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Abstract

This paper introduces a novel method for analyzing inho-
mogeneous lenses by numerically solving the Eikonal and
transport equations on a computational grid, eliminating the
need for ray tracing. The approach employs the sweep-
ing method, a numerical technique that iteratively solves
the governing equations across the grid. By alternating
the traversal directions and incorporating Gauss-Seidel up-
dates, the method ensures convergence while accounting
for boundary conditions and neighboring grid values. The
proposed algorithm, known as the Lax-Friedrichs Sweeping
Method (LFSM), offers an efficient solution to the factored
Eikonal and transport equations. It enables highly accu-
rate computation of the Eikonal Laplacian, which signifi-
cantly improves amplitude accuracy. This method outper-
forms traditional ray-tracing techniques in terms of speed,
precision, computational efficiency, and robustness. The in-
puts required for LFSM-based GRIN lens analysis include a
computational grid, a refractive index map, and the type and
position of the source. The implementation of the LFSM is
here presented, as well as the application of it to the analy-
sis of a Maxwell fish eye lens.

1 Introduction

The growing demand for higher data rates and reduced
latency in 5G communication networks has driven re-
search into millimeter-wave (mm-wave) frequencies, of-
fering broader bandwidths but introducing challenges such
as high free-space path loss. To address these challenges,
advanced antenna technologies with high directivity and
multibeam capabilities are essential. Graded Index (GRIN)
lens antennas have emerged as a promising alternative, of-
fering advantages like compactness, cost-effective fabri-
cation through additive manufacturing, and enhanced de-
sign flexibility. GRIN lenses can achieve beam scanning
by adjusting the source’s position relative to the lens, en-
abling multifocal and multibeam functionalities through
customized refractive index distributions.

The renewed interest in GRIN lenses is closely tied to
advancements in their fabrication using 3D printing tech-
nologies [1, 2, 3, 4]. Among the most widely utilized
GRIN lenses are the spherical Luneburg lens (LL) [5] and
the Maxwell fish-eye (MFE) lens [6], both of which have
refractive indices expressible in analytical closed forms.

However, their large and bulky designs pose challenges for
certain applications.

To address these limitations, innovative flat cylindrical
GRIN lenses have been developed through various ap-
proaches, including Transformation Optics (TO) [7], ray-
tracing optimization [8], and analytical formulations based
on geometrical optics (GO) [9, 10]. These methods are of-
ten tailored to specific applications, and they suffer by in-
trinsical limitations, which bound their applicability.

A novel approach on analyzing GRIN lenses is by resort-
ing to sweeping methods [11, 12, 13], that are iterative
algorithms designed to solve steady-state problems of hy-
perbolic partial differential equations, particularly Hamil-
ton—Jacobi equations, which include the Eikonal and trans-
port equations, that are the fundamental GO equations used
for the analysis of GRIN lens antennas.

In this context, the Lax-Friedrichs Sweeping Method
(LFSM) [14] offers a robust and efficient numerical ap-
proach for solving the factored Eikonal and transport equa-
tions.. Unlike traditional ray tracing, LFSM iteratively up-
dates solutions over a computational grid by leveraging the
causality of Hamilton—Jacobi equations. By alternating di-
rectional sweeps (e.g., left-to-right, top-to-bottom, right-
to-left, bottom-to-top), LFSM ensures accurate and stable
convergence, even in the presence of complex geometries
or GO singularities like caustics. The use of factorization
techniques in LFSM separates singular components from
smooth ones, enabling precise computation of the ampli-
tude distribution. This makes LFSM particularly effective
for analyzing GRIN lens antennas with high refractive in-
dex gradients or irregular geometries, where conventional
ray-tracing methods may struggle.

This paper focuses on the application of LFSM for GRIN
lens antenna analysis, highlighting its advantages over tra-
ditional methods. The method is explained and the analysis
of an Maxwell fish eye lens is presented, demonstrating the
effectiveness of the proposed approach.

