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Abstract

Modeling electromagnetic wave propagation over long dis-
tances is crucial for radar systems and navigation appli-
cations. This work introduces a split-step method based
on wavelet frames to model tropospheric long-range prop-
agation. This approach capitalizes on a fully wavelet-to-
wavelet framework, designed to enhance computational ef-
ficiency, accuracy, and ease of implementation on GPUs.
Numerical experiments demonstrate the effectiveness and
advantages of the proposed method.

1 Introduction

Efficient computational methods for modeling tropospheric
long-range propagation are essential for various applica-
tions, including optimized antenna placement and radar
coverage prediction. In this context, the parabolic wave
equation (PWE) asymptotic model [1] has become a widely
adopted approach. Indeed, by considering only the forward
propagation, the latter enables using a coarser grid along
the propagation direction, drastically reducing the compu-
tation time. Moreover, with this model, we can consider the
relief, the refraction, and the ground composition.

In particular, the split-step Fourier [1, 2] (SSF) method has
been widely used to solve the PWE efficiently. The SSF
method iteratively computes the field by alternating be-
tween the spectral and spatial domains. Its efficiency arises
from the diagonal structure of the scattering operator in the
spectral domain. However, for large-scale 2D or 3D do-
mains, the SSF method becomes impractical due to high
memory requirements and computational complexity.

To address these limitations, wavelet-based split-step meth-
ods have been recently proposed [3, 4]. These methods
reduce computation time and memory usage while main-
taining a good level of accuracy, leveraging the high com-
pression rates achievable in the wavelet domain [5]. Most
of these approaches rely on wavelet bases. Additionally,
a full wavelet-to-wavelet split-step method has been intro-
duced in [6] to further improve computational efficiency.
However, wavelet bases have the drawback of losing the
translation-invariance property, which complicates the scat-
tering operator. Furthermore, certain operations must still
be performed in the spatial domain to ensure adequate ac-
curacy.

To overcome some of these limitations, we propose a
fully wavelet-to-wavelet split-step method, called split-

step framelet (SSFW), using wavelet frames [5] instead
of wavelet bases. Indeed, frames preserve the translation-
invariance property, thereby simplifying the scattering op-
erator and enhancing computational efficiency. In addition,
the wavelet frame-based operations can more easily be im-
plemented on GPU.

2 The propagation model

2.1 Notations and assumptions

We adopt a Cartesian coordinate system (x, z), where x rep-
resents the propagation direction and z denotes the altitude.
The refractive index is denoted by n(x,z), and we assume
it varies slowly along the x-direction. The field is modeled
with a time dependence of exp(jwt), where @ is the angu-
lar frequency. We consider a source located at x; < 0, with
the field known at x = 0. We aim to compute the field over
the ground to a maximum range xmax. The computational
domain is thus defined as Q = [0, Xmax] X [0, Zmax]-

For numerical purposes, the domain is discretized along
both axes, with N, and N, denoting the number of points
in the x- and z-directions, respectively. The resulting mesh
sizes are Ax = Xpax /Ny and Az = Zmax/N;. A discrete rep-
resentation of any function u(x,z) is expressed as u[ny,n.],
where n, € {0,...,Ny— 1} and n; € {0,...,N; — 1}. Ad-
ditionally, u,[n;] refers to the semi-discretized version of u
along z. Finally, here we work in a transverse electric con-
figuration, but it can easily be generalized to the transverse
magnetic case.

2.2 The parabolic wave equation model

To compute forward long-range propagation up to the max-
imum range xm,x, we employ the widely used parabolic
wave equation (PWE) [2, 7, 6, 4]. Denoting the reduced
field by u(x,z), the PWE is expressed as [1]:
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where k is the wavenumber. The PWE is an asymptotic
form of the Helmholtz equation that accounts only for for-
ward propagation within a paraxial cone of 45° along the
x-axis [1]. Since eq. (1) is an ordinary differential equation



along x, it supports larger discretization steps in this direc-
tion, making it highly efficient for our application. Addi-
tionally, the PWE allows us to account for the effects of the
refraction, the terrain, and the ground composition [1].

