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Abstract – Large multidimensional optical prob-
lems could require impractically large computer
resources (e.g., storage and time). However, represent-
ing multivariable functions using tensors (multidimen-
sional arrays) could greatly reduce these computational
difficulties. In this paper, we present novel formulations
of diffraction by a planar aperture and imaging by a thin
lens of three-dimensional scalar optical fields using ten-
sor train decompositions. Numerical simulations using
our novel tensor train–based formulations compared
with directly using original formulations demonstrated a
significant reduction in both computational times (27–
76 times) and computer storage requirements (413–1576
times).

1. Introduction

Optical mathematical models typically involve
multivariable functions. For example, a simple physical
optics problem could possibly involve time, three spa-
tial variables and wavelength. Computations involving
such an N-dimensional model with a large number of
computational samples, I1; . . . ; INf g, would usually
necessitate impractically large computer storage and/or
computational time. This is because the storage com-
plexity of this problem would increase exponentially,
that is, O INð Þ, where I is the maximum number of com-
putational samples. This practical constraint is referred
to as the curse of dimensionality [1].

Multivariable functions could be represented as
multidimensional arrays (tensors), so different tensor
decompositions could alleviate these computational dif-
ficulties. Recently, such tensor decompositions have
been playing a significant role in the computational
aspects of many research fields (e.g., Signal Processing,
Machine Learning, and Statistics) [2]. A function with
N variables could be represented as an Nth order tensor
having N modes, where the vectors along its nth mode
and their corresponding number of samples are referred
to as mode-n fibers and their mode-n dimension, respec-
tively [3].

A classic tensor decomposition is the Tucker
decomposition (TD) [2–4]. TD decomposes an Nth-
order tensor to an Nth-order core tensor, typically

smaller than the original tensor, along with N-factor
matrices. This decomposition could be interpreted as a
multilinear transformation of the core tensor by the fac-
tor matrices. The storage complexity of TD is
O NIR þ RNð Þ, where R is the maximum dimension of
the modes of the core tensor. Therefore, the potential
reduction in size compared with the original tensor is
essentially dependent on the dimensions of the resulting
core tensor. We note that TD does not truly overcome
the curse of dimensionality as the core tensor is still an
Nth-order one.

A significantly more computationally efficient
decomposition compared with TD is the recent tensor
train decomposition (TTD) [5]. TTD could truly over-
come the curse of dimensionality, as it represents an
Nth-order tensor as a sequence of third-order core ten-
sors. The storage complexity of TTD is O NIR2ð Þ, where
R is the maximum rank of the matrices resulting from a
mode-2 matricization of its third-order core tensors. We
note that Mode-n matricization of a higher-order tensor
N $ 3ð Þ is an operation that represents it by placing its
mode-n fibers along the columns of a matrix.

In this paper, we present a novel TTD-based for-
mulation and computationally efficient simulations of
diffraction by a planar aperture and imaging by a thin
lens of three-dimensional scalar optical fields.

2. Tensor Train Decomposition

The TTD of an Nth-order tensor, X 2 RI13���3IN ,
is given by

X ffi Xð1Þ 3 1
3 � � �3 1

3X
ðNÞ ¼

��
Xð1Þ; � � � ;XðNÞ

��
; (1)

where XðnÞ 2 RRn�13In3Rn is a third-order core tensor,
n ¼ 1; . . .;N , R0; . . . ;RN are the ranks of the matrices
resulting from a mode-2 matricization of these core
tensors (R0 ¼RN ¼ 1), and 31

3 is a mode-(1, 3) tensor
product [6]. The mode-(m, n) tensor product of A 2
RI13���3IN and B 2 RJ13���3JM with common modes
In ¼ Jm is given by an N þM � 2ð Þ order tensor

C 2 RI13 ���3In�1;Inþ1;���; IN ;J1;���;Jm�1;Jmþ13 ���3JM ;

where

ci1;���; in�1; inþ1; ���; iN ;j1;���; jm�1; jmþ1;���; jM ¼XIn
in¼1

ai1;���; in�1; in; inþ1;���; i;N bj1;���; jm�1; in; jmþ1;���; jM :
(2)
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As convolutions and Hadamard products (ele-
ment-wise multiplication) are common in mathematical
formulations of multidimensional physical optics prob-
lems, their efficient computations using tensors and cor-
responding TTDs are very important.

The convolution of two tensors A 2 RI13���3IN

and B 2 RJ13���3JN that have the same order and are rep-
resented by their TTDs, is given by

C¼ A � B ffi
��
Að1Þ(� 2Bð1Þ; � � � ; AðNÞ(� 2BðNÞ

��
; (3)

where (� 2 denotes a partial mode-2 tensor convolution
[6]. We note that compared with full convolutions of
tensors partial mode-n convolutions described in (3)
have significantly lower computational complexities as
they involve a single mode-n only.

