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Abstract

The finite partial translation symmetry apparent in array
antennas can be exploited for effective calculation of the
Method of Moments (MoM) impedance matrix. With a
geometrical array decomposition built on nine subdomain
components, the obtained MoM impedance matrix inherits
a partial block Toeplitz structure, which enables fast calcu-
lation time and reduces memory allocation. In this paper,
we further improve the calculation time by reusing already
calculated submatrices of the MoM impedance matrix. By
identifying corresponding elements between the nine com-
ponents, already calculated submatrices can be extracted to
create submatrices previously deemed as necessary to cal-
culate. The reusing strategy reduces the number of subma-
trix calculations to perform from O(NxNy) to O(Nx +Ny),
of a part of the impedance matrix, for an Nx×Ny array.

1 Introduction

Accurate full-wave calculations of electrically large array
antennas using ordinary MoM are well-known to be com-
putationally demanding. The computational challenges ad-
dressed here focus on calculating the MoM impedance
matrix and solving the MoM equation system. For ordi-
nary MoM, building the MoM impedance matrix scales as
O(N2), where N is the number of triangle edge elements
necessary to constitute an accurate current representation
on the discretized object. To obtain accurate calculations of
electrically large array antennas, the necessary memory al-
location for the MoM impedance matrix exceeds that of the
memory typically available in personal computers, limiting
the method to super-computers only.

Several methods for reducing the computational demands
of ordinary MoM while exploiting the translation sym-
metry of the array antenna have been successfully em-
ployed [1–5]. By partitioning the array into subdomains,
only a fraction of submatrices (corresponding to these
inter-subdomain calculations) are necessary to represent the
complete MoM impedance matrix. In [3,6,7], this method-
ology has been extended to the case of array antennas with
electrically connected elements.

Both of the methods in [3,6] rely on an array representation
consisting of nine subdomain components. In MoM, only

the interior edges of a meshed surface are considered for
the current representation. Subsequently, the non-periodic
part like the edge region of a ground plane is treated differ-
ently, motivating the nine components representation. Of
these components, the center component constitutes the ar-
ray element and its associated ground plane, whereas the
surrounding components constitute margin or modified el-
ements at the boundary of the array.

In [6], the MoM impedance matrix is constructed by
only calculating the necessary impedance relations between
components. This procedure yields a MoM impedance
matrix where the largest part (antenna element coupling)
has a multilevel block Toeplitz structure. The margin-
to-elements impedance relation becomes a 1-level block
Toeplitz structure. Similarly, the margin-to-margin cou-
pling yields partly a 1-level block Toeplitz structure and
partly a 2-level block Toeplitz structure.

Using the algorithm from [6] in its current state, a large
fraction of the time is spent on calculating the impedance
relation between the margin and the elements. In this pa-
per, we focus on reducing this calculation time. A major-
ity of the margin-to-element submatrix calculations can be
reused from the impedance relation among the array ele-
ments. This methodology is, however, limited to array an-
tennas where the margin component is ’similar’ to parts of
the array element component (the exact requirements are
presented in Section 3). Upon reusing the calculations,
the calculation time of the impedance relation between the
margin and the array elements is reduced from O(NxNy)
to O(Nx +Ny) (for an Nx×Ny array antenna). The mod-
ification accelerates the calculation of array antennas with
elements placed on top of an extended finite ground plane.

2 MoM with Array Partitioning

The MoM algorithm in [6] assumes that the array antenna
can be built from the array components obtained using com-
plete partitioning (one array element component and eight
margin components). These nine array components serve
as basic building blocks. In Fig 1(a), an example of nine
array components is displayed, and how the components’
edge elements share associated triangles. In Fig. 1(b), a
4×6 array, constructed using the nine array components is



displayed as an example.
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Figure 1. (a) Exploded view of mesh partitioned into nine
subdomains to create the array element and margin com-
ponents. (b) A 4× 6 array constructed using element and
margin components. (a) and (b) are color matched.

