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Abstract – A novel stacked generalization method
is proposed to enhance the prediction of embedded ele-
ment patterns (EEPs) under mutual coupling effects.
The proposed technique employs a meta model with two
base models as follows: a two-stage neural network
(NN) for direct EEP prediction from full-wave generated
data and a fully connected NN to estimate infinitesimal
dipole modeling coefficients, approximating full-wave
EEPs via constrained IDM. The meta model determines
optimal weighting matrices for each base model to lever-
age their localized strengths. This approach addresses the
challenge of maintaining sufficient pattern prediction accu-
racy with relatively small datasets. The effectiveness of the
approach is demonstrated using nonuniformly spaced five-
element pin-fed patch antenna arrays.

1. Introduction

Nonuniformly spaced (aperiodic) arrays have
emerged as a promising solution for achieving superior
performance in phased array antenna systems for vari-
ous communication and sensing systems [1, 2]. These
arrays offer significantly lower side-lobe levels during
wide-angle scanning while maintaining comparable or
higher gain than their uniformly spaced counterparts [3,
4]. However, the high potential of aperiodic arrays
relies on the accurate modeling and prediction of
mutual coupling (MC) effects, a complex challenge that
has long impeded the efficient and reliable synthesis of
such systems [5].

In aperiodic arrays, MC effects are particularly
significant because of the nonuniform spacing between
elements, which makes the interactions between antennas
more unpredictable compared with uniform arrays during
the synthesis process. Neglecting or oversimplifying the
MC effects, as often done using isolated-element or infi-
nite-array assumptions, can lead to unreliable designs with
degraded radiation performance in practice. Although full-
wave simulations can provide accurate insight into MC
for specific aperiodic configurations [6], the computational
demands of such methods make them impractical for the

iterative and requirement-specific optimizations required
in the design of aperiodic arrays.

In recent years, machine learning (ML) and, par-
ticularly, neural networks (NNs) have gained attention
as powerful tools for addressing complex electromag-
netic challenges with remarkable efficiency [7, 8].
Recently, ML has been applied to various antenna
design and array synthesis problems, primarily focusing
on element geometry optimization [9] and excitation
control to maximize wireless power transfer [10] or
minimize side lobe levels [11, 12]. On the other hand,
NNs are particularly well-suited for approximating the
embedded element patterns (EEPs) of antennas, as pro-
posed in [13, 14], capturing the non-linear mutual cou-
pling effects on the radiation, which is necessary for
accurate beamforming. However, as discussed in our
URSI-RASC 2024 paper [15], the performance of NNs
is influenced by the size and distribution of the dataset;
smaller datasets tend to increase error variability, while
MC effects can decrease reliability.

An ensemble prediction framework was proposed
in [16] to achieve accurate and fast EEP prediction
under varying MC effects with a reduced training data-
set. This was achieved by manually applying a weighted
sum to the prediction results from the base models,
where the weighting factor, b, is optimally chosen based
on the performance of the base models on the validation
set. However, such manual strategies fail to exploit the
localized advantages of each method (for instance, one
network may provide superior estimation of the main
lobe, while the other may perform better in estimating
side-lobe levels).

In this paper, we propose a new stacked general-
ization model where the meta model via the custom
Hadamard layer:

• determines optimal weighting matrices for each
base model to exploit their localized strengths,

• eliminates the averaging error caused by the
manual computation over the validation set,

• enables multiple base model integration to
enhance the prediction performance.

The rest of the paper is organized as follows.
Section 2 presents the antenna under test (AUT) and
problem formulation. The existing methodologies and
proposed ensemble learning are explained in Sections 3
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and 4, respectively. The simulation results are discussed
in Section 5, and Section 6 concludes the paper.