The Hadamard product of two tensors A 2
RI13���3IN and B 2 RI13���3IN that have the same order
and same mode-n dimensions and are represented by
their TTDs, is given by

C¼ A � B ffi
��
Að1Þ�2Bð1Þ; � � �; AðNÞ�2BðNÞ

��
; (4)

where � denotes a Hadamard product, and �2 denotes
the mode-2 tensor Khatri-Rao product [6].

3. Computational Complexity of Tensor
Train Decomposition

The TTD of an Nth-order tensor is typically
computed using singular value decomposition (SVD)
or QR decomposition of N matrices representing its

different mode-n matricizations [5–7]. The SVD-
based TTD is called tensor trains (TT)-SVD, where its
computational complexity depends on the chosen
SVD algorithm. One computationally efficient algo-
rithm that uses a stochastic method could be used to
compute SVD. Therefore, it could significantly reduce
the required TTD computational complexity to
O N Q2K þ Q3I

� �� �
, where K is the maximum number

of non-zero entries of the Nth-order tensor, and Q is
the maximum rank of all mode-2 matricizations of the
resulting TT core tensors [8].

The computational complexities of mathematical
operations between tensors that are represented as TTs
are typically linear with order N. Thus, one-time
changes of the original tensor representations to TT
could significantly reduce computational complexities
for different operations. For example, the computational
complexity of convolving two Nth-order tensors is
O I2Nð Þ [9]. However, the computational complexity of
such convolution using TTs is O NI2Q3

� �
. Also, a sig-

nificant computational reduction using TTs, instead
of the original representation, is possible when comput-
ing the Hadamard product of two Nth-order tensors,
where the computational complexity is reduced from
O INð Þ to O NIQ3

� �
[5].

4. Diffraction and Imaging of Three-
Dimensional Scalar Optical Fields

As per the setup and coordinates shown in Fig-
ure 1, free-space Fresnel propagation of a three-dimen-
sional scalar optical field from a source, Us �; �; zð Þ,
could be written as its convolution

Figure 1. Setup of diffraction or imaging of three-dimensional sca-
lar optical fields.

Table 1. Simulation results of optical field diffraction

Size of source optical
field, voxels

Computational time, s
Storage

compression ratio
Complex field
‘2-norm errorDirect method TT method Speed up

561 3 561 3 121 421 12 353 8393 4.2369E�31

749 3 749 3 157 1777 36 493 12243 1.9905E�30

899 3 899 3 186 4915 182 273 15763 4.4705E�30

Figure 2. Optical intensity of the diffracted field along the z-axis
using (a) direct formulation and (b) our TT formulation.
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U x; y; zð Þ¼ Us �; �; zð Þ��;�;z hð�; �; zÞ
� �

x; y; zð Þ; (5)

with the free-space Fresnel propagation kernel

hð�; �; zÞ¼ expð jkzÞ
jkz

exp
jk
2z

�2 þ �2
� �� 	

: (6)

At a fixed distance z ¼ Z, we introduce a planar
(two-dimensional) rectangular aperture, P0 x; yð Þ, and a
thin lens with focal length f, to obtain

Pðx; y; z¼ZÞ¼P0 x; yð Þexp � jk
2f

x2 þ y2
� �� �

: (7)

Therefore, the resulting optical field at a three-
dimensional observation region is given by

Uobsðu; v; zÞ¼ U x; y; z¼Zð ÞP x; y; z¼Zð Þ
 ��
�x;yh x; y; zð Þ� u; v; zð Þ; (8)

where U represents the two-dimensional field immedi-
ately before the plane z¼ Z , and UP�x;yh represents
further propagation from this plane to the three-dimen-
sional observation region.

5. Tensor Train-Based Formulation of
Diffraction and Imaging of Scalar Three-

Dimensional Optical Fields

We start by representing the optical field at the
source, Us, free-space Fresnel propagation kernel, h,
planar rectangular aperture, P0, aperture with a thin
lens, P, and optical field at the observation region,
Uobs, as tensors, Us, H, P0, P, Uobs, respectively. Fur-
thermore, we represent these tensors by their TTDs

using the same mathematical notation used in (1)
[10].

