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Abstract – All-dielectric metagratings are consid-
ered, which are composed of two alternating materials
and exhibit significant anomalous refraction. The opti-
mal parameters for their efficient operation have already
been determined by a rigorous integral equation method
applied to the infinitely periodic structure. In this work,
we seek to determine the sufficient length (sufficient
number of inclusions) so that the anomalous refraction
effects are stabilized and become clearly visible in the
corresponding finite metagratings. Numerical results are
reported for three different gratings, investigating the
variations of the induced fields with respect to the over-
all length of each structure. It is shown that, particularly
in the region below the central cells, only a small num-
ber of inclusions is needed for obtaining the desired
refracted fields.

1. Introduction

Metasurfaces enable new possibilities for manip-
ulating wavefronts, paving the way for novel devices
and applications [1, 2]. In traditional metasurfaces, a
control of the amplitude and phase of the impinging
beam is performed via a continuous and fast varying
gradient of the surface impedance. Their realization is
obtained with a large number of unit cells in the form of
printed dipoles. Among the possible implementations,
metasurfaces may be realized as metagratings, with
important advantages in almost-unit steering of radia-
tion and ease of realization [3–6]. The employed meta-
gratings consist of fully dielectric arrays, in which
carefully engineered dielectric inclusions are periodi-
cally embedded in a dielectric background. Manipula-
tion of the impinging beam may provide anomalous
reflection or refraction in directions not predicted by the
conventional Snell’s law [7, 8]. These effects may be
exploited to improve the coverage of wireless links,
especially at high frequencies, thanks to the low losses
of the participating dielectric inclusions [9, 10]. Other
interesting applications include lenses [11], power split-
ters [12], and retroreflectors [13].

The numerical modeling of all-dielectric meta-
gratings is performed by various methods, which

usually refer to infinitely periodic structures (i.e., peri-
odic arrangements of infinite dielectric inclusions in a
host medium) [14]. The main reason is that in infinitely
periodic structures, Floquet’s theorem applies, and the
boundary-value problem is reduced to the basic unit cell.
Established integral-equation approaches for infinite
structures concern boundary- and volume-integral-equa-
tion methods [15–20], the method of analytical regulari-
zation [21, 22], the extended boundary condition method
[23, 24], and the method of auxiliary sources [25, 26].

In practical implementations and in experimental
realizations, the actual number of inclusions (elements)
in the considered periodic configurations is crucial.
Hence, when a method is applied to the solution of the
associated boundary-value problem for an infinite struc-
ture, the conclusions on the occurrence of interesting
physical phenomena need to be supplemented by select-
ing a sufficient number of inclusions so that the pre-
dicted phenomena are actually observable in practice.
In this work, we conduct a relevant numerical investiga-
tion of all-dielectric metagratings, which have already
been shown to provide significant anomalous refraction
when considered and analyzed as infinite-periodic struc-
tures. We study the corresponding finite counterpart of
each infinite metagrating, aiming to address the selec-
tion of a sufficient number of cells so that the finite
structure exhibits effectively the same phenomena as
the infinite one. The presented numerical results corre-
spond to three distinct wavelengths in the visible range
and to different types of constituent materials in the unit
cell of the metagrating. Three different grating configura-
tions are examined with small and high refraction-index
contrasts between the inclusions and the background.

2. Formulation of the Problem

The infinitely periodic metagrating and its
finitely periodic counterpart of length L are depicted in
Figure 1. The K-periodic metagrating is illuminated by
an E-polarized (TMy-polarized) incident plane wave
whose wavevector forms an angle of incidence � with
respect to the negative z-axis. The two adjacent dielec-
tric materials, composing the unit cell, have refractive
indices n1 and n2 and common thickness w. The duty
cycle of the material with refractive index n2 is denoted
by s, so that inside the unit cell, the width of this mate-
rial is sK, hence the width of the material with refrac-
tive index n1 is ð1� sÞK. The external region is
vacuum with a refractive index of n0. The configuration
is uniform along y with constant magnetic permeability.
The infinitely periodic metagrating (K-periodic with
respect to the x-axis) is depicted in Figure 1a. Its finite
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counterpart is a slab of refractive index n1 and thickness
w hosting a finite and odd number N of inclusions with
the same thickness and refractive index n2. Thus, the
finitely periodic metagrating has K-periodic cells of
total length L (see Figure 1b).

Diffraction by the infinitely periodic metagrating
of Figure 1a is modeled efficiently by volume-integral-
equation methods. Here, we employ the second-kind
Fredholm integral equation method developed in [19]
and [20]. In this method, the unknown function is the
electric field in the inclusion regions. The involved vol-
ume integral equation is discretized using an entire-
domain Galerkin technique, leading to a nonhomoge-
neous algebraic system for the Fourier series coefficients
of the unknown electric field. The developed semianalyt-
ical algorithm is characterized by guaranteed conver-
gence and provides high accuracy, which is easily
controlled by the order of discretization.

