920,-2720]A
5 -2.7m 0.lm [1354,1554]1A
6 -1.3m 0.Im [1868,2068]A
7 [-2.2,-1.8]m | [5.4,5.8]m | [-1980,-1780]A
8 [-2.2,-1.8lm | [6.2,6.6]lm | [-2920,-2720]A

The MATLAB implementation of the Biot-Savart law pre-
sented in Sec. 2.1 is then used as a reference method to com-
pute the B-filed of the considered parametrized catenary
system in the xy-plane for x € [-5,5]m and y € [0,10]m
by considering a discretization step A, = Ay, = 0.1m. This
means that for each configuration of the parameters the
MATLAB implementation provides a 200 x 101 matrix
B(x,ys,1) (i.e., Ny =200 and N, = 101).

The above MATLAB configuration is then used to run 800

parametric simulations. The obtained results for the B-filed
are then vectorized and used as reference output samples to
train and to validate the proposed modeling approach.

The VV-KRR presented in Sec. 2.2 is then used to train a
surrogate model f : R'® — R29200, being 20200 = (N, -Ny)
the number of outputs required to describe the B-filed after
the vectorization. The performance of the resulting surro-
gate models has been investigated for an increasing number
of training samples randomly selected from the available
samples, and the performance of the resulting models are
then evaluated on the same test set with 200 samples.

Table 2 summarizes the accuracy using the relative mean
absolute error (RMAE) compute on the test samples by
comparing the actual B-filed map with the predictions ob-
tained by the proposed machine learning model trained with
L =100, 300 and 600 training samples. The table shows a
constant learning of the model since the model error mono-
tonically decreases when the number of training samples
increases.

Figure 1 provides a visual comparison of the magnitude of
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Figure 2. Top panel: parametric plots comparing B-filed
predicted by the proposed model trained with 300 samples
with the corresponding values in the test set at the heigth
y = 6.8 m. Bottom panel: histogram obtained from the re-
sults of the above parametric plot for x = —2m.

the B-field computed via the Biot-Savart law (i.e., the ref-
erence result) for a given configuration of the sources and
the corresponding prediction of a surrogate model trained
with L = 300 training samples. The proposed comparison
in terms of 3D plot and 2D field map highlights a quite nice
agreement between the predictions of the model and the ref-
erence results. Moreover, figure 2 provides a comparison
among the values of the magnetic field in the test set and the
corresponding predictions at fixed height (y = 6.8 m) and
for different position on the x-axes, and the corresponding
histogram for x = —2m. The results provides a further con-
firmation of the model accuracy from both the deterministic
and stochastic perspective.

4 Conclusion

This paper demonstrated the effectiveness of kernel regres-
sion for predicting magnetic fields in catenary systems. The
approach shows promising results in terms of accuracy both
in the deterministic and statistical sense. Future work will
extend this method to more complex geometries and param-

Table 2. RMAE for varying training sizes.

Training Samples | RMAE (%)
L=100 2.1
L=300 1.7
L=600 1.5

eter variations.
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