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Abstract

Time-varying metamaterials, engineered materials with
dynamically adjustable properties, exhibit particular
interest when modulated in a step-like fashion, enabling the
creation of temporal interfaces. Our prior research
investigated  scattering phenomena  within  these
metastructures, encompassing configurations with single,
double, and multiple temporal interfaces, both in
unbounded and guided wave environments. This work
focuses on the analytical techniques employed for
modeling and designing such systems, with particular
emphasis on the temporal transfer matrix, mode-matching,
and Laplace transform methods.

1. Introduction

Recent advancements in metamaterials and metasurfaces
have enabled unprecedented control over wave
propagation through the introduction of time-varying
properties [1]-[3]. This dynamic approach unlocks new
functionalities, such as manipulating the temporal
characteristics of electromagnetic (EM) waves and
circumventing limitations imposed by passivity. Notable
examples include the realization of matching conditions
surpassing the Bode-Fano limit [4], temporal Fabry-Perot
resonators [5], wave aiming [6], effective temporal media
[7], broadband absorbers [8], lasing media [9], temporal
metasurfaces [10]-[11], and efficient phase conjugation
[12]. These demonstrations typically rely on abrupt
changes in material properties across the entire propagation
domain, presenting significant challenges for practical
implementation. Several approaches have been proposed to
mitigate this constraint. These include investigations into
propagation along time-switched transmission lines [13]
and within optical waveguides [14]-[16]. Another strategy
leverages the effective medium properties experienced by
guided waves. By manipulating the boundary conditions of
guiding structures, it becomes possible to induce temporal
interfaces exhibiting analogous scattering phenomena.
Recent studies have explored three distinct anomalous
scattering processes within this framework: i) the
generation of forward and backward propagating modes,
each experiencing a unique change in material properties
[17], ii) the diffusion of a continuous spatio-temporal
spectrum of plane waves [18], and iii) the radiation of a
directive beam in the end-fire direction at a frequency
significantly higher than the source frequency [19].

This contribution focuses on the analytical methods and
design approaches employed for modeling and designing
time-modulated metastructures characterized by abrupt
changes in bulk or effective material properties. We
provide a concise overview of each analytical method and
its specific application within the context of the
corresponding structure. Figure 1 summarizes the time-
modulated metastructures that will be presented,
categorized based on the analytical method used to
determine the characteristics of the scattered waves from
the time interface.

2. Analysis of Time-modulated metastructures

2.1 Temporal transfer matrix method

The transfer matrix method (7Mm) is a well-established
technique for analyzing the propagation and scattering of
electromagnetic (EM) waves through layered media. By
leveraging the principle of space-time duality, a temporal
analog of the TMm has been developed, enabling the
analysis and design of temporal metastructures composed
of a sequence of temporal interfaces.

As derived in [5], [9], the relationship between the original
and forward/backward scattered fields can be written as:
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where E is the original field in the initial medium and

E,,E, are the forward and backward propagating fields

in the final one. In (1), MM} and DM identify the 2x2
matching and delay matrices of each slab composing the
multilayered structure, respectively. Such method has been
successfully used for analyzing the reflection and
transmission from a temporal slab [5] and a multilayered
structure [9]. This method allows to derive the scattering
response in terms of the new parameter effective
application time, that plays the same role of the electric
thickness for static spatial EM structures. As reported in
Figure 1, the analytically derived forward and backward
scattering coefficients agree very well with the full wave
numerical results obtained by using a Finite Difference
Time Domain EM simulation. Exploiting the effectiveness
and reliability of the proposed 77m, some novel devices
based on temporal multilayered slabs have been proposed,



such as temporal Fabry-Perot resonators, transparent
multilayered structures and lasing media [5],[9].
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Figure 1. Temporal multilayered structures and
corresponding results obtained by using the temporal
transfer matrix method.

2.2 Mode-matching method

The mode-matching method (MMm) is a versatile
technique employed in the formulation of boundary-value
problems. It relies on matching field components across
spatial boundaries between different regions, making it
particularly well-suited for analyzing boundary-value
problems. MMm has been extensively applied in the
context of scattering and transmission problems, as well as
in the analysis of transmission lines, particularly in cases
involving discontinuities within waveguides. The method
has been applied to derive the amplitude of the scattered
waves at a boundary-induced time interface within a
parallel-plate waveguide as illustrated in Figure 2.
Specifically, considering TE-mode propagation within the
waveguide, we can impose the continuity on the induction
fields B and D at the time interface as follows:
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where the fields after the time interface have been written
as a superposition of a theoretically infinite set of forward
and backward modes, each of which characterized by a
specific amplitude a,,b, and freqeuncy *@, . Equation
(2) has been used for analysing two different time-switched
structures: the first one considers the case of sudden
variation of the distance between the two plates as in [17],
whereas the second one considers the case of sudden
disappearance of the top plate as in [18]. The method
allows deriving the amplitude of the scattered modes
excited in the new waveguide for different distances of the
plates (Figure 2(b)-(c)) and the energy distribution of the

temporal rainbow emerging from the time-switched
metastructure (Figure 2(e)).
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Figure 2. Parallel-plate waveguide platforms for achieving
boundary-induced time interfaces and corresponding
results obtained by using mode matching method.

2.2 Laplace method

The Laplace method (Lm) utilizes the Laplace transform of
the wave equation to obtain concise and physically
insightful solutions for electromagnetic (EM) fields
emanating from time-modulated metastructures. By
employing the Laplace transform, initial value problems
can be readily incorporated, and the formally exact solution
can be derived in the form of an inverse Laplace transform
integral. As illustrated in Figure 3, this method has been
effectively applied to determine the scattered field from the
metasurface and its corresponding radiation pattern. The
Lm enables a direct connection between the initial surface
wave confined along the metasurface, arising from the
finite capacitive value of the surface impedance, and the
radiated set of plane waves that emerge following the
switching time
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Figure 3. Time-switched metasurface and corresponding
results obtained by solving the wave equation in the
Laplace domain with proper initial values.