3 Split-step framelet (SSFW)

3.1 A brief introduction on wavelet frames

Frames can be seen as a generalization of bases, where the
family can be redundant. More formally, denote (),), as
a countable family, and u as the reduced field. The family
(Xn)n is a frame if
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where 0 < A < B, and (-,-) is the corresponding scalar
product. If A = B, then the frame is said to be tight.
Furthermore, we have an energy conservation property if
A = B = 1. Therefore, we only use the latter in the follow-
ing.

One question that can arise is why use wavelet frames in-
stead of a wavelet basis? The main problem with the
wavelet basis is that translation invariance is not preserved,
since subsampling is needed in the fast wavelet trans-
form [5] (FWT). Using wavelet frames allows us to keep
the translation invariance property and manipulate vectors
of the same size. The latter two properties are important for
accurate propagation computation.

Furthermore, wavelet frames are better for GPU implemen-
tation even if the FWT is computationally efficient. Indeed,
computing (u,),) amounts to convolution with wavelets
that have compact support and can thus be efficiently com-
puted in the spatial domain. However, we can also opt for
a Fourier transform-based convolution in this case since the
fast Fourier transformed library is highly efficient on GPU.
Since it has been shown that the wavelet family has almost
no impact on the accuracy [3], we use here the Haar fam-
ily. This allows us to have a symmetric scaling function and
an antisymmetric wavelet function, which is useful to effi-
ciently handle the ground, as will be seen later on. Nonethe-
less, most of the parts can be generalized to other families.
To conclude this part, we denote the wavelet frame trans-
form of any function, such as u, by an upper case, e.g. U.
In this case U[l, p] corresponds to the coefficient at level
1 € [0,L] and position p € [0,N, —1].

3.2 Description of SSFW

The SSFW algorithm builds upon the wavelet-to-wavelet
split-step wavelet method (wSSW) introduced in [6]. It
is an iterative algorithm for computing the field u entirely
within the wavelet domain, differing from the original split-
step wavelet (SSW) method [3, 4], as no spatial operators
are required.

First, a redundant wavelet transform, S,,, over L levels is
applied to the initial field ug of size N, resulting in Uy of

size L x N;. To reduce computational effort, a hard thresh-
old compression operator, Cy,, is applied Uy = Cy,S,,uo,
where Vi is the threshold chosen to ensure high accuracy
while significantly reducing the number of elements in Uy.
Unlike wSSW [6], where a wavelet basis is used, SSFW re-
lies on a frame, making the vector L times larger. Neverthe-
less, the number of nonzero coefficients, Ny < N,, remains
low. Then, propagation from x to x + Ax is carried out in
three main steps:

1. Wavelet-domain propagation: Using a precom-

puted, compressed local scattering operator Py, prop-
agation is performed as: U)fjr A =Py, Us.
This operator is constructed as in [4] by computing the
redundant wavelet transform of a propagated wavelet
of each level. This propagation is calculated using the
SSF scheme. Since a frame is used, the translation in-
variance property ensures that only one propagator per
level is needed, reducing the scattering operator’s size.
The propagation step is described in more detail in the
next section.

2. Refraction and apodization: The phase screen R and
the apodization A (Hamming window) operators are
directly applied in the wavelet domain. Unlike [6], no
additional transformation is required, as R operates di-

rectly on all L levels: UR ,, = ARU™ , .

3. Compression: A hard threshold compression is
applied again to retain only significant coeffi-
cients: Uyiay = Cva)ﬁM

These steps are repeated iteratively until xpax, at which
point an inverse redundant wavelet transform is applied to
recover the field. While the approach of SSW [3, 4] in-
volves alternating between wavelet and spatial domains, the
SSFW method avoids this, by applying the wavelet trans-
form only at the start and end.

