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Abstract

An efficient and fast approach is presented for closed-form
evaluation of the spatial domain Green’s function for a 2D
rectangular room. The room comprises a metasurface and
dielectric walls. The characteristic Green’s function (CGF)
technique, separability assumption and generalized sheet
transition condition are used to find a closed-form relation
for magnetic vector potential Green’s function of vertical
electric dipole (normal to metasurface wall). The advan-
tage of the proposed CGF-CI method lies in its speed due
to independence from source and field point locations as
well as its accuracy.

1 Introduction

Metamaterials have attracted significant attention due to
their privileged characteristics which are widely used in an-
tennas, filters, photonic bandgap (PBG) structures, etc. One
layer of electrically thin metamaterials called metasurfaces
(MTSs) can modify and enhance the propagation and ra-
diation characteristics by working as reconfigurable intelli-
gent surfaces (RISs) [1]. Considerable attention has been
given to the plane wave interaction with MTSs [2]. MTS
is modeled as a two-dimensional surface with equivalent
electric and magnetic susceptibility dyadics and the related
discontinuity in the electromagnetic field can be most gen-
erally described by generalized sheet transition conditions
(GSTCO) [3]. Great computational resources as well as the
complexity of formulations are the main challenges of full-
wave approaches like array scanning method utilized for
aperiodic source placed near a planar peiodic surface [4],
and also finite element method (FEM) [5] in indoor envi-
ronments. But having the Green’s function of the desired
structure (i.e. empty room equipped by MTS) can dras-
tically decrease the time of simulation while the accuracy
is also preserved. The electric field dyadic Green’s func-
tion for dipole excitation MTS was first presented by Liang
et al [6] with the use of both surface impedance and sur-
face susceptibility method for electric field integral equa-
tion (EFIE) formulation. However, the structures studied
in [6] and other similar researches were a metafilm in free
space and those cannot be effective in finite 2D room struc-
ture. In this paper, the CGF technique [7] is used to find a
closed-form relation for magnetic vector potential Green’s
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Figure 1. (a) MTS-assisted room and (b) separable struc-
ture analyzed in CGF technique instead of (a).

function of vertical electric dipole (VED) excitation (nor-
mal to MTS wall) in dielectric cavity shown in Fig. 1(a)
that includes one MTS wall while other walls are consid-
ered dielectric slabs. The MTS includes a periodic array of
planar scatterers and is replaced by a thin sheet with equiva-
lent electric and magnetic surface susceptibility dyads. It is
shown that the separation process in the CGF technique can
be implemented by homogenization via GSTC for VED ex-
citation. The CI method is used to approximate the spectral
domain Green’s functions as a sum of exponential terms,
which leads to a closed-form mathematical expression of
the spatial domain Green’s function obtained by separabil-
ity assumption. The expression is validated by full-wave
simulations obtained in COMSOL. Excellent agreements
have been obtained for various scenarios of source and field
point locations and MTS characteristics.

2 CGF technique

Consider z-directed electric dipole source in a 2D structure
like Fig. 1(a) (i.e. no variation in the y-direction) sur-
rounded by layered media in both x and z direction. Mag-
netic vector potential Green’s function satisfies inhomoge-
neous 2D Helmholtz’s equation:

[V? +koer (x,2))G.(x, ¢, ) = =8 (x—¥)8(z—2) (1)

where V,z = ;—xzz + g—;, ko is the wave number of free space
and (x',7’) and (x,z) are the source and field points loca-
tions respectively. More, €,(x,z) represents the relative di-
electric constant of the medium. Now if the €.(x,z) can be



written as:
& (x,2) = &(x) +&(2) 2

then it can be shown that the 2D Helmholtz’s equation (1)
can be separated into two 1D equations and &,(7), y = x,z
in (2) represents the relative dielectric constant in a layered
media stratified normal to the y-direction, denoted by .4;.
The Green’s function of each .4} layered media is called
characteristic Green’s function (CGF) of the related .47, me-
dia satisfies the following 1D Helmholtz’s equation:

a7 + (&(Vkg + Ay)Gy = =8(y—7), (3)

