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Abstract — In this article, the estimation of
transverse resolution in a typical through-the-wall radar
imaging scenario under a linearized scattering approx-
imation is addressed. The geometry is scalar and two-
dimensional, and the data are collected at a single
frequency with a monostatic configuration. The mea-
surement domain is located near the no-reactive zone,
so that the evanescent contribution can be neglected,
and the resolution is limited mainly to the configuration
parameters. In particular, we succeed in estimating a
closed formula that highlights the role of the configu-
ration parameters on the achievable resolution.

1. Introduction

The electromagnetic wave capability to “see”
through obstacles, such as walls, doors, and other
visually opaque materials, is considered a powerful tool
for a variety of applications, both military and civilian.
Through-the-wall radar imaging (TWRI) needs to solve
an electromagnetic inverse scattering problem within a
nonhomogeneous scattering scenario representing the
wall [1-3]. As is well known, such a problem is
nonlinear and ill-posed. However, if quantitative
reconstructions are not required, the problem can be
linearized, for example, using the Born approximation.
Accordingly, this article considers the TWRI problem
under a linearized scattering approximation. The ill-
posedness can be addressed by introducing some
regularization procedures [4]. However, they lead to a
trade-off between accuracy and stability, limiting the
achievable resolution. In this framework, determining
the achievable resolution and how it depends on the
configuration parameters is of great importance since,
having set the configuration, one can foresee the
achievable performance during the imaging stage, or,
vice versa, given the resolution, the configuration can be
settled accordingly [5—7]. The aim of this article is to
find an analytical estimation of the transverse resolution
for a through-the-wall scenario and how it is affected by
configuration parameters. Since the framework is linear,
the resolution can be estimated as the main lobe width
of the point-spread function (psf), defined as the
impulsive response of the system composed of the
cascade of the forward operator and its regularized
inverse. The psf shows how the point scatterer spreads
because of the filtering process introduced by the
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inversion scheme. In general, the psf (and hence
resolution) can depend on the imaging algorithm (or,
equivalently, on the adopted regularization scheme).
However, it can be shown that if no a priori information
concerning the sparsity on the unknown solution [8—10]
is exploited, different regularization schemes introduce
a similar filtering on the unknown solution. While for
data collected in the far field the psf is a band-limited
function that results in a spatially invariant filtering, in
the near field, this is not true. However, it can be shown
that if the wall thickness and the distance between the
investigation and the measurement domains is suffi-
ciently large, the evanescent wave contribution can be
neglected, and the psf can be expressed as a function
with a spatially varying band [5—7]. This results in a
spatially varying filtering on the unknown solution that
implies a nonuniform behavior of the resolution. In
particular, we succeed in reexpressing the psf as a band-
limited function with respect to a proper “warping”
variable [5—7] whose dependence on the starting
variable is nonlinear. Accordingly, the uniform main
beam width of the psf in the warping variable becomes
nonuniform in the starting variable. Finally, the
achievable transverse resolution for TWRI is compared
to the ones obtainable for subsurface and homogeneous
scenarios. This article can be considered a companion
of [11], where the focus was on determining a sampling
strategy for collecting a scattered field.

2. Scattering Model

Consider the classical TWRI scenario sketched in
Figure 1, where the wall is schematized as a three-layer
medium (air-wall-air) with L and ¢, the wall thickness
and permittivity. Invariance occurs along the y-axis, so
the problem is scalar and two-dimensional. The
investigation domain is a strip SD = [—X,, X,| parallel
to the x-axis, located at the depth z and embedded
within the third layer. Data are collected at a single
frequency with a monostatic configuration where the
transmitting and receiving antenna move together along
the segment OD = [-X,, X,] placed at z, in the first
layer. Under the Born approximation, the scattered field
E, is given by

Ex) =om [ Glratodr (1)
SD
with ko the free space wavenumber. Equation (1) in
operator notation is written as

Ay e L*(SD) — E € L*(OD) (2)
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Figure 1. Geometry of the problem.