On the other hand, volume-integral-equation
methods, like the above-mentioned ones, cannot be
directly applied for the analysis of scattering by the
finitely periodic configuration of Figure 1b. This is
because in the finite case, the problem cannot be
reduced to a single unit cell. Moreover, the spectral-
domain expression of the (background) layered-medium
Green’s function can no longer be appropriately
exploited and processed via Poisson’s summation for-
mula. To this end, for the analysis of the finite metagrat-
ing, we perform the relevant field simulations using a
commercial general-purpose electromagnetic software
package, as described in detail below.

3. Numerical Results

Consider metagratings of the form shown in
Figures 1a or 1b, specifically designed to generate

significant anomalous refraction. This means that the
structures are optimized to support maximum refracted
power Pt

�1 in the �1 order, whereas the powers Pr
�1 of

the 1-reflected, Pr
0 of the 0-reflected and Pt

0 of the 0-
refracted orders remain as close to zero as possible.
Hence, almost-unit steering of the incident wave to the
antisymmetric refracted direction is obtained, leading to
anomalous (negative) refraction below the metagrating.

We start with the infinite metagrating of Figure 1a
and exploit the designs of [8] derived by the volume-inte-
gral-equation approach of [19] and [20]. For the optimi-
zations, the main degrees of freedom were w, s, and K.
We use the optimal input parameters resulting from the
operation of the infinite metagrating achieving anoma-
lous refraction to examine the performance of the corre-
sponding finite structure of length L depicted in
Figure 1b. The scattered field from the finite metagrating
is evaluated using a general-purpose electromagnetic
solver. We are interested in testing numerically how and
to what extent the fields scattered from the finite meta-
gratings approach those diffracted from the correspond-
ing infinite ones as the length L (or equivalently, the
number N of inclusions) increases. Such numerical tests
enable us to address how large need finite metagratings
realistically be so as to support, with a good approxima-
tion, anomalous refraction already predicted from the
corresponding infinite configurations.

First, a finite metagrating is considered with vac-
uum inclusions in hafnium dioxide (HfO2) background
with refraction index n1 ¼ 2:1. The corresponding infi-
nite structure was optimized at the green wavelength
�0 ¼ 530 nm using the approach outlined in Section 2. The
optimal parameters were found to be w ¼ 174 nm, K ¼
678 nm, and s¼ 0:66, at an incidence angle �¼ 24

�
[8].

This optimized layout delivers Pt
�1 ¼ 92% in the

�1-refracted order in the direction ��1 ¼ 22
�
, with respect

to the positive z-axis. For the numerical simulations of the
finite metagrating in CST Microwave Studio [27], the
structure was modelled as a two-dimensional (2D) lay-
out, with a limited and small thickness, shorter than
�0=10 along y. The boundaries embedding the layout on
the xz-planes are perfect electric conductors, forcing an
infinite extension of the structure along y with a polari-
zation of the electric field of the impinging wave paral-
lel to the y-axis. A hexahedral mesh type is used, with a
decomposition into 20 cells per wavelength, applied
both to the metagrating and to the vacuum region far
from the structure. At the edges of the domain, PML
boundaries are imposed, fixed at a minimum distance to
the structure of �0=4, with an estimated reflection level
of 0.0001.

For the finite metagrating, a structure with a suf-
ficiently large number of inclusions, providing a stable
and convergent result in the central cells, was initially
considered. After extensive numerical tests, it was
found that N ¼ 31 inclusions offer such stable and con-
vergent fields, also coinciding with the fields obtained
by the integral-equation approach of [19] for the infinite

Figure 1. Two-dimensional layouts of the considered (a) infinitely
periodic and (b) finitely periodic metagratings.
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grating. The 2D color map of the real part of Eyðx; zÞ for
N ¼ 31 is shown in Figure 2. Anomalous refraction of
the wavefront is clearly visible, as well as the almost
unitary transmission below the periodic structure.

Next, we further study the interaction between the
incident plane wave and the considered HfO2/vacuum
finite metagrating (see Figure 3a). We investigate the
variations in the fields in the central cells to see how
they approach those in Figure 2 as N increases from
small values to N ¼ 31. In Figure 3b, the plot of
jEyðx; zÞ j is zoomed across the three central cells, for
the same structure as in Figure 2. A peak field appears
in the vacuum inclusions, while the HfO2 inclusions, as
a denser medium, provide the needed phase delay for
the anomalous refraction of the field at the interface
with the lower vacuum half space. In Figure 3c, the
magnitude of the electric field is plotted along the line
z¼ 0, internal to the metagrating, as a function x for
finite structures with different numbers N. A stable pat-
tern is observed, which converges rapidly to the refer-
ence solution already for a small N; the reference
solution corresponds to N ¼ 31 simulated in Figure 2.
The fast convergence is also demonstrated in Figure 3d
by the small relative errors eN between the fields for the
considered N and the reference solution (for N ¼ 31).