2. Problem Formulation

To ensure consistency with the methodologies in
[15] and [16], this study employs the same five-element,
irregularly spaced, pin-fed patch array topology operat-
ing at the same center frequency, 2.85 GHz, as depicted
in Figure 1. The AUT is positioned at the center of the
array’s aperture. At the same time, the neighboring ele-
ments are confined to a defined region (highlighted in
green in Figure 1) bounded by an inner and outer circle.
The inner circle has a radius corresponding to the mini-
mum element spacing, r1 ¼ k=2, r2 is set equal to r1.
This configuration maintains the elements close to each
other, allowing for the observation of the MC effects on
the EEP for varied array topologies.

The pattern error is computed for the region
20� # h# 160� and �70� #/# 70� describing the
angular region of interest for common array applica-
tions, where h and / follow the standard spherical coor-
dinate system. To quantify the error between the
predicted and full-wave generated EEP, the mean
squared error (MSE) is used [16]:

ep ¼ 10lg
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@
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A
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where Ns denotes the number of samples for the spheri-
cal angles h and /, EEPfw is the full-wave generated
far-field electric field radiation pattern of the corre-
sponding element, and EEP0

p and ep are the predicted
EEP of the corresponding element and its MSE. The
subscript, p specifies the methodology used.

For the ML-assisted prediction of EEPs, the
training data can be generated using full-wave simula-
tions with randomized array layouts around an element
under test. The power pattern of the element generated
for the dataset is a function of the spherical angles h
and / (e.g., each having 180 samples), resulting in a
180 3 180 matrix. A straightforward prediction method
is a direct EEP estimation using a neural network on

this dataset. An alternative method is to modify the
base model and estimate the EEP under the new base.
Infinitesimal dipole modeling (IDM) is atechnique
that can serve as a basis [17, 18] through ID coeffi-
cients, which are used in EEP prediction via the array
factor relation.

In the IDM approach, the array surface is
replaced by an equivalent array of infinitesimal electric
(e-) and magnetic (m-) dipoles, with excitation coeffi-
cients derived by inverting a Vandermonde-type matrix,
adjusted with Gaussian noise for stability. While a
dense array of e- and m-dipoles offers higher accuracy,
the high condition number of the matrix makes the coef-
ficients sensitive to errors, particularly those introduced
by NNs. Previous work [19] identified an optimal trade-
off between condition number and pattern approxima-
tion error by using only m-dipoles oriented along the
radiating edges (z-axis) of a patch arranged in a sun-
flower layout. For a maximum array radius of k, 81
dipoles were found to be optimal where it was used to
enhance array prediction performance in [16].

3. Existing EEP Prediction Methodologies

This section summarizes the two previously pro-
posed methods used for estimating the absolute EEPs, as
well as the manual ensemble method combining both [16].

3.1 Direct Estimation

The input to the proposed network P 2 R432

represents the positions in polar coordinates of the
antenna elements, and they are processed through a
one-dimensional convolutional layer with 16 kernels to
encode spatial relationships. This is followed by seven
fully connected layers, incrementally increasing the
number of neurons to 1296, determined through heuris-
tic tuning. The output is reshaped into a 36 3 36 matrix
resembling a low-resolution EEP, which is then
upscaled to 180 3 180 using an ESPCN architecture.
This involves two convolutional layers (32 filters, 36 3
36 kernel size) and a sub-pixel convolutional layer (25
filters) for upscaling. The model contains 2 million
parameters, making it relatively lightweight, and
achieves estimation speeds significantly faster than full-
wave simulations. A critical component of the design is
the use of the Structural Similarity Index as a loss func-
tion during training. The Structural Similarity Index
enforces structural relationships between matrix ele-
ments, which are crucial for EEP accuracy, outperform-
ing traditional loss functions, such as MSE or MAE,
which treat matrix cells independently.