Each part of the array is described by an array compo-
nent and an offset. Subsequently, the MoM impedance ma-
trix is obtained as a block matrix, where each block is the
MoM impedance relation between two parts, here denoted
as Zi j ∈ CNi×N j , where Ni and N j are the number of edge
elements in parts i and j, respectively. The elements of
the submatrix Zi j are calculated using the standard MoM
impedance formulation

zmn =
−jη

k

∫
Tn

∫
Tm

∇′S · fff n(rrr
′)G(rrr,rrr′)∇S · fff m(rrr)dSdS′

+ jkη

∫
Tn

∫
Tm

G(rrr,rrr′) fff n(rrr
′) · fff m(rrr)dSdS′,

(1)

where m are the edge indices of part i, n are the edge indices
of part j, j is the imaginary unit, η is the impedance of the
medium, k is the wave number, fff is the basis function (typi-
cally the RWG element), Tn are the plus and minus triangles
associated with edge n (Tn = T+

n +T−n ), and G(rrr,rrr′) is the
Green function.

By ordering the parts as indicated in Fig. 1(b) prior to cal-
culating all impedance relations Zi j, the MoM impedance
matrix is obtained as

Z =

[
A BT

B C

]
, (2)

where matrix A corresponds to the impedance relation
among the antenna elements, matrix B corresponds to the
impedance relation between the margin and elements, and
where matrix C corresponds to the impedance relation
among the margin parts.

Since the Green function G(rrr,rrr′) is translation invariant,
many submatrices in A, B, and C are identical. As a re-
sult, matrix A inherits a multilevel block Toeplitz struc-
ture, resulting in a small number of unique submatrices. In
Fig. 2(a), a visualization of matrix A is depicted correspond-
ing to the 4×6 array displayed in Fig. 1(b). Exploiting the
first level of block Toeplitz structure yields the submatrices

depicted in Fig. 2(b), whereas exploiting the second level
of Toeplitz structure and the symmetry of the matrix yields
the only necessary submatrix calculations to represent the
complete matrix A, as depicted in Fig. 2(c).
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Figure 2. (a) Submatrix blocks of matrix A, where blocks
of the same color indicates identical submatrices. (b) First
level of block Toeplitz structure. (c) Second level of block
Toeplitz structure and using A = AT .

A block Toeplitz structure is also found in matrix B, repre-
senting margin-to-element coupling. These simplifications
are, however, not available to the same extent as in matrix
A. In Fig. 3(a), the structure of matrix B is illustrated, and
in Fig. 3(b), only the necessary submatrix calculations are
shown.
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Figure 3. (a) Submatrix blocks of matrix B, where blocks
of the same color indicates the same submatrix. Grey ar-
eas indicates unique submatrices. (b) First level of block
Toeplitz structure.

The matrix C also inherits some block Toeplitz structure
[6]. To solve the MoM equation system ZI = V , the Schur
complement is used on (2), which yields

I1 =U−FI2, I2 =−(C−BF)−1 BU , I =
[

I1
I2

]
. (3)

Here, U and F are obtained through solving the equation
system

A
[
U F

]
=
[
V1 BT ] , V =

[
V1
0

]
. (4)



Excitations are only in the element parts, motivating the
form of V . From (3) and (4), it is clear that the size of
matrix B impacts the solution time. In [7], fast and efficient
solutions to (4) are discussed.

The above results in Fig. 2 and 3 show that for a general
Nx×Ny array, matrix A requires 2NxNy−Nx−Ny + 1 sub-
matrix calculations, whereas matrix B requires 12NxNy −
2Nx−2Ny. The submatrix calculations of B are often faster
to compute than submatrices in A since the margin parts
typically contain fewer triangular edge elements. However,
using the MoM algorithm from [6] for arrays with a large
number of elements and with broader margin components,
the majority of the submatrix calculation time is spent on
calculating matrix B.

3 Reusing Submatrix Calculations

The submatrices illustrated in Fig. 3(b) are unique, mean-
ing that no other submatrix in the MoM impedance matrix
Z is the same as the highlighted submatrices. However, if
the margin components are similar to the element compo-
nent, certain rows of the submatrices from matrix A can be
extracted to yield submatrices that are the same as the ma-
jority of the unique submatrices in Fig. 3(b). For planar
arrays with a ground plane, the margin components are fre-
quently similar to parts of the element component, as seen
in Fig. 1.

