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Abstract

In this work, multi-exponential analysis based on Prony’s
method is used to solve the mutual coupling terms in uni-
form linear antenna arrays from active reflection coeffi-
cients. The method can be implemented on finite or infi-
nite arrays. Excellent agreement is shown for results of two
dipole arrays obtained using this method compared with di-
rect simulation of the S-paramaters using Altair FEKO.

1 Introduction

For many applications using antenna arrays, including mul-
tiple input-multiple output (MIMO) systems, direction-of-
arrival (DOA) estimation, remote sensing, and radio astron-
omy, it is critical to have accurate information about the
mutual coupling between array elements. However, mea-
suring the mutual-coupling terms in physical systems is a
laborious process that is susceptible to errors.

This paper details the first stage of a larger project. The
final project aims to derive the mutual coupling terms of
arrays from embedded element pattern measurements us-
ing multi-exponential analysis based on Prony’s method as
the mathematical framework [1-3]. This method will be an
alternative to the methods proposed in [4] and [5].

As the first part of the larger project described above, this
paper formulates the active reflection coefficient of uniform
linear arrays (ULA) sampled at various progressive phase
shifts as a Prony problem, enabling the S-parameters to be
extracted via a Vandermonde structured system.

2 Procedure

For an N-element uniform linear array, the active reflection
coefficient of element n for a set of beamformer weights wg
is [6]
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Now, the beamformer weights are chosen to have unity
magnitude and progressive phase &
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which results in the active reflection coefficient for a given
progressive phase o
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To solve all the S, terms, N regularly spaced values of a
must be used. The values of o are in the range

—r<a<m. ®))

For this range, the sample values of o can be written as a
function of the sample number s
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Now, a Prony model can be derived for the problem:
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with the base terms given by
®,, = ej(n*P)A, (11)
and the coefficients given by

Bup = Snpe’ P (12)

Note that as the input to the problem, the base terms are
already known. The coefficients can now be solved using
the Vandermonde structured system
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Figure 1. Active reflection coefficient (I';;) vs progressive

phase (@) for edge element (n = 1) and central element (n =
6).

The S, terms are then

ﬁn[?
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(14)

for each value of n and p. The S-parameter matrix can typ-
ically be assumed to be symmetrical, i.e. S, = Spn.

3 Finite ULA Results

The formulation above was applied to an 11-element linear
% dipole array above an infinite ground plane and compared
to directly simulated S-parameter results. The frequency
was 1 GHz and the interelement spacing was % Simula-
tions were performed using Altair FEKO.

The simulated active reflection coefficient (I',;,) versus pro-
gressive phase (o) for the central element (n = 6) and an
edge element (n = 1) is shown in Figure 1. It can be seen
that for the central element, I',, is symmetrical about ¢ = 0,
while this is not the case for edge elements. To obtain accu-
rate S-parameters, especially for edge elements, a separate
Prony model should therefore be solved for each element.

Figure 2 depicts the magnitude and phase of the S, terms
for coupling to a central element (n = 6). The terms calcu-
lated using the Prony method are compared to those deter-
mined by direct simulation. Figure 3 shows a similar plot,
but for coupling to an edge element (n = 1). It is clear that
there is excellent agreement between the results calculated
using the Prony method and directly simulated results for
both central and edge elements.

4 Infinite Array Approximation

As was pointed out above, solving a separate Prony model
for each n will give the most accurate results. If array edge
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Figure 2. Mutual coupling (S,,) between a central element
(n = 6) in 11-element linear dipole array and all other el-
ements (p). Results are obtained using the Prony method
and direct simulation of the S-parameters.
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Figure 3. Mutual coupling (S,,) between an edge element
(n =1) in 11-element linear dipole array and all other el-
ements (p). Results are obtained using the Prony method
and direct simulation of the S-parameters.
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Figure 4. Active reflection coefficient (I';)) vs progressive
phase (o) for an infinite array.

effects can be ignored, though, the array can be approxi-
mated as an infinite array. The calculated S-parameters can
then be interpreted as the coupling between N excited el-
ements embedded in an infinite array of match-terminated
elements. The assumptions stemming from this approxima-
tion will allow the use of a single Prony model to populate
the entire N X N S-parameter matrix.

The assumptions are as follows: since the array is uniform,
it is assumed that coupling terms of the same relative offset
are equal

Snp = Sn+l7p+] = Sn+2,p+2 = Sn+m,p+m- (15)
This also holds for absolute offset

Sup = Sn—p = Su|p|- (16)

Now, all the necessary relative S-parameters can be solved
using the Prony model for n = 1, and the remainder of the
approximated S-matrix can be populated using the assump-
tions above.

To illustrate the application of the infinite array approxima-
tion to the Prony model, an infinite % dipole ULA above a
ground plane was simulated. The frequency was set again
at 1 GHz and the interelement spacing was 240 mm. The
Periodic Boundary Condition functionality of FEKO was
used for the infinite array approximation.

The active reflection coefficient of the infinite array is plot-
ted against the progressive phase in Figure 4. The symme-
try about o = 0 is again evident. This symmetry can be
further exploited to halve the number of & values that need
to be simulated to populate the I';, matrix in equation (13).

After the Prony model was applied to determine the S-
parameters of a 51-element array, the results were com-
pared to those of a direct S-parameter simulation of a finite
51-element array.
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Figure 5. Mutual coupling (S,,) between central element
(n = 26) and all other elements (p) in 51-element linear
dipole array. Results are obtained using the Prony method
applied to an infinite array approximation and direct simu-
lation of the S-parameters of a finite array.

Figure 5 shows the magnitude and phase of the mutual cou-
pling between a central element (n = 26) and all other ele-
ments. The results of the infinite array Prony method com-
pares well with the directly simulated results down to mag-
nitudes of ~ —50 dB, which is negligibly small at any rate.

The results of an edge element (n = 1) are shown Figure 6.
The values for p < 10 are fairly accurate and give a good
approximation of the coupling, but it is clear that larger rel-
ative offsets are affected by the inaccurate application of
symmetry to the I',, matrix.

5 Comments

Setting o to =7 will in almost all cases scan the beam to
the invisible region, which might not be desired. However,
using sample values of o as indicated in equation (6) result
in the N base terms &, = e/n=P)A (o be equally spaced
on the unit circle in the complex plane. This leads to a
perfectly conditioned Vandermonde matrix [7] allowing the
system in equation (13) to be solved without any further
pre-conditioning.

For the simple dipole example presented in this pa-
per, the application of infinite array approximation had a
much longer runtime than the direct simulation of the S-
parameters. Altair FEKO’s solver is based on the Method-
of-Moments (MoM), where the computational time scales
as the cube of the number of basis functions. This exam-
ple still had very few basis functions, so it could still be
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Figure 6. Mutual coupling (S,,) between an edge ele-
ment (n = 1) and all other elements (p) in 51-element linear
dipole array. Results are obtained using the Prony method
applied to an infinite array approximation and direct simu-
lation of the S-parameters of a finite array.

quickly solved. Since only the unit-cell of a single element
is solved, the infinite array Prony method will be useful as a
simulation method in large arrays with intricate designs or
designs with dielectrics that require a large number of basis
functions per element.

6 Conclusion and Future Work

Multi-exponential analysis was successfully used to extract
the mutual coupling terms of uniform linear antenna arrays
from the active reflection coefficient. Results were pre-
sented for simulations of a finite array and an infinite array
approximation.

Future work will include expanding this model to the uni-
form planar array case.

The formulation will also be adapted so that it can be used
to determine coupling terms in arrays from physical mea-
surements of the embedded element pattern.
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