3.2 IDM-Based Estimation

The second approach estimates 81 z-oriented
m-type ID complex excitation coefficients for the given
element positions, reducing the estimation space from
32,400 to 81 coefficients. The architecture includes a
one-dimensional convolutional layer with 16 kernels for

Figure 1. Five-element aperiodic array topology where the AUT,
highlighted with the yellow color, is located at the center,
ðyo; zoÞ¼ ð0; 0Þ, and the neighboring elements are randomly posi-
tioned in the defined green region: r21 # ðy2i þ z2i Þ# ðr1 þ r2Þ2, where
ðyi; ziÞ is the location of the i-th neighbor element in k [16].
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spatial encoding, followed by seven fully connected
layers to match the depth of the previous network for
consistent comparisons. The final output is an 81 3 2
vector representing the real and imaginary parts of the
coefficients. The network is trained using the ADAM
optimizer with default hyperparameters (g ¼ 0.001,
b1 ¼ 0.9, b2 ¼ 0.999, e ¼ 1e-7) and the MSE loss func-
tion to minimize the error between the predicted and
true ID coefficients. Once the coefficients are estimated,
the EEP is computed using the previously described
IDM technique.

3.3 Empirical Ensemble Prediction

The method presented in [16] employed two dis-
tinct networks, base models, to estimate EEPs indepen-
dently (explained in the previous section), subsequently
combining them to produce a more accurate EEP by
leveraging the strengths of each network. The original
methodology achieved this combination through a
weighted average, with the weighting coefficient b
determined manually over the validation set and must
be recalculated whenever the dataset size or type
changes.

In [16, fig 2], the change of the b depending on
the dataset size is illustrated. In addition to manually

determining b, a single coefficient cannot achieve con-
sistent performance across various datasets due to dif-
ferences in the prediction performance of the base
models.

4. Proposed Technique: Stacked
Generalization

The proposed method replaces the simple
weighted average discussed in Section 3.3 with a newly
trained, single-layer network to enhance prediction per-
formance. This network uses a custom layer designed
specifically for this application, which computes the
Hadamard product of the preliminary EEPs and adds
them as follows:

EEPENS ¼EEPNN ⊙Aþ EEPIDM�NN ⊙B (2)

where ⊙ is the Hadamard product and A 2 R1403140

and B 2 R1403140 are the weights. EEPENS, EEPNN, and
EEPIDM�NN denote the predicted EEPs by the meta,
NN-direct, and IDM-NN models, respectively, given
in Figure 3 . The network aims to find the optimal
matrices A and B to maximize the prediction accuracy.
With this, it is possible to have different averages for
different EEP regions, exploiting each method’s
advantages.

Figure 3 shows the block diagram of the full
approach. For this work, each network has been trained
independently. The first two networks were trained as
described in [16]. The single-layer ensemble has been
trained using the Adam optimizer and MSE as the loss
function. Either 1500 (dataset D1) or 3500 (dataset D2)
EEPs have been used for training, 200 for validation,
and 50 for tests. All the results presented in the next
section are computed in the test set, with data com-
pletely unseen for the network.
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Figure 2. Analysis of the weighting value, b, for the ensemble pre-
diction where D1 and D2 represent the datasets comprising 3500 and
1500 data, respectively. The MSE of each point is calculated over the
validation set, where b1 ¼ 0:6 and b2 ¼ 0:35 provide the minimum
error for the datasets D1 and D2, respectively [16].
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Figure 3. The block diagram of the proposed approach. The lower path (green) comprises an NN for estimating the ID-complex coefficients,
which is used to reconstruct the EEP via constrained IDM. In the upper path (blue), a two-stage network and the ESPCN architecture are used
to predict the EEP directly. The proposed meta model (yellow), the custom Hadamard layer, enhances the prediction performance from prelimi-
nary predictions of the base models.
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5. Simulation Results

To demonstrate the superior performance of the
proposed technique, the ensemble predicted EEP via
stacked generalization (EEPENS) is compared with the
full-wave simulated isolated element pattern, and the
two most relevant state-of-the-art benchmark methodol-
ogies, NN-direct predicted EEP (EEPNN) [13], and
IDM-NN predicted EEP (EEPIDM�NN) [16]. Table 1
shows the comparison of the results.