Consider a submatrix calculation between a margin and an
array element, a distance D apart, as Fig. 4(a) suggests. The
calculation yields the submatrix Zi j. If the margin part has
corresponding edge elements in the array element compo-
nent, the submatrix Zi j can be obtained from the already
calculated submatrix describing the coupling between two
array elements, a distance D apart, as Fig. 4(b) suggests. If
all the edge elements of the margin component have corre-
sponding edge elements within the array element compo-
nent, the margin component is here defined to be similar to
the array element component.
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Figure 4. (a) Margin to element part submatrix calculation.
(b) Element to element part submatrix calculation, where
the margin component’s corresponding edge elements are
highlighted in red.

By displacing a margin component’s edge elements Du into
the element component, each corresponding (overlapping)

edge element of the element component can be identified,
where Du is either the width or the length of the element
component. Here, it is crucial to identify if the element
component’s edge elements associated plus and minus tri-
angles are oriented as the margin component’s elements.

The submatrix Zi j associated with a Fig. 4(a) type of display
can be calculated as

Zi j = T EZi′ j′ , (5)

where Zi′ j′ is the corresponding array element-to-element
submatrix calculation, e.g, Fig. 4(b). Here, E is defined by

E =
[
êeec(1) · · · êeec(Nm)

]T ∈ NNm×Ne , (6)

where êeek is the kth column of the identity matrix,
[c(1), . . . ,c(Nm)] are the edge indices to the corresponding
edge elements in the element component, Ne is the number
of edge elements in the element component, and where Nm
is the number of edge elements in the margin component.
The matrix T is obtained as

T = diag(t(1), . . . , t(Nm)) ∈ ZNm×Nm , (7)

where t(k) = 1 if the plus and minus triangles of the mar-
gin component edge element k are oriented as the plus
and minus triangle of its corresponding edge element, and
t(k) =−1 if otherwise.

In Fig. 5, strategies for finding element component subma-
trix calculations to be reused with (5) are displayed.
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Figure 5. The left highlighted region’s coupling to the array
elements are the same as the coupling indicated to the right.

The above described strategy strongly reduces the neces-
sary number of submatrices to calculate. In Fig. 6, the re-
maining submatrix calculations are depicted for the 4× 6
array in Fig. 1. For the general Nx×Ny array matrix B now
instead requires 4(Nx+Ny) calculations. This is a reduction
from O(NxNy) to O(Nx +Ny).
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Figure 6. Necessary submatrix calculations to construct the
complete matrix B with the reusing strategy, for the 4× 6
array case.

4 Numerical Example

In this example, the Embedded Element Pattern (EEP)
of two 15× 15 arrays is calculated for a frequency f0 =
18 GHz. The array element used in both arrays is a fully
metallic BoR element, as can be seen in the inset if Fig. 7.
What separates the two arrays is the size of the margin (λ/2
and λ/10) of the two array representations, α and β , visu-
alized in the inset of Fig. 7. In Fig. 7, the embedded element
pattern of the corner and center element is plotted, for the
two arrays. Calculating matrix B for the two array cases, α

and β , constitutes 4.3%, and 1.1% of their respective total
MoM impedance calculation time.
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Figure 7. Embedded element patterns plotted for two cases
of margins used, and a cosp(θ) pattern where p= 0.75. The
blue (red) plot corresponds to the center (corner) EEP.

5 Conclusion

In this paper, we have proposed a strategy for reusing sub-
matrix calculations from matrix A to reduce the necessary
submatrix calculations to construct matrix B. The method
relies on identifying edge elements in the margin compo-
nents corresponding to edge elements in the element com-
ponent. With the reusing strategy, the number of submatrix
calculations to perform to construct matrix B now scales
as O(Nx +Ny), which is a better scaling than the number

of necessary calculations to construct matrix A, motivating
the use of the nine components approach. Additionally, the
reusing strategy can also be used on matrix C.
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