2 The Lax-Friedrichs Sweeping Method

The propagation of wavefronts through a medium with a
varying refractive index is governed by the Eikonal equa-
tion, a partial differential equation expressed as:

[V¥(r)| = n(r), (1



where W(r) is the phase function, n(r) denotes the refrac-
tive index at position r € Q, and |V¥(r)| is the gradient
magnitude of ¥ at that point. To approximate the ampli-
tude of the electric field, the transport equation is used:

V¥(r)-V[E(r)| + %|E(r)|V2‘P(r) =0, 2)

where |E(r)| represents the amplitude of the electric field
at r. To solve equations (1) and (2), the Lax-Friedrichs
Sweeping Method (LFSM) [14] is employed, in the x —y
plane. Readers can refer to [14] for detailed algorithmic
implementation. Here we introduce the 2D case.

In a generalized form, the equations can be framed using
the Hamiltonian:

H(x’y7u7u)€auy):f(xay)7 (3)

where u is the unknown variable, u, and u, are partial
derivatives of u# with respect to x and y, respectively, and
f(x,y) is a forcing term. The Hamiltonian equation is
solved on a rectangular grid with uniform spacing 4 in both
directions. Using a Gauss-Seidel-based sweeping scheme,
the algorithm iteratively updates, in four different direc-
tions, the grid values until a predefined convergence cri-
terion is satisfied. The accuracy of the solution improves
with increased grid density.

To achieve high precision in computing the Laplacian term
V2, a third-order sweeping scheme is utilized. This order
is selected based on the required accuracy for the amplitude
calculation through (2).

For point sources, which exhibit singularities in GO, accu-
rate computation near the source region is achieved by em-
ploying a factored representation of the Eikonal and ampli-
tude. In the vicinity of these sources, the field distribution
can be approximated to that of a point source in free space.
The refractive index and eikonal are factorized as:

n(r) = np(r)n; (r), @
¥(r) = o (r)¥1(r),

where W is the known phase function in a medium charac-
terized by no(r), satisfying |VW(r)|> = n3(r), and n; (r) is
a smooth function with continuous first and second deriva-
tives. A simple example is free-space propagation, where
no(r) =1 and ¥o(r) = /x2 +y* = p.
By substituting (4) in (1), and by considering ng(r) = 1, the
factored Eikonal equation is obtained:

VBV 200 (VR V) B =0, (5)

where dependencies on r are implied for simplicity. Here,
Wy accounts for the singular behavior at the source, ensur-
ing that ¥ remains smooth.

Similarly, the amplitude is factorized as:

A(r) =Ap(r)A;(r), 6)

where Ay (r) represents the free-space amplitude associated
with Wo(r), and A;(r) is the unknown term to be deter-
mined. Substituting this factorization into the transport

equation (2), the modified equation becomes:
Ao (lP(]lel + '\PlVlP()) -VA,

1
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Using the sweeping method, the Hamiltonian (3), with u =
W, for the factored Eikonal equation (5) is expressed as:

{H = V2 + 28 (V- V) + 2, )

f=n

For the factored transport equation (7), the Hamiltonian (3),
with u = A1, and forcing term are defined as:

H= AO(lP()VlPI —l—lPlV‘Po) -VA;
+(PoVP - VAg + AV - V¥ + 1AW V2P Ay,
f=0.
)

The Hamiltonian functions discussed thus far are used to
compute the updated value of u in (3) (u = ¥ for the fac-
tored eikonal equation and u = A for the transport equa-
tion), denoted as 1"V, which is then compared to its pre-
vious value, u°9, from the prior iteration. This iterative
process continues until a specified threshold 0 is satisfied.
For brevity, the update rule, as detailed in [14], is omitted
here.
In this approach, the factored Eikonal equation (8) is solved
first, followed by the transport equation (9). The iterative
procedure ensures accurate computation of the eikonal and
of the amplitude. Finally, the electric field can be recon-

structed as: .
E(r) = A(r)e /), (10)

The algorithm is straightforward to implement and sur-
passes ray tracing in terms of speed, simplicity, accuracy,
and robustness. By solving the fundamental GO equations
on a computational grid rather than along individual rays, it
also accounts for diffraction effects arising from the shadow
regions inherent in GO.