3. Conclusions

This work has presented a comprehensive overview of the
analytical methods employed for modeling and designing
time-modulated metastructures, focusing specifically on
three key approaches: the temporal transfer matrix method,
coupled-mode theory, and the Laplace transform method.
The temporal transfer matrix method derives from its
spatial counterpart, providing a robust framework for
analyzing wave propagation in cascaded temporal
interfaces. Mode-matching method allows understanding
the interaction between different modes supported by a
guiding system before and after the temporal switching.
Finally, the Laplace transform has been used for solving
the time-domain wave equation in the presence of time-
dependent material properties.

4. Acknowledgements

This work is supported by AirForce Office of Scientific
Research (AFOSR) through the grant FA8655-23-1-7065.

References

[1]P. S. Cannon, P. S., “Extreme Space Weather — A
Report Published by the UK Royal Academy of
Engineering,” Space Weather, 11, 4, April 2013, pp.
138-139, doi:10.1002/swe.20032.

[1] E. Galiffi et al., “Photonics of time-varying media,”
Adv. Photonics, Vol. 4 No. 1, 2022.

[2] V. Pacheco-Pefia, V. Pacheco-Penia, D. M. Solis, D.
M. Solis, D. M. Solis, and N. Engheta, “Time-varying
electromagnetic media: opinion,” Optical Materials
Express, vol. 12, no. 10, pp. 3829-3836, Oct. 2022.

[3] D. Ramaccia, M. Silveirinha, Y. Hadad, V. Asadchy,
and F.R. Prudéncio, "Time-Varying Artificial
Photonic Metastructures: introduction to the special
issue," Opt. Mater. Express, vol. 14, pp.1472-1474,
2024.

[4] A. Shlivinski and Y. Hadad, “Beyond the Bode-Fano
bound: wideband impedance matching for short
pulses using temporal switching of transmission-line
parameters,” Phys. Rev. Lett.,, vol. 121, no. 20,
p-204301, 2018.

[5] D. Ramaccia, A. Toscano, and F. Bilotti, “Light
propagation through metamaterial temporal slabs:
Reflection, refraction, and special cases,” Opt Lett,
vol. 45, no. 20, 2020.

[6] V. Pacheco-Pefia and N. Engheta, “Temporal
aiming,” Light Sci Appl, vol. 9, no. 1, Dec. 2020.

[7] V. Pacheco-Peiia and N. Engheta, “Effective medium
concept in temporal metamaterials,” Nanophotonics,
vol. 9, no. 2, p. 379. 2020.

[8] H. Li and A. Alu, “Temporal switching to extend the
bandwidth of thin absorbers,” Optica, vol. 8, no. 1, p.
24, Jan. 2021.

[9] D. Ramaccia, A. Alu, A. Toscano, and F. Bilotti,
“Temporal multilayer structures for designing higher-
order transfer functions using time-varying
metamaterials,” Appl Phys Lett, vol. 118, no. 10, p.
101901, Mar. 2021.

[10] C. Rizza, G. Castaldi, and V. Galdi, “Nonlocal
effects in temporal metamaterials,” Nanophotonics,
vol. 11, no. 7, p. 1285, Mar. 2022.

[11] G. Castaldi, C. Rizza, N. Engheta, and V. Galdi,
“Multiple actions of time-resolved short-pulsed
metamaterials,” Appl Phys Lett, vol. 122, no. 2, p.
021701, 2023.

[12] S. Yin and A. Alu, “Efficient Phase Conjugation
in a Space-Time Leaky Waveguide,” ACS Photonics,
vol. 9, no. 3, p. 979-984, 2022.

[13] H. Moussa, G. Xu, S. Yin, E. Galiffi, Y. Ra’di,
and A. Alu, “Observation of temporal reflection and
broadband frequency translation at photonic time
interfaces,” Nature Physics, vol. 19, no. 6, pp. 863—
868, 2023.

[14] F. Miyamaru et al.,, “Ultrafast Frequency-Shift
Dynamics at Temporal Boundary Induced by
Structural-Dispersion Switching of Waveguides,”
Phys Rev Lett, vol. 127, no. 5, p. 053902, Jul. 2021.

[15] A. Shlivinski and Y. Hadad, “Universal transient
radiation dynamics by abrupt and soft temporal
transitions in optical waveguides,” Nanophotonics,
10.1515/nanoph-2024-0525, Jan. 2025.

[16] K. Takano, et al.., “Frequency down-conversion
of terahertz waves at optically induced temporal
boundaries in GaAs waveguides,” Nanophotonics,
vol. 13, no. 17, pp. 3077-3089, 2024.

[17] L. Stefanini, S. Yin, D. Ramaccia, A. Alu, A.
Toscano, and F. Bilotti, “Temporal interfaces by
instantaneously varying boundary conditions,” Phys
Rev B, vol. 106, no. 9, p. 094312, Sep. 2022.

[18] L. Stefanini, D. Ramaccia, A. Toscano, and F.
Bilotti, “Temporal rainbow scattering at boundary-
induced time interfaces,” Appl Phys Lett, vol. 122,
no. 5, p. 051701, Jan. 2023.

[19] L. Stefanini, et al., "Time-varying metasurfaces
for efficient surface-wave coupling to radiation and
frequency conversion," Laser & Photonics Reviews,
p-2400315, 2024.