Using (3) and (5), the TTD of the two-dimen-
sional optical field,U, at the plane immediately before
the aperture (z¼ Z), is given by

U ffi
��
Us

�ð Þ(� 2H s!Zð Þ �ð Þ;Us
�ð Þ(� 2H s!Zð Þ �ð Þ; 1

��
x; y; z¼ Zð Þ:

(9)

Using (4) and (8), the TTD of the two-dimen-
sional optical field at the plane immediately after this
aperture (z¼Z) is given by

U0 ffi
��

Us
�ð Þ(� 2H s!Zð Þ �ð Þ

� 

�2P xð Þ;

Us
�ð Þ(� 2H s!Zð Þ �ð Þ

� 

�2P yð Þ; 1

��
: (10)

Similar to (9), the propagation of this transmit-
ted field, U0, to a three-dimensional observation
region is described by another two-dimensional con-
volution. Therefore, the TTD of this observed field is
given by [11]

Uobs ¼
��

Us
�ð Þ(� 2H s!Zð Þ �ð Þ

� 

�2P xð Þ

h i
(� 2H Z!obsð Þ uð Þ;

Us
�ð Þ(� 2H s!Zð Þ �ð Þ� ��2P yð Þ� �

(� 2H Z!obsð Þ vð Þ;H Z!obsð Þ zð Þ
��
:

(11)

Figure 3. Lateral optical intensities of the diffracted field along the
z-axis using (a) direct formulation and (b) our TT formulation.

Table 2. Computation results of optical field imaging

Size of input
optical field, voxels

Computational time, s
Storage

compression ratio
Complex field
‘2-norm errorDirect method TT method Speed up

561 3 561 3 121 584 26 703 4133 1.2227E�30

749 3 749 3 157 2981 39 763 5933 1.0064E�29

899 3 899 3 186 8029 208 393 7573 1.692E�29

Figure 4. Optical intensity of the imaged field along the z-axis
using (a) direct formulation and (b) our TT formulation.
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6. Numerical Examples

We compared different results of simulations
of (8) and (11), where we refer to (8) as the direct for-
mulation and (11) as the TT formulation, which we
computed using the TT-SVD algorithm. Our first
numerical example used the setup in Figure 1 without
a lens to simulate the diffraction of a three-dimen-
sional source optical field by a rectangular aperture.
This scalar source field was numerically generated
using a finite-difference frequency-domain method
[12]. Different computational results of these simula-
tions are shown in Table 1. We note that as the dimen-
sions of the source optical field increase, the storage
requirement using the TT formulation becomes sig-
nificantly less than the storage requirement using the
direct formulation. In Figure 2, we show optical
intensities of the diffracted fields resulting from a
three-dimensional source field (899 3 899 3 186
voxels) along the z-axis (relative to the aperture
located at z ¼ Z) that were obtained using both direct
and our TT-based formulations. Lateral cross-sections
of these diffracted fields at different locations along z
relative to the aperture are shown in Figure 3. To
obtain these diffraction simulation results, the
required computer storage for the direct formulation
was 16.67 GB, while our TT formulation required
10.83 MB only.

Our second numerical example used the same
setup as in Figure 1 but with an added lens having a
focal length of 2 cm at the aperture to simulate imag-
ing of the same three-dimensional source optical fields
used in the first example above. Different computa-
tional results of these simulations are shown in Table 2.
Similar to our first numerical example, we note that as
the dimensions of the source optical field increase,
both computational times and storage requirements
using the TT formulation become significantly less
than these requirements using the direct formulation.
In Figure 4, we show optical intensities of the fields
resulting from imaging a three-dimensional source
field (899 3 899 3 186 voxels) along the z-axis (rela-
tive to the aperture located at z ¼ Z) that were obtained
using both direct and our TT-based formulations. Lat-
eral cross-sections of these imaged fields at different

locations along z relative to the aperture are shown in
Figure 5. To obtain these imaging simulation results,
the required computer storage for the direct formula-
tion was 22.38 GB, while our TT formulation required
30.28 MB only.

7. Conclusions

Multidimensional optical simulations could
involve impractical computational times and storage
requirements as the number of computational samples
typically increases exponentially with the number of
variables. Multidimensional array (tensor)-based rep-
resentations of multidimensional functions and their
decompositions could be used to overcome these
computational difficulties. TTD efficiently represents
a high-order tensor into a sequence of third-order ten-
sors, significantly reducing computational times and
storage requirements. We presented novel formula-
tions of diffraction by a planar aperture and imaging
by a thin lens of three-dimensional scalar optical
fields using TTD. Our numerical simulation examples
using our novel TT-based formulations demonstrated
a significant reduction in both computational times
(27–76 times) and computer storage requirements
(413–1576 times) compared with directly using origi-
nal formulations. Our results confirm the feasibility
and computational advantages of our TTD-based
formulations.
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