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Abstract – Recently, we analyzed the issue of
transient scattering for a slanted grating structure with
an air region in a dispersive medium by combining the
fast inverse Laplace transform method, Fourier series
expansion method, and multilayer division method. In
addition, we examined the influence of a slanted cavity
from the resulting waveform on reflected electric and
magnetic fields. In this article, we investigate the
dispersive periodic grating after deformation. Conse-
quently, we clarify the characteristics of the deformed
cavity from the differential waveform of the reflected
electric field.

1. Introduction

The transient scattering problem of electromag-
netic waves is of interest in many engineering
applications, including radar technology, such as shape
recognition obtained from time response analysis.
Recently, it has been applied in remote sensing and
the further development of imaging technology. How-
ever, its application becomes significantly challenging
in scenarios such as large-scale heavy rains caused by
the deterioration of the global warming phenomenon
worldwide. In Japan, the deterioration of infrastructure,
such as roads or tunnels during periods of high
economic growth, has become a social problem. The
damage to buried pipes in the subsurface or the
formation of cavities due to the seepage of rainwater
underground can be considered one of the reasons for
deterioration of roads or tunnels. Due to the above-
mentioned reason, for example, the various shapes of
cavities are formed by the state of the underground
structure. Thus, it is necessary to monitor or regularly
inspect the subsurface structure. In particular, ground-
penetrating radar [1, 2] is handy in exploring the target
objects in the subsurface structures. In this way, to
express the underground structure with heterogeneous
and complicated cavities, the subsurface structure is
modeled by a periodic structure in our research.

This study aims to obtain the characteristics of a
deformed cavity composed of a slanted grating
structure. Consequently, we analyzed the transient
response for slanted grating with the deformed cavity
by combining the fast inverse Laplace transform (FILT)
[3], Fourier series expansion method [4], and multilayer
division methods [5, 6] and investigate the influence of

the deformed cavity on the resulting waveform obtained
from time response analysis.

2. Method of Analysis

We consider the structure for dispersive periodic
grating after deformation and reflective plate embedded
at x ¼ d0 as shown in Figure 1. S1(x � 0) is free space
with a dielectric constant e0. In S2(0 , x � d0), the
dispersive medium eðsÞ and deformed cavity e0 are
arranged in a periodic grating structure of period length
p. Figure 1 is periodic in the y-direction and uniform in
the z-direction. Here, the width of the slanted region is
w, the slanted angle h is defined as tan�1ðd=d0Þ, and d is
a parameter of the slanted width. The permeability in all
the regions is assumed to be l0. The time factor of the
electromagnetic fields is assumed to be expðstÞ in the
complex frequency domain and is suppressed in this
study.

The TE (the electric field has only the z-
component) case is discussed in the following formu-
lation. The electromagnetic field in the complex
frequency domain is expressed as ‘‘^’’ and distinguished
from those in the time domain. The waveform of the
incident pulse at x ¼ 0 is assumed to be a sine pulse in
the time domain, and its image function can be
expressed as follows:

bEðiÞ0 ¼
x0

s2 þ x2
0

1� e�stwð Þ ð1Þ

where x0ð:¼ 2p=twÞ is angular frequency, s is the
complex frequency, twð:¼ 1=f0Þ is the pulse width, and
f0 is center frequency. When the sine pulse is assumed
to be a normal incidence from x � 0, the electric field in
S1 is expressed as follows:

bEð1Þz ðx; yÞ ¼ bEðiÞz ðxÞ þ bEðrÞz ðx; yÞ ð2Þ
where the incident electric field bEðiÞz ðxÞ and reflected
electric field bEðrÞz ðx; yÞ are expressed as follows:

bEðiÞz ðxÞ ¼ bEðiÞ0 e�k̂0x ð3Þ

bEðrÞz ðx; yÞ ¼
XN1

n¼�N1

Rne
bkðnÞ

1
x�i2np

p
y ð4Þ

bkðnÞ1 :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibk2

0 � ð�i2np=pÞ2
q

; bk0 :¼ s=c0 ð5Þ

where N1 is the truncation mode number of the
electromagnetic field, bk0 is the wave number in free
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space, c0 is the velocity of light, and bkðnÞ1 is the

propagation constant in the x-direction.