The second case concerns a metagrating with a
high refraction-index contrast. The material used in the
background is crystalline Silicon (c-Si), having a dis-
persive refraction index n1 obtained from [28], whereas
the material of the inclusion belongs to nondispersive
Teflon AF fluoropolymers with a constant refractive
index of n2 ¼ 1:3. With the wavelength selected at the
orange color (i.e., �0 ¼ 610 nm), optimization of the

Figure 2. (a) Real part of Eyðx; zÞ at the green wavelength (�0 ¼
530 nm) for a finite metagrating with N ¼ 31 inclusions, (b) zoomed-
in distribution in the region of the central cells (included in the dotted
white box in [a]).

Figure 3. Green wavelength (� ¼ 530 nm): (a) the central cells for
the HfO2/vacuum metagrating; (b) 2D colormap of the magnitude of
the electric field in the central cells of (a) for a long metagrating with
N¼ 31; (c) plot of the magnitude of the electric field along z¼ 0, for
increasing N; (d) relative errors eN between the fields for the consid-
ered N and the reference solution (for N¼ 31).

Figure 4. Orange wavelength (� ¼ 610 nm): (a) the central cells for
the Teflon/c-Si metagrating; (b) 2D colormap of the magnitude of the
electric field in the central cells of (a) for a long metagrating with
N¼ 31; (c) plot of the magnitude of the electric field along the line
z¼ 0, for increasing N; (d) relative errors eN between the fields for
the considered N and the reference solution (for N¼ 31).
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infinite structure yields w ¼ 138 nm, K ¼ 691 nm, and
s¼ 0:56, for �¼ 26

�
[8]. At �0 ¼ 610 nm, for c-Si,

n1 ¼ 3:93 [28]. The 2D color map of Eyðx; zÞ in the Tef-
lon/c-Si finite structure with N ¼ 31 was obtained and
found to be very similar to that of Figure 2. Hence, this
is the reference solution for this case, offering stabilized
fields exhibiting anomalous refraction below the meta-
grating. The layout of the Teflon/c-Si metagrating is
shown in Figure 4a. The zoomed spatial distribution of
jEyðx; zÞ j across the three central cells is depicted in
Figure 4b. The magnitude of the field along the line
z¼ 0 versus x for increasing N is plotted in Figure 4c,
while the relative error eN between the fields for the
considered N and the reference solution is shown in
Figure 4d. The conclusions from Figure 4 for the orange
color are similar to those from Figure 3 for the green
color. In fact, for the orange color, the field pattern in
the central cells converges even faster (i.e., N ¼ 11 is
sufficient for small errors eN ).

The third case is an additional example of a high-
refraction-index contrast structure, now considered at the
blue wavelength of �0 ¼ 470 nm. The constituent materi-
als are again c-Si and Teflon. The optimal parameters of
the infinite structure were determined as w¼ 180 nm,
K ¼ 557 nm, and s¼ 0:72, for �¼ 25

�
, and an angle of

diffraction in the �1-refracted order ��1 ¼ 25
�
[8]; hence,

the anomalous refraction direction is exactly antisymmetric

with the angle of incidence. A long, but finite-length meta-
grating was simulated, yielding a 2D field map very similar
to that of Figure 2. The number of inclusions considered
was N ¼ 31. This corresponds to a total length of the struc-
ture comparable to the map simulated in Figure 2a of [8],
showing a practically unitary transmission of the wavefront
below the grating layer, in the anomalous direction of
refraction (i.e., along the direction of the angle ��1 ¼ 25

�
).

The prediction from the infinite model was that the
refracted power in the �1-order is Pt

�1 ¼ 99%; hence,
almost the entire incident field’s power is transmitted in the
�1-order below the periodic layer. Plots of Eyðx; zÞ as N
increases are shown in Figure 5. The number of cells
below which the anomalous refraction effect is clearly visi-
ble increases quickly with N. In the region below the cen-
tral cells, the refracted field is stabilized quickly. In that
region, even N ¼ 9 is sufficient for converged and strong
anomalous refraction.

4. Conclusions

All-dielectric metagratings of two alternating
materials were investigated. Such infinitely periodic
structures have already been optimized to exhibit anoma-
lous refraction via a volume-integral-equation approach.
Here, we considered the corresponding finitely periodic
counterparts and examined the diffracted fields for an
increasing number of inclusions. It was shown that the
stabilization of the fields, showcasing anomalous refrac-
tion, requires only a small number of inclusions, espe-
cially below the central cells. This could prove useful
when the refracted fields are required in a limited spatial
region without resorting to unnecessarily long gratings.
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