3.3 Propagating in the wavelet domain

As detailed in the previous section, the scattering oper-
ator Py, contains the wavelet transform of L propagated
wavelets. This operator is structured as a tensor of size
L x L x N,, where L represents the number of wavelets to
propagate, and L x N, corresponds to the coefficients gen-
erated by the redundant wavelet transform.

The propagation step in the wavelet domain is computed as
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where ® denotes the convolution operation. Unlike SSW,
the use of frames with translation invariance enables direct
computation of the coefficients at each level via convolu-
tion. This significantly simplifies the GPU implementation
of the method by avoiding additional transformations. In



terms of computational complexity, the use of frames in-
creases the overall cost of SSW by a factor of L, which re-
mains relatively low in most cases. This makes the method
both efficient and well-suited for practical applications.

3.4 Accounting for the ground

Assuming perfect electric conductor (PEC) ground, we pro-
vide a local image method for frames that allows account-
ing for the ground directly in the wavelet domain at al-
most no cost. The local image method [4] accounts for
the ground by adding a thin image layer in the spatial do-
main. In this layer, reflection is accounted for by adding an
antisymmetric replica. Nonetheless, since a wavelet basis
was used in [3, 4, 6], one could not directly incorporate it
in the wavelet domain even in [6], where the propagator is
modified near the ground if needed. Here, with frames, we
propose a new local image method in the wavelet domain.

Proposition 1 (A wavelet local image method). Assuming
we use the Haar wavelet family and L = 2. For all levels
0 to 2, we add Niy, < N, points at the beginning of each
vector of size N,, leading to U™, and we set

V(L p) € [0,L] x [0,N; — 1], U (I, Nim + p] = Ux[L, p].

Due to the antisymmetry of the Haar wavelet, for level L
then

Vp € [0,Nim — 1], U™[2, p] = Us[2,Nim — 1 — p],

corresponding to a symmetric replication. For the level | =
1, this leads to

Vp € [0,Nim — 3], U™ [1, p]
UM (1, Ny — 2]
U1, Nim — 1]

Ux[lijim -3 _p]v
3U[2,0]4Uy[2,1]
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Finally, for the scaling function, i.e. the level | = 0, which
is symmetric, this leads to

Vp € [0,Nim — 3], U™[1,p] = —U[l,Nim—3—p],
U™ (1, N — 2] G20V 2.1]
U)icm[laNimfl}
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U0 [21]
HU21]

Proof. The proof of the proposition follows di-
rectly from calculating the wavelet coefficients U,
and U,icm. For this, we use the filter coefficients
of the Haar redundant wavelet transform, given by

ho=[3:3].80=[=35:3]. i = [5.0.5], 81 = [=3.0,3].

Let u = [0,ur,u,...,un,—1] represent the
vector of the reduced field, and u™ =
[—un,, ;- —us,—u1,0,u1,u,...,un,—1]  denotes its

local image replica in the spatial domain. The computation
of the wavelet coefficients is then achieved by cascading
convolutions of u or '™ with these filters. Finally, we
obtain the proposed results by comparing the expression of
Uim and U,. O

The proposition and proof have been presented for the Haar
wavelet but can be extended to other wavelet families with
symmetry and antisymmetry properties. Moreover, the
method is generalizable to any maximum level L. Addi-
tionally, a dielectric ground can be incorporated by using
the Fresnel coefficient.

This implementation significantly reduces the complexity
compared to [3, 4, 6], as all computations are performed
entirely in the wavelet domain. It also eases efficient GPU
implementation, enhancing computational performance.

4 Numerical tests
4.1 Free-space propagation

To validate the method, we consider a simple scenario with
a domain size of 5 km and 2048 m in the x and z direc-
tions, respectively. The source is a complex source point
(CSP) with a width of wy = 5 m, placed at x; = —50 m and
Zg = 1024 m. Setting n = 1 allows us to simulate free-space
propagation. In this case, we expect SSFW to produce re-
sults comparable to SSW.