2.1 Maxwell Fish Eye Lens Analysis

We consider here an MFE lens [15], a spherical dielectric
with a radius a and a radial refractive index defined by
n(r) = WZM)Z The center of the sphere is at the origin.
The phase distribution of the MFE lens is analytically de-
termined, as both the rays and wavefronts follow arcs of
circumferences and it is expressed as:

Yvies(p,z) = aarccos (pizcz) . (11)

The amplitude of the electric field in the output of the half

MFE lens (z = 0), for a given radiation pattern U(6) =
2

3
cos3(0) = (“ 7"2) , is given by:

a2+P2
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[E(p)|=U(0) (12)
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Figure 1. Phase distribution of MFE lens (a) calculated
through the LFSM (white solid line) and the analytical for-
mula (red dashed line). The source point is located at
r; = (0,—a). Amplitude distribution of a MFE lens (b)
calculated through the LFSM, by considering a pattern de-
scribed by U(0) = cos*(0). The amplitude distribution in
the red dashed line is compared to the analytical formula
(12) in Fig. 2.

The 2D LFSM algorithm is initialized with a point source
in free space at ry = —aZ, where the Eikonal function in
free space is defined as Wy = 1/p%+ (z+a)?. The initial
amplitude is given by Ay = cos*(0)/+/%y. The chosen do-
main is [—1.2,1.2] x [-1.2,1.2] and the mesh 101 x 101.

Fig. 1(a) shows a section of the MFE lens in a vertical
plane, with the background color representing the refrac-
tive index, ranging from blue (n = 1) to yellow (n = 2). The
surrounding medium beyond the MFE surface (black line)
has a refractive index of n = 1. The wavefronts, computed
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Figure 2. Amplitude distribution of the MFE lens in the
output (red dashed line in Fig. 1(b)) retrieved through the
LFSM (green solid line) and compared to the analytical one
(red dashed line) from Equation 12.

using the LFSM (depicted as white solid lines), are com-
pared to the analytical wavefronts (depicted as red dashed
lines) obtained through (11). The two sets of trajectories
exhibit perfect agreement, with a maximum error of ap-
proximately 10~°. In Fig. 1(b), the amplitude of the MFE
lens is depicted when illuminated by a feed located at ry
that emits radiation with an amplitude pattern proportional
to cos®(8). At z = 0, the amplitude computed using the
LFSM (depicted as a red dashed line in Fig. 1(b)) is com-
pared to the analytical formula in (12) and shown in Fig. 2.
The results demonstrate excellent agreement between the
two approaches. The computational time was about 0.9
seconds for the eikonal calculation, and about 1.2 seconds
for the amplitude calculation, with a predefined threshold
Sy = 107° for the eikonal and §4 = 1073 for the amplitude.
The computational speed highly depends on the program-
ming environment. We utilized MATLAB Coder to imple-
ment a C++ version of the algorithm. Given that the algo-
rithm requires four sweeps per iteration in 2D, resulting in
multiple nested loops, C++ is preferred for its efficiency in
handling such operations.

3 Conclusions

This work presents a novel framework for the analy-
sis of GRIN lens antennas, employing the Lax-Friedrichs
Sweeping Method (LFSM) to efficiently solve the factored
Eikonal and transport equations over a rectangular com-
putational domain. The proposed approach offers several
advantages over traditional ray tracing techniques, includ-
ing faster computation, improved accuracy, and the ability
to account for diffraction effects. These features make the
LFSM an ideal tool for analyzing complex GRIN lens an-
tenna systems. The effectiveness of the LFSM is demon-
strated through the analysis of the Maxwell Fish Eye lens,
achieving highly accurate results with significantly reduced
computation time. Due to its rapid computation, the LFSM
can be seamlessly integrated into optimization loops, func-
tioning as a powerful design tool for GRIN lenses. Given
a source and a desired complex aperture distribution on the
output surface, this tool calculates the corresponding refrac-
tive index distribution, enabling the design of various types
of inhomogeneous lenses.



Future research could focus on further improving the
efficiency of the LFSM and extending its applicability
to a wider range of GRIN lens configurations through
optimization-driven methodologies.
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