Although the meta model learns how to weigh
the predictions of each base model to enhance the final
prediction, it improves the average MSE (eENS) over the
test set, achieving �17.73 dB and �21.02 dB on aver-
age with the datasets D1 and D2, respectively. Although
the proposed base models perform well with larger data-
sets, their performance begins to fluctuate with the
smaller dataset, reducing the reliability of the predic-
tions, which is partly reflected in the average MSE
shown in Table 1. To illustrate this, two array topologies
(Cases 1 and 2) from the test set are chosen where the
models are trained with the smaller dataset, D1.

In case topology 1, while the IDM-NN model
achieves an MSE (eIDM�NN) of �18.50 dB, the error of
the NN-direct model (eNN) remains at �15.66 dB above
the average MSE. The difference in error can also be
observed on the EEPs where the NN-direct fails to pre-
dict the high-gain region accurately, as illustrated in
Figure 4. On the other hand, the proposed meta model
improves the prediction performance and reduces the
MSE to �19.67 dB, which is below the average MSE.
As Figure 4 shows, the final predicted EEP comprises
the localized accuracies of the preliminary predictions.

In some rare cases, one method may significantly
outperform the other. In such instances, the meta model
must intelligently combine the predictions, giving more
weight to the base model that provides the more accu-
rate result. Figure 5 presents the case topology 2, where
the NN-direct model delivers one of the best predic-
tions, achieving an MSE of �24.63 dB, while the IDM-
NN model remains above �18.5 dB. As expected, the
proposed meta model accurately generates the final pre-
diction by weighing the NN-direct model’s prediction,
resulting in an MSE of �24.64 dB, as shown in
Figure 5.

6. Conclusion

This paper presents a novel stacked generaliza-
tion method designed to improve the prediction accu-
racy of EEPs under the MC effects. The approach
combines the following two base models: a two-stage
NN for direct EEP prediction using full-wave generated
data and a fully connected NN for estimating IDM coef-
ficients, which approximate full-wave EEPs through

Table 1. The average MSE results and comparison of the models
trained with D1 and D2 with the additional results of two example
cases of these models trained with the dataset D1

Dataset Cases with D1

Error (MSE) D1 D2 Case 1 Case 2

eIEP (dB) �10.56 �10.56 �11.61 �12.29
eNN [dB] [13] �16.10 �18.85 �15.66 �24.63
eIDM�NN (dB) [16] �16.54 �19.60 �18.50 �18.34
eENS (dB) [this work] �17.73 �21.02 �19.67 �24.64
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Figure 4. EEP (in dB) comparison in case topology 2 with ðyi; ziÞ ¼
f(�0.60, �0.10), (0.25, �0.50), (0.20, 0.60), (0.70, �0)gk, and AUT
is located at the origin. (a) Full-wave generated EEP, (b) EEPENS [this
work], (c) EEPIDM�NN [16], and (d) EEPNN [13].
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Figure 5. EEP (in dB) comparison in case topology 2 with ðyi; ziÞ ¼
f(0.30, 0.60), (�0.50, 0.60), (�0.20, �0.60), (�0.65, �0.20)gk and
AUT is located at the origin. (a) Full-wave generated EEP, (b) EEPENS
[this work], (c) EEPIDM�NN [16], and (d) EEPNN [13].
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constrained IDM. A key innovation of the proposed
method lies in its meta-model, which determines optimal
weighting matrices for each base model to exploit their
localized strengths. This eliminates averaging errors
associated with manual computations. Furthermore, the
framework supports the integration of multiple base
models, enhancing overall prediction performance. The
effectiveness of the proposed method is validated on
nonuniformly spaced five-element pin-fed patch antenna
arrays, demonstrating its capability to deliver accurate
and efficient EEP predictions. This work establishes a
foundation for developing more robust prediction meth-
odologies for complex antenna systems, especially in
scenarios where dataset size and accuracy are critical
constraints.
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