For thresholds, we use V; = 1073||lugll and V, =
1073||P||«, leading to an expected error below —30 dB
when compared to SSF [8]. The method is tested for
different maximum levels of decomposition, specifically
L € {1,2}. Figure 1 shows the reduced field at xpm,yx for
SSF (solid line) and SSW, SSFW, and SSFW/GPU (dashed
lines) when L = 1. In addition, Table 1 provides the com-
putation times needed for the different methods and levels
L. We also show the different maximum differences with
SSFE.
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Figure 1. Reduced field u in dB at xp,x computed with
different methods.

Table 1. Comparison of SSW, and SSFW on CPU or GPU
regarding computation time and accuracy.

SSw SSFW SSFW/GPU

L 1 2 1 2 1 2

Time (s) 0.06 | 0.11 | 0.06 | 0.13 1.6 1.7
Error (dB) | -50.2 | -50.9 | -51.5 | -54.4 | -49.7 | -50.4




Figure 1 and Table 1 demonstrate that the proposed SSFW
method achieves accuracy comparable to SSW and closely
matches the results from SSF. The only discrepancy be-
tween SSFW and SSF arises from the compression applied
in the former. As expected, the computation times for
SSW [4] and SSFW are nearly identical, even if this sce-
nario does not fully showcase the advantages of SSFW, as
it does not involve ground effects or refraction. Regard-
ing the GPU implementation, here the domain size is rela-
tively small, so its CPU counterpart performs better. Also,
PyTorch’s built-in functions are used for GPU implementa-
tion, without further optimization.

4.2 A more realistic test case

We consider here a larger domain that includes ground re-
flections and a tropospheric duct. Specifically, the domain
spans 30 km in x and 512 m in z. The source is the same
as before, except that it is positioned at z; = 50 m, with a
width of wy =5 m. Additionally, a PEC ground and an
atmospheric duct are considered. The wavelet parameters
remain unchanged, and the field computed at the final iter-
ation is shown in Figure 2, and comparisons in Table 2.
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Figure 2. Reduced field u in dB at xp,x computed with
different methods for the realistic test case.

Table 2. Comparison of SSW, and SSFW on CPU or GPU
for the second test.

SSwW SSFW SSFW/GPU

L 1 2 1 2 1 2

Time (s) 01 | 021 | 009 | 0.18 | 1.8 | 19
Error (dB) | -52.8 | -51.7 | -72.5 | -64.9 | -51.5 | -43.9

Here, the accuracy of SSFW surpasses SSW’s, while main-
taining a similar computation time. Unlike the approach
in [6], incorporating refraction and the local image method
directly in the wavelet domain introduces no additional er-
ror. This validates both the developed strategy and the use
of frames. The computation time for the GPU implementa-
tion remains comparable to that of the previous test, despite
slight accuracy differences attributed to the PyTorch imple-
mentation. These results confirm the method’s effective-

ness, emphasize its advantages, and demonstrate the fea-
sibility of GPU implementation, even though further opti-
mization is necessary.

5 Conclusion

This article introduced SSFW, a wavelet frame-based
method for simulating tropospheric long-range propaga-
tion. This approach employs a split-step method to iter-
atively compute field propagation directly in the wavelet
domain. We also proposed a local image method in the
wavelet domain to avoid going back to the spatial domain.
Additionally, the use of frames simplifies the methodology
compared to SSW, enabling efficient GPU implementation.
Numerical tests validate the accuracy and effectiveness of
SSFW, compared to SSW. The inclusion of ground effects
and refraction directly in the wavelet domain does not in-
troduce any additional errors, further confirming the robust-
ness of the proposed approach.

Future work will focus on incorporating terrain reliefs,
which should be easily integrated using a staircase model
thanks to the translation invariance property of frames.
Moreover, efforts will be directed toward optimizing the
GPU implementation to enhance its efficiency.
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