where ¥y =x, z and A, + A, = 0. Gy satisfies the appropri-
ate boundary conditions of the 1D structure, .44, only (sign
tilde denotes the spectral domain). Once the CGFs of re-
lated .4y media are available, the Green’s function solution
of (1) is given by contour integration of (4) where C, is the
integration contour which encloses only the singularities of
Gy, including branch cuts, branch points and discrete pole
singularities in the counterclockwise sense.
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Equation (2) is the main criterion for separability of a struc-
ture. If equation (2) is satisfied exactly, means that the orig-
inal structure is decomposed exactly into .4, media, and
it is called separable and the exact analytical solution of
Green’s function can be obtained by (4). Otherwise, the
structure is called nonseparable, and the integral of (4)
would be an approximate solution for the original structure.
Now one can consider the Fig. 1(a) as a 2D room with
length / and width w with z-directed electric dipole source.
But for simplicity of derivations, the wall in front of the
MTS wall is considered as a dielectric region with infinite
thickness, and the remaining two parallel walls normal to
X-direction are considered as dielectric slabs with thickness
t. All dielectric regions are considered to have the same
dielectric constant, €., while the solution for different &, is
straightforward. Inside the room is considered as free space
(€ = g&)). The MTS-assisted room of Fig. 1(a) is separated
into 1D layered media shown in Fig. 2. The related di-
electric constants of each region of .4; and .4, media are
considered as &0 =0, &1 =6 —1,&p=1and &; =¢.. In
fact for MTS-assisted room of Fig. 1(a), it can be proved
that the separation condition (2) cannot be exactly satis-
fied for all regions achieved by recombination of .#; and
A media. Therefore, by ignoring the separation condition
for four regions shown in Fig. 1(b), the approximate 2D
structure of Fig. 1(b) is obtained for the original structure
of Fig. 1(a). In this way, these outer regions are replaced
by dielectric constants 2&, — 1 and &, for right and left cor-
ners respectively. Actually source and field points are rarely
placed in the proximity of these regions inside the room and
therefore it is expected that these deviations in modeling do
not matter much in communication and propagation chan-
nel issues. In Fig. 2(b), the z > w region is replaced by
a dielectric region which leads to the continuity of tangen-
tial components of the electric and magnetic field at z = w.
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Figure 2. Separation of Fig. la to (a) .#; with &y =0,
&1 =¢& — 1 and (b) A, with g, = 1 and ;] = &,

The proposed form of G, for VED source and field points
located in region 0 < z < w, is given below:
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© ];;(l)c‘.zo - +thze_1k10(w_2)
+Rb e~ k07 0<z<w
G,(z,7,2,) = )
Z( bl Z) ]?zeszoz Z<0
szze_/kzl (z—=w) Z>w
(@)

where k;; = |/ €,k3 + A, (i=0,1) (according to separation,
selected dielectric constants are: &0 = 1, & = &) and R._
and R”, are the reflection of wave from top and bottom inter-
faces (z =w and z = 0). Now applying GSTC for z =0 and
continuities of tangential components of fields at z = w, one
can reach (6) for Ré’z and R... For avoiding prolongation, the
relations for 7). and Tb are not given due to focusing on the
fields of the inside of the room.
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In (6a) and (6b), xj are general xx component of electric
surface dyad. We consider the shape and arrangement of
components of metafilms that the related surface suscepti-
bility dyads are diagonal. Moreover, we added the symmet-
rically of the physical structure in x and y directions. More,
R, = g/]zzg_;’;z: is the reflection coefficient of a TM wave at
the interface of two regions in .4, medium of Fig. 2(b) at
z =w. For the .4; medium shown in Fig. 2(a), one can find
the closed-form expression of G, with the use of spectral
domain technique:
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where k,; = \/ex,-k%—l—lx, (i=0,1) (according to separa-

tion: &9 =0, & = & — 1). Both spectral representations
of G, and G, in (7) and (5) are in suitable forms for the
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Figure 3. Integration path of CGF integration (a) in kg
plane and (b) in ko plane after CI approximation of G,.

CI approximation step to reach efficient spatial domain ap-
proximation. One can reach possible SW poles of G, by
setting the denominator of (5) to zero, which leads to:
5 SW -2
1 —Rd€712k~’0 V= —— — )
k" XS

It can be shown that xz < 0 (exactly Re(xzs) < 0)) is
mandatory to have possible TM SW pole.

3 Closed-form derivation of spatial domain
Green’s function

Numerical computation of (4) is time-consuming due to the
slowly convergent and oscillatory behavior of the integrand
near the singularity. To circumvent this integration, CI anal-
ysis is utilized. Fig.3(a) shows the equivalent path of inte-
gration in kyy plane (kyg = y/—A;) determined in dashed
line. To perform three-level CI method the deformed path
is shown in three pieces of the solid line in Fig.3(a). The
required samples for three-level complex images are taken
from these paths (I'j, I';, and I'5 which are controlled by
Ty, Ty, and Tp). Now to preserve the spatial dependencies,
the location invariant part of G, is approximated by expo-
nential series with the use of generalized pencil of function
(GPOF) [8] in the following form:

Rl ) ggdl?
R

The approximate exponential series can be placed instead
of the left terms of (10) in Gy in (7). Then the integration
plane of (4) is changed from A-plane to A,-plane and the
equivalent of the integration path in k,y plane depicted in
Fig. 3(b). For G, in (5), (6) is approximated in terms of ex-
ponentials over the deformed path depicted in Fig. 3 using
three-level CI method. Again here we expand the location-
invariant parts of Green’s function G in the following form:

