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Abstract 
 

Here, an electromagnetic (EM) wave-based method of 

calculating the solutions to partial differential equations is 

presented. This is done by exploiting a network of 

waveguide-based metatronic T-circuits arranged in a grid. 

It will be shown how this technique can enable discretized 

approximate solutions to partial differential equations in 

the form of the Helmholtz equation. This includes the 

possibility of producing solutions to both Dirichlet 

boundary value and open boundary problems.  

 

1. Introduction 
 

Partial differential equations (PDEs) are fundamental to 

many field (from mathematics to physics to engineering). 

Indeed, they can be used to model a wide range of 

phenomena such as the propagation of waves[1] and 

thermal radiation[2], as examples. To solve PDEs, one can 

make use of software-based approaches such as the finite 

difference[3] or finite element method[4] (FEM) to 

produce approximate numerical results. However, would it 

be possible to do this hardware-based using EM waves? If 

this is possible, calculations could be done at the speed of 

light within the materials. This may enable faster 

calculations avoiding highly computational techniques [5, 

6]. 

 

Analogue computing with EM waves has emerged as a 

promising computing paradigm[7]. This approach aims to 

harness the potential of waves for high-speed[8] computing 

with the possibility of parallelisation[9]. EM wave-based 

analogue processors have been proposed and demonstrated 

to perform mathematical operations such as 

differentiation[10-12], integration[8, 13], and convolution 

[8, 14] as well as matrix inversion[15] and the calculation 

of solutions to integral equations[16, 17] or PDEs[18-20], 

to name a few[21-25]. 

 

Early analogue computers exploited grid-like networks of 

lumped circuit elements to produce approximate PDE 

solutions[26, 27]. This was done by drawing an analogy 

between the voltage and current distributions of the 

network (sampled at the junctions between lumped 

elements) and the finite difference representations of the 

PDEs to be solved[26, 27]. Recently, metatronic 

circuits[28] have been introduced as a powerful technology 

capable of emulating the performance of electrical circuits 

using EM waves at high frequencies[29, 30]. This has 

shown to be pivotal in allowing known circuit theory to be 

efficiently translated to new domains. For instance, to aid 

in the design of structures such as filters[29, 31], 

antennas[32] and sensors[33, 34], to name a few. Indeed, 

metatronic circuits have also been applied alongside 

epsilon-near-zero (ENZ) media to produce approximate 

solutions to PDEs in the form of the Poisson equation[19].  

 

Motivated by the potential applications of metatronic 

circuits in the realm of EM wave-based analogue 

computing, in this study we present a structure capable of 

solving PDEs in the form of the Helmholtz equation. This 

is done by using a network of waveguide-based metatronic 

circuits connected at junctions in a series configuration. In 

so doing, ENZ host media emulating interconnects are not 

required. As will be shown, the parameters of the PDE 

being solved may be controlled by tailoring the effective 

impedance values of the various metatronic circuits. This 

technique is applied to solve both Dirichlet and open 

boundary value problems.  

  

2. Results and discussion 
 

To understand how metatronic circuits may be exploited 

for PDE solving, first consider the conventional circuit 

presented in Fig. 1a. This circuit is a grid-like network of 

T-circuits connected in series at a junction. Due to this, any 

flow of current through the T-circuits will produce a 

rotating current �� around the center of each junction. Here 

�� = 0, 1, 2, 3, 4 is the current flowing around the center, 

top, right, bottom, and left junctions in Fig. 1a, 

respectively. Then by considering the division of current 

though the series and parallel impedances of the connecting 

T-circuits (
�  and 
�,  respectively) and applying 

Kirchhoff’s voltage law at the central junction the 

following equation is revealed[20]: 

 

 
�
�� + �� + �� + �� − 4��� − 4
��� = 0 (1) 

which describes the relationship between ��  and the 

currents around the connected junctions �� , �� , ��  and �� . 

Importantly, if the impedance values of each connecting T-



circuit (
� and 
�) are all chosen to be the same, then Eq. 

1 will hold for any junction in the network which is 

connected to it 4 nearest neighboring junctions. This is true 

for all junction in the network, except for the outermost 

boundary junctions at the edges of the network which are 

connected to at most 3 other junctions (as can be seen in 

Fig. 1b). Considering this and comparing Eq. 1 to the well-

known formula for the finite difference representation of 

the Helmholtz equation in 2D[3] {��
� + ℎ, �� + �
� −
ℎ, �� + �
�, � − ℎ� + �
�, � + ℎ� − 4�
�, ���/ℎ� +
���
�, �� = 0  where �, � are the independent variables of 

the function � , �  is the wavenumber and ℎ  is the finite 

difference step size as shown in Fig. 1b}, it can be seen that 

the two expressions are analogous with ℎ = 1/�
�  and 

� = 2�−
�. Using this analogy, the distribution of current 

flowing around each junction resembles a discretized 

solution to the Helmholtz equation. It should be noted that 

using this analogy can produce a complex ℎ value, which 

is undesirable for most applications, however this can be 

avoided by transforming the observed currents with �′� =
��/
�

∗  and selecting, ℎ = 1/|
�|  and � = 2�−
�
�
∗ , to 

achieve the same analogy. 

