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Abstract – We present an approach based on
parallel computing on graphics processing units using
the CUDA language for the evaluation of the Cloude
and Pottier decomposition. The computation of eigenvalues and eigenvectors of the 3 3 3 covariance matrix
is worked out by exploiting its Hermitian property by a
‘‘Cardano-like,’’ direct analytical scheme. Numerical
results show the beneﬁts of the approach.

been adopted to speed up image formation and
optimization.
Here, we introduce a computational approach
based on parallel computing on GPUs using CUDA [17]
and on a fast numerical computation of eigenvalues and
eigenvectors of the covariance matrix for the evaluation
of the C&P decomposition. Results on ALOS-PALSAR
data show how speedups of more than 450 TB can be
reached.

1. Introduction
Polarimetry [1, 2] is a widespread and assessed
technique of synthetic aperture radar (SAR) due to its
many applications, including agriculture monitoring [3],
sea ice classiﬁcation/characterization [4, 5], sea oil slick
observation, [6] and target detection beneath foliage [7].
In 1996, Cloude and Pottier (C&P) [1] proposed to
describe the polarimetric characteristics of natural
scenes in terms of two parameters, namely, entropy
and alpha angles, which account for the purity and type
of the scattering mechanisms, respectively. Computationally, the decomposition consists of a pixelwise
calculation of eigenvalues and eigenvectors of 3 3 3
covariance matrices. Although the calculation scheme
appears to be simple if set up using library (e.g., Python,
IDL) routines, the computation can be burdened for
large SAR images, especially for the recently operating
sensors, for which the ﬁnal result can be obtained in
long times. For example, in [8], approximately 250 TB
of ScanSAR data were processed to produce forest
maps with reliable information about the spatial and
temporal behavior of tropical forests. Real-time SAR
processing is a key technology in Earth observation, and
improving the real-time SAR processing capability is a
key issue [9]. Thus, achieving an adequate acceleration
of polarimetric SAR methods appears to be timely and
appealing.
Throughout the literature, a relevant effort has
been devoted to acceleration of SAR processing in
general [10, 11], many times reached by parallelization
on graphics processing units (GPUs) [12–15]. However,
the effort has been focused mainly on accelerating
classical or advanced SAR image formation. Little has
been done for classical SAR polarimetric schemes, as,
even in recent contributions such as [16], the GPU has
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2. Fast Processing for SAR Polarimetry
Today, GPUs are massively parallel machines in
which thousands of cores can ‘‘simultaneously’’ execute
millions of computational threads. The possibility of
executing millions of threads ‘‘simultaneously’’ is
related to the possibility of context switching, by which
the latency of read/write memory operations is masked
by computational tasks. Moreover, GPUs are now
equipped with large memories to deal with large
problems and have become an essential tool in many
scientiﬁc applications. Thus, they enable the acceleration of highly burdened code sections for hybrid, CPU/
GPU executions.
One area for which GPUs show the best
performance is image processing, especially when the
pixels require independent computations, leading to an
‘‘embarrassingly parallel’’ problem, as for the C&P
decomposition.
The C&P decomposition relies on the computation of eigenvalues and eigenvectors of the covariance
matrix for each image pixel. In the proposed parallel
approach, each GPU computational thread is essentially
appointed to compute the eigendecomposition of the
covariance matrix for a different pixel.
Generally, in numerical computation, eigenvalues
and eigenvectors are evaluated through library routines
that typically implement iterative approaches. Thus, our
problem requires a library capable of computing the
eigendecomposition of a large number of small
matrices, a tool that is not widespread. Nevertheless,
for the problem under examination, it is possible to
exploit the small size (3 3 3) of the covariance matrix as
well as its Hermitian property to devise an alternative
method using a direct analytical, ‘‘Cardano-like’’
scheme [18]. Being analytical, it is fast and simple
since it does not require the setup of general purpose,
parallel iterative numerical methods [19, 20] or the use
of already developed CUDA parallel libraries [21]. It
also accurate since it avoids the typical round-off errors
of iterative methods, and the results do not depend on an
initial guess.
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3. The Cardano-Like Approach
To illustrate the proposed Cardano-like approach,
we adopt the following rewriting of the coherency
matrix T [1, 22]:
2
3
a11 a12 a13
ð1Þ
T ¼ 4 a12 a22 a23 5
a13 a23 a33
The schemes to compute the eigenvalues and
eigenvectors are summarized in the following two
subsections.
3.1 Eigenvalue Calculation
To compute the eigenvalues, we resort to the
characteristic equation of matrix (1), which is the thirdorder polynomial