FO (kz0)
2+ jkoxs (1 — Rye 72kav)

M . (i)
=Y a1y
m=

where i = 1,2,3 and:

FD (k) = jkeoRaxss (12a)
FO (ko) = (2+ jkoxss)Ra (12b)
FO (ko) = jkaoxis (12¢)

it should be noted that expansion coefficients (aﬁ,l;),b,(,?) for
i =1,2,3 are comprised by expansion coefficients of three
paths (I}, T, and I in Fig. 3(c)) in three-level CI approx-
imation. The advantage of expansion the location invariant
parts of the CGFs (G, and G) with exponential terms is that
CI approximation step may be performed just once. Now
by inserting the exponential sum approximation of (10) and
(11) in G, and G, respectively in the CGF integration (4),
one can use the well-known Weyl’s identity for the updated
integral and then reach to closed-form derivation:
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where p,{’,,fq = (X,{i)2+(Z,’,’1q)2 for n,m # 0,
oy, = \Ja—x) (@) for = Om £ 0.
Pn,o = (X,{i)2+(z—z’)2 for n # O,m = 0 and

Poo = \/(X—X’)2+ (z—z’)2 for n =0,m = 0. where:
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4 Simulation results

In this section, the derived closed-form relations for G, of
VED (z-directed) for studied structure is evaluated and ex-
amined. For structure shown in Fig.1(a), w = 20.2A4 and
[ = 16.4A are considered in simulations. The walls have
thickness t = 0.8A and &, = 3.75 — j0.28 (this is a relative
dielectric constant of a brick wall at 2.4 GHz) is consid-
ered). For susceptibility (yz) of MTS used in (6), one can
use the concept of polarlzablhty of any individual scatterer,
that relates the dyad elements to dipole interaction assump-
tion between elements described in [3]. For CI approxima-
tion steps in (10) and (11), My; = M.} + M3 + M, (¢ =

x,z), where i = 1,2 forr = x and i = 1,2,3 for t = z, indi-
cates the required number of images need to be extracted
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Figure 4. Amplitude and phase distributions of G, with
proposed CGF-CI and COMSOL for MTS-assisted room
with xzs = 0.14. VED source is located at (x;,z,) =
(8.24,10.12) and field points are considered at line x; =
7.7 for different z;.

in three-level CI corresponding to paths I'1, I'; and I'; for
(10) related to .#; media and paths I'}, I, and I'; for (11)
related to .#; media (typically 10 to 20 images are sufficient
for each path). Moreover, for the GPOF algorithm in each
path, 50 to 250 sample points are required to achieve an er-
ror of less than 1%. For verification of the derived closed-
forms and validation of the results, full wave simulations
with the use of the COMSOL multiphysics tool are utilized.
To verify and validate the accuracy of the closed-form rela-
tion (13), let’s consider the results of amplitude and phase
for G, for the VED source located at the midpoint of the
room x; = 8.24 and z; = 10.14. Fig. 4 shows the results
for set of field points at lines x; = 7.74 (zy € [0,20.24]).
Excellent agreements with the results of full-wave simula-
tion are obtained while small deviations can be seen near
the edges that comes from the separability assumption of
the original structure and modeling it with separable one
as well as considering the wall at z = w as infinite ex-
tent dielectric region instead of dielectric slab. Larger val-
ues of field around the source point is clearly seen in Fig.
4. The derived closed-form evaluation is worth compar-
ing with the ordinary real-world rooms with all-dielectric
slab walls. For this room (which is nonseparable), all the
details of closed-form derivations including separation step
and using of CGF-CI technique are shown in [9] for VED
excitation. Fig. 5 shows this experiment for field points
distributed inside the room for VED located at x; = 8.24
and z; = 5A. Fig. 5(a) shows the results of |G,| for ordi-
nary room while Fig. 5(b) and show the same simulation
for MTS-assisted room (MTS at z = 0). It is clear that by
using MTS, improvement in field intensity is achieved. It is
proved and shown that this improvement is very dominant
for MTS with 7 < 0 due to surface wave presenc.

5 Conclusions

An efficient GF analysis approaches is presented with the
use of CGF technique for a MTS-assisted room. A closed-
form expression is derived by separation operation and
evaluation of spectral domain GF of 1D layered media with
applying GSTC boundary condition for MTS wall. The ad-
vantage of the proposed method lies in its speed due to in-
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Figure 5. Amplitude of G, with proposed CGF-CI method
for (a) ordinary room with dielectric slab walls in [9] and
(b) MTS-assisted room with () with 35 = —0.14.

dependence from source and field point locations as well as
its accuracy. Excellent agreements have been obtained for
various scenarios in comparison with COMSOL results.
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