In the region S2, the electromagnetic field can be

expressed by applying the multilayer division method,

as shown in Figure 2. The region S2 is divided into M

thin slanted layers, and the permittivity distribution

eðs; x; yÞ in each layer is approximated using a step-

index profile in the y-direction. To determine the

electromagnetic fields in each thin layer, we expand

the electromagnetic fields using eigenvalues h
ðlÞ
m and

eigenvectors u
ðlÞ
m;n obtained from the eigenvalue equation

[5] as follows:

bEð2;lÞz ðx; yÞ ¼
X2N1þ1

m¼1

½aðlÞm þ bðlÞm �
XN1

n¼�N1

uðlÞm;ne�i2np
p

y ð6Þ

aðlÞm :¼ AðlÞm e�h
ðlÞ
m fx�ðl�1Þdmg; bðlÞm :¼ BðlÞm eh

ðlÞ
m fx�ldmg ð7Þ

dm :¼ d0=M ; 1 � l � M ;

bH ðjÞy ðx; yÞ :¼ 1

l0s

]bEðjÞz ðx; yÞ
]x

; ðj ¼ 1; 2Þ ð8Þ

where the superscript l indicates the lth layer and

A
ðlÞ
m ,B

ðlÞ
m are unknown coefficients to be determined

from the boundary conditions. In the previously

mentioned electromagnetic fields, we derived the

relational expression of the unknown coefficients from

boundary conditions at x ¼ 0, x ¼ d0 and x ¼ ldm

(l ¼ 1 ;ðM � 1Þ).
First, the following equations can be obtained by

matrix algebra from the boundary conditions at x ¼ 0
and x ¼ d0:

Q1Að1Þ þQ2Bð1Þ ¼ Ei ð9Þ

Q3AðMÞ þQ4BðMÞ ¼ 0 ð10Þ
where

Qj :¼ ½qðjÞm;n �; j ¼ 1 ; 4;

qð1Þm;n :¼ ðbkðnÞ1 þ hð1Þm Þuð1Þm;n ; q
ð2Þ
m;n :¼ ðbkðnÞ1 � hð1Þm Þuð1Þm;ne�h

ð1Þ
m dm ;

qð3Þm;n :¼ e�h
ðMÞ
m dm uðMÞm;n ; q

ð4Þ
m;n :¼ uðMÞm;n ;

m ¼ 1 ;ð2N1 þ 1Þ;�N1 � n � N1;

AðiÞ :¼ ½AðiÞ1 ;A
ðiÞ
2 ; � � � ;A

ðiÞ
2N1þ1�

T ;

BðiÞ :¼ ½BðiÞ1 ;B
ðiÞ
2 ; � � � ;B

ðiÞ
2N1þ1�

T ; i ¼ 1 or M ;

Ei :¼ ½0; � � � ; ðk0 þ k
ðnÞ
1 ÞE

ðiÞ
0 ; � � � ; 0�

T ; T ¼ transpose:

Using the boundary condition at x ¼ ldm, the
following matrix relation between Að1Þ;Bð1Þ and AðMÞ;
BðMÞ can be obtained:

Að1Þ

Bð1Þ

� �
¼ G

ð1Þ
1 G

ð1Þ
2

G
ð1Þ
3 G

ð1Þ
4

 !
� � � G

ðM�1Þ
1 G

ðM�1Þ
2

G
ðM�1Þ
3 G

ðM�1Þ
4

 !
AðMÞ

BðMÞ

� �
;

¼ G1 G2

G3 G4

� �
AðMÞ

BðMÞ

� �
ð11Þ

where

GðlÞj :¼ ½gðj;lÞm;n �; j ¼ 1 ; 4; l ¼ 1 ;ðM � 1Þ;

gð1;lÞm;n :¼ CðlÞm;n þ CðlÞm;nhðlþ1Þ
m

.
hðlÞm

h i
eh
ðlÞ
m dm

.
2;

Figure 1. Structure of the dispersive medium with a deformed cavity.