 

Now, how can one implement the structure presented in 

Fig. 1a? Here we answer this question by exploiting 

metatronic circuits being emulated by the waveguide-based 

structure shown in Fig. 1c. Three thin dielectric (or 

metallic) slabs are inserted into a metallic parallel plate 

waveguide. These slabs are separated by a distance of #$/4 

(#$  is the wavelength within the host medium, i.e. the 

wavelength within the parallel plate waveguide). The first 

(left) and last (right) slabs are also separated from the ends 

of the waveguide by a distance #$/4. With this setup, the 

entire waveguide structure emulates the behavior of a T-

circuit with the widths and permittivities of the outer and 

inner slabs (blue and red slabs in Fig. 1c) determining the 

emulated 
�  and 
�  impedance values[20, 29, 35]. These 

metatronic T-circuits are then arranged into a grid and 

connected in series to emulate the network shown in Fig. 

1a. The calculated PDE solution can then be extracted from 

the out-of-plane magnetic field at the center of each 

waveguide junction.  

 

To demonstrate the potential of this PDE solving 

technique, an example of a 25 × 25  network of 

waveguide-based metatronic T-circuits solving a Dirichlet 

boundary value problem is shown in Fig. 1d. In this 

example the width and permittivities of the dielectric slabs 

have been chosen so that the emulated impedance values 

are 
� = 5'
�  and 
� = −0.45'
� , where 
�  is the 

characteristic impedance of the parallel plate waveguides. 

These values correspond to the following PDE parameters: 

ℎ = 0.2 and � = 3. As will be shown in detail during the 

conference, the Dirichlet boundary conditions are then 

implemented via external signals applied at the boundary 

junctions. In this example the boundary conditions are 

chosen such that the magnitude of the field at each 

boundary junction is the same while the phase varies by 2) 

anti-clockwise around the edge of the network. Numerical 

simulation results (calculated using the commercial 

simulation software CST Studio Suite®) for the out-of-

plane magnetic field distribution of the PDE solving 

network are presented in Fig. 1d along with a theoretical 

solution to the Dirichlet boundary problem using an FEM 

MATLAB® tool to solve PDEs[36]. As it can be seen, 

there is a clear agreement between the two solutions 

indicating the PDE solving network is indeed producing a 

valid solution to the boundary value problem.   

 

 

Figure 1. a. Transmission line representation of the PDE 

solving network using series (blue) and parallel (red) 

impedances. b. Finite difference grid representation of the 

structure presented in a with boudary juncitons (green) . c. 

Schematic representation of a metatronic T-circuit. d. 

Solution of a closed boundary value problem using a *+ ×
*+  network. i. schematric representation of the PDE 

solving network and the implemented boundary conditions. 

ii. , iii. calculated PDE solution extracted from the PDE 

solving network and an FEM simulation tool 

(MATLAB®), respectivley. 

 

Using this technique, it is also possible to solve for open 

boundary problems such as the focusing or scattering of 

waves due to a lens or obstacle[20]. As will be shown in 

the conference, this is done by extending the PDE solving 

network and allowing the incident signals to decay within. 

This is similar to the functionality of a perfectly matched 

layer (PML) in software-based PDE solvers. For 

completeness, an example is provided in Fig. 2b where the 

solution of a full 50 × 50  metatronic network using 

transmission line theory is presented (right) along with the 

solution of using the FEM tool (left). This example the 

scattering of a wave though a hole in a metal screen. The 



PDE parameters of this network are the same as presented 

in Fig. 1d except for the regions marked in white where a 

metallic insert has been modeled by removing the 

connecting waveguide-based metatronic T-circuits in these 

regions. The modeled hole in the center of this reflective 

region has 7 × 10  junctions along the horizontal and 

vertical directions, respectively, which is approximately 

2#/3 and #, respectively (where # is the wavelength of the 

PDE to be solved). A signal is then introduced to this 

structure by applying a constant boundary condition to the 

leftmost boundary junctions such that the input signal 

resembles a plane wave in the PDE solution. As observed, 

the results are in agreement, demonstrating the potential of 

the proposed structure to solve PDEs.  

 

 

Figure 2. Example the solution of an open boundary value 

problem using a +- × +-  network. a, b. PDE solution 

from an FEM simulation tool (MATLAB®) and from the 

PDE solving network, respectivly.  

 

3. Conclusions 

 
To summarize, a method for PDE solving using EM waves 

has been presented by exploiting networks of waveguide-

based metatronic T-circuits. Different examples have been 

shown including both Dirichlet boundary value and open 

boundary problems. These results may open new 

opportunities in EM wave-based analogue computing and 

the technique may be translated to different spectral 

regimes (from microwaves up to optical frequencies).  
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