The function y(x) = (g4(x) — &g)/eg is the so-called
contrast function, with & being the dielectric permit-
tivity of the unknown scatterer, representmg the
unknown solution of the problem. The function G*(x,,
x,) is the square of G(x,, x,), that is, the Green function
accounting for a three-layered background medium
whose spectral representation is reported in [2]. If it is
assumed that L> 2 and z — L — z, > 4, with / the free
space wavelength and n = /e, the refractive index, the
exponential terms in the spectral representation of G(x,,
x) are very oscillating terms, and hence the asymptotic
evaluation of the integral can be applied, resulting in

G(x,,x) ~ /h(x,,x)e 7Fod (o) )

where \/h(x,,x) is the relevant amplitude factor and
¢(xy, X) = (Ro1 + Roz + nR) is the phase term that
takes into account the three paths from the target point
r = (x, z) to the field point r, = (x,, z,), through
which the waves propagate. In particular, Ry =

\/(xml (X0, 1) —

and R = \/(xmz(xo,r) — X1 (X0, 7)) + L2 are the two
paths traveled by the waves in free space and the one
traveled by the waves in the wall, respectively. Finally,
Xm1(x,, X) and x,,5(x,, x) are the refraction points, which
are given by Snell’s law as

(L+Z(,) Ry = \/(X—xmz(xo r)) +22

Xml — Xo Xm2 — Xml X — Xm2
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By adopting the classical Rayleigh criterion, the achiev-
able resolution can be estimated as the distance between
the maximum and the first zero of the psf of the imaging
procedure. The latter represents the reconstruction of a
point-like scatterer. Let {u,,Vv,,0,},_, be the singular
system of the scattering operator, with u,s and v,s
spanning the domain of the operator A (Dom(A)) and
the closure of its range (R(.A)), respectively. By exploiting
as an inversion algorithm the truncated singular value
decomposition [4], the psf can be formally expressed as

Zun tn (5)

Say that ¢ is the noise-dependent truncation level and that
N, is the number of singular values above it. Equation (5)

psf (x,x')
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shows that the psf and hence the resolution can be in
general noise dependent. In practice, the assumptions L
> " and z — L — z, > J¢y imply that the evanescent
contribution can be neglected. As a consequence, the
singular values exhibit an abrupt exponential decay
beyond a certain critical index, and it is natural to
identify such an index as the so-called number of degrees
of freedom of the problem. As a consequence, the psf
turns out to be weakly dependent on the signal-to-noise
ratio and the regularization scheme. Hence, the resolution
depends mainly on the configuration parameters. Since
(5) is not known in closed form, in the next section we
look for an approximation of it.

3. Point-Spread Function Estimation

According to [5—7], we look for an approximation
of (5) by exploiting the weighted adjoint method
(WAM) as inversion scheme. The reconstruction can
be written as

7a0) = (AW (xx) A7) ) = [ 7t
Xo .
W (x, X0 )h* (xo, X)R(x,, ¥ )X PE0) =00 g - (6)
-X,

where W(x, x,) is a weighting function. Such an
inversion scheme differs from common adjoint-based
methods because of W(x, x,), which makes such an
inversion scheme a regularization in the sense of
Tichhonov [4]. While in adjoint methods only the
propagator phase is precisely compensated at the target
position, in WAM the weighing function allows one to
properly address also the amplitude term. In fact, W
must be chosen so that the corresponding psf is as close
as possible to a filtered version of a Dirac-delta
function. By following the same steps developed in

[7] and by choosing W (x,x,) = 2|’7 Olo) | _1_ - we

. . dxo0x |h<x07x)‘2’
arrive at the following psf estimation:

psfw(n.n') = 20D sinclko(n — )] (7)

where 7(x) = [¢p(—Xp,x) + ¢(Xo,x)] and n(x) = [¢
(—X(),X) - (,ZS(X(),X)}

To make explicit the dependence of 7(x) in terms of
x, we need to determine the two refraction points x,,; and
X,» by solving (4). This issue can be simplified by
exploiting an equivalent two-layered model (see [2]). This
allows one to reexpress the phase term in (3) as ¢(x,, x) =

(X3 — xo)2 + 12

and Ry(x,,x) = \/(x —xm3)> + (z — L — z,)* in terms of
only one refraction point x,,; fulfilling

nR(x,, X) + Ro(x0, x) with R(x,,x) =

X = Xm3 Xm3 — Xo
= 8
"R (8)
By introducing this equivalent reformulation, the
dependence of #(x) in terms of x becomes
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Figure 2. Normalized psf amplitudes for (a) f=1.2 GHz, n =3, d=
0.25m,z,=—0.5m,z=0.5m, X,=1m, X;=1 m,and x' =0 m; (b) x’
=0.5m; and (c) x’ =0.7 m. The blue lines refer to psf, whereas the red
ones to psfy.
n(x) =n
2 2 2
i (o 400 + 224/ (1 (6) =2 + (2= L= 2,)~

(X — A0 + 22—\ (BE) — 0P + — L —2,)7]

with fi(x) = x,3(=Xo, x) and fo(x) = x,3(Xo, x). By
exploiting fi(—x) = —f2(x), (9) can be rewritten as

1x) = b/ (o +fi))? + 22
V() =3 + - L -2
=y (o +fi (=) + 12
V() 40+ 2= L 2]

This makes it clear that #(x) is an odd function of x and,
hence, 7(X;) = —n(=X)).