Figure 2. Example of the approximated multilayer division method
for a deformed region.
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gð2;lÞm;n :¼ CðlÞm;n � CðlÞm;nhðlþ1Þ
m

.
hðlÞm

h i
e�ðh

ðlþ1Þ
m �h

ðlÞ
m Þdm

.
2;

gð3;lÞm;n :¼ CðlÞm;n � CðlÞm;nhðlþ1Þ
m

.
hðlÞm

h i.
2;

gð4;lÞm;n :¼ CðlÞm;n þ CðlÞm;nhðlþ1Þ
m

.
hðlÞm

h i
e�h

ðlþ1Þ
m dm

.
2;

CðlÞm;n :¼ ½uðlÞm;n�
�1 � ½uðlþ1Þ

m;n �;

m ¼ 1 ;ð2N1 þ 1Þ;�N1 � n � N1

Eliminating Að1Þ, Bð1Þ, and BðMÞ from (9)–(11), the
following matrix simultaneous equation is obtained:

Xt � AðMÞ ¼ Ei ð12Þ
where

Xt :¼ ½ðQ1G1 þQ2G3Þ � ðQ1G2 þQ2G4ÞQ�1
4 Q3�:

We determine the other unknown coefficients
Að1Þ, Bð1Þ, and BðMÞ by solving (12). Therefore, we
evaluated the reflection coefficients Rn using the
unknown coefficients. The reflected electric field
EðrÞz ðx; yÞ in the complex frequency domain obtained
from (4) is transformed into the normalized time
domain by utilizing the following FILT method [3]:

EðrÞz ðTÞ ¼
1

2pi

Z cþi‘

c�i‘

EðrÞz ðS;X ; Y ÞeST dS;

¼ ea

T

XN

n¼1

Fn þ 2�J
XJ

L¼1

CJLFNþL

" #
ð13Þ

where

Fn ¼ ð�1ÞnIm bEðrÞz ðX ; Y Þ
h i

; S :¼ aþ iðn� 0:5Þp
T

;

CJJ ¼ 1;CJL�1 :¼ CJL þ
J!

ðL� 1Þ!ðJ � L� 1Þ!
Here, N is the truncation mode number of the

FILT method, J is the number of terms in the Euler
transformation, Sð:¼ stwÞ is the normalized complex
frequency, Tð:¼ t=twÞ is the normalized time, and
X ð:¼ x=d0Þ and Y ð:¼ y=pÞ are the normalized coordi-
nates.

3. Numerical Results

The values of the chosen parameters were
f0 ¼ 1GHz, normalized period Pð:¼ p=ðtwc0ÞÞ ¼ 1,
normalized depth D0ð:¼ d0=pÞ ¼ 0:2, and normalized
width of slanted region Wpð:¼ w=pÞ ¼ 0:5. Thus, the
dispersive medium is expressed using the parameters
(gm, nm, Hm, s0, s) with 5% soil moisture eðsÞ [7] as
follows:

eðsÞ
e0

¼ 1þ
X3

m ¼ 1

H2
m

s2 þ gmsþ n2
m

þ s
1þ ss0

ð14Þ

For all the results, the calculation parameters are
fixed as N1 ¼ 20, M ¼ 10, a ¼ 4, N ¼ 10, J ¼ 5, and
X ¼ 0, Y ¼ 0.

The time response waveform for the reflected
electric field EðrÞz ðTÞ obtained by varying the normal-
ized slanted width Dð:¼ d=d0Þ is shown in Figure 3,
where the effect of D is seen at 0:5 , T , 2:0 as D
increase. From the figure, rD ¼ 0:0, sD ¼ 0:1, and
tD ¼ 0:2. This effect is almost similar to the case
with the previous slanted air region [4, 5]. We
examined the differential waveform based on the
results obtained from Figure 3 to validate this
effect.

The differential waveform f ðrÞz ðTÞ obtained using
the results of r, s, and t in Figure 3 is shown in
Figure 4. The following features can be observed in
Figure 4:

(1-1) The phase of both the results was almost the
same. However, a phase difference was observed from
approximately T ¼ 2:5.

(1-2) The shape of the deformed cavity can be
identified from the response amplitude using only the
reflected electric field. This point differs from the
influence in the case of a previous slanted cavity [4,
5].

Figure 3. Waveform of time response by varying the slanted width
D.

Figure 4. Differential waveform in Figure 3.
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4. Conclusions

This study investigated the transient response
analysis for a dispersive periodic grating after defor-
mation using the combination of FILT, Fourier series
expansion, and multilayer division methods. In addition,
we investigated the influence of the deformed cavity on
resulting waveforms. Consequently, we obtained the
characteristics of the deformed symmetric cavity from
the differential waveform of the reflected electric field.

The influence of an arbitrary cavity shape that
comprises a slanted structure will be investigated in the
future.
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