In order to ensure that psfjy returned by (7)
provides a good approximation of psf, some numerical
examples are considered. The psf is obtained by
numerically computing the singular system of A and
by retaining in (5) the singular functions corresponding
to the singular values preceding the abrupt decay. The
simulations show an excellent agreement between psfy
and psf. As a representative example, here we report the
case shown in Figure 2. The parameters are X;=1 m, z=
05m,Xg=1m,z,=—0.5m,L=025m,n=3, and ky=
8 m ', Each panel of the figure shows psf (blue line)
and psfyy (red line) for different locations of the point-like
scatterer: x’ =0 (a), x’ = 0.5 (b), and x’ = 0.7 (c). As can
be appreciated, the two functions overlap very well;
accordingly, it can be concluded that (7) works very well
and can be used to estimate the achievable resolution.

(10)

4. Resolution Estimation

By applying Rayleigh’s criterion, the resolution is
estimated as the main lobe of psfy(#, n’). By doing so, it

is immediately seen that, in the # wvariable, the
resolution is Ay = %, which, in terms of the x variable,
is

m

N+ A) = n(x) = - (1)
0

It is evident that since the relationship between #7(x) and
x is nonlinear, uniform resolution in 7 becomes
nonuniform in x. This means that a target along the x-
axis is not reconstructed with the same resolution. Such
a spatially varying behavior is common in the near field,
and it is already observed for other configurations, such
as homogeneous and subsurface scenarios. However,
here the dependence between #(x) and x is affected by
geometrical parameters in a different way. In particular,
it is interesting to compare the resolution for three
scenarios: the TWI scenario (Ax,,), the subsurface
scenario (Axg), and the free space homogeneous
scenario (Axy). For the subsurface scenario, the third
layer in Figure 1 is assumed equal to the second one
with relative permittivity ¢,. Also, in this case, we need
to solve (11) for Ax, but the dependence of # in terms of
x is different and given by

M) = /(Ko + (1) + (—2, — L+
() =2 + (2 4+ L)~

— (o + A (=) + (=20 — L—

- n\/(ﬁ(fx) +x)> + (24 L)

with f3 solving

x—fs

VB =7+ (+ L)

_ fs+Xo 13)
Vo + A0 + (~z - L)

For the homogeneous scenario, 7 in terms of x is

() = /(Ko +3)° + (2 — 2,)°
N \/(Xo—x)z—i— z—z)  (14)

Figure 3 shows Ax,,, Axy, and Axj, in terms of x
for two values of Xj. The other parameters are set as in
the example shown in Figure 2. As can be seen, for the
all scenarios, resolution gets worse when x moves
toward the edges of SD. However, as X, increases, it
tends to become constant. Therefore, the nonuniform
behavior of the resolution is essentially due to
truncation effects. Moreover, having fixed the config-
uration parameters, Ax,, is always lower than Ax;, but
larger than Axg. Accordingly, this entails that recon-
structions can benefit from a priori information
concerning the features of the nonhomogeneous sce-
nario. In particular, this is especially true for the
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Figure 3. Ax,, (yellow line), Ax, (red line), and Ax,, (blue line)
normalized with respect to 4 is shown in terms of x for two values: (a)
Xo: Xo =1 m and (b) Xy = 1.5 m. Other parameters are the same as
Figure 2.

subsurface case. In fact, as can be seen, Ax,, at the
center of SD reaches Ay/4. This is the best resolution if
evanescent waves are neglected.

5. Conclusion

In this article, the estimation of transverse
resolution in a typical TWRI scenario has been
addressed. In particular, a closed formula expression
that highlights the role of the configuration parameters
on the achievable resolution has been derived. Like the
homogeneous and subsurface scenarios, the bounded-
ness of observation domain JXj introduces a spatially
varying behavior, meaning that a target along the x-
axis cannot be reconstructed with the same accuracy.
However, the dependence of Ax,,,, Ax,, and Ax;, on the
geometrical parameters is different. In fact, it is shown
that Ax,, is always lower than Ax;, but larger than Ax,,.
Accordingly, the reconstructions can benefit from a
priori information concerning the nonhomogeneous
scenario.
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