ð2Þ
T  kI  ¼ PðkÞ ¼ k3 þ c2 k2 þ c1 k þ c0
where I is the unit matrix and
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>
>
>
>
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>
>
>
ja13 j2  ja23 j2
>
:
c2 ¼ a11  a22  a33
ð3Þ
Note that all the coefﬁcients of polynomial P(k)
are real.
Equation (2) can be solved by the method devised
by Ferro, Tartaglia, and Cardano. In particular, the
eigenvalues ki, i ¼ 1, 2, 3, can be reliably computed by
the numerically robust formulas
pﬃﬃﬃ
p
c2
xi  ; i ¼ 1; 2; 3
ð4Þ
ki ¼
3
3
pﬃﬃﬃ
where x 1 p¼ﬃﬃﬃ 2cosu, x2 ¼  cos u  3 sin u, x3 ¼
 cos u þ 3 sin u,
8qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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:
;
3
q
ð5Þ
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c22

c32

 3c1 ; and q ¼ ð27=2Þc0  þ ð9=2Þc1 c2 :
It can be stated that the absolute accuracy of the
approach is Oðekmax Þ, where kmax is the largest
eigenvalue and e is machine precision. This may imply
some loss of relative accuracy for very small eigenvalues. However, very small eigenvalues are symptomatic
of a missing scattering mechanism; they are typically
thresholded from a polarimetric point of view, and,
accordingly, the increased relative error has no
consequence.
3.1.1 Eigenvectors Calculation: Once the eigenvalues of T have been computed, the calculation of the

eigenvectors can be performed by resorting to the
fundamental equation

T  ki I  vi ¼ 0; i ¼ 1; 2; 3
ð6Þ
By taking the Hermitian of (6), we have

vyi  T  ki I ¼ 0; i ¼ 1; 2; 3

ð7Þ

On multiplying (7) by the unit vector ^ej , having all
the elements equal to 0 except for the jth, which is 1, we
obtain

vyi  tj  ki^ej ¼ 0; i; j ¼ 1; 2; 3
ð8Þ
where tj is the jth column of T . Consequently, vyi is
simultaneously orthogonal to ðt1  ki^e1 Þ and ðt2 
ki^e2 Þ. Therefore, as long as such two vectors are
linearly independent, vi can be chosen as
vi ¼ ½ðt1  ki^e1 Þ 3ðt2  ki^e2 Þ
as

ð9Þ

If ðt1  ki^e1 Þ ¼ lðt2  ki^e2 Þ, then vi can be chosen
0

1
1
1
vi ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ @ l A
0
1 þ jlj2

ð10Þ

The above procedure fails in case of degenerate
eigenvalues since, in this case, it determines only one of
the two corresponding eigenvectors. If k1 ¼ k2, then v2
is computed as the cross product of v1 and one of the
columns of T  k1 I. Indeed, from (8), vy2 is orthogonal
to ðtj  k2^ej Þ; j ¼ 1; 2; 3. Furthermore, it must be also
orthogonal to v1. Accordingly, it can be chosen as
v2 ¼ ½v1 3ðt2  ki^e2 Þ

ð11Þ

4. PyCUDA Implementation
The GPU implementation has been carried out by
using the PyCUDA library [23], which enables
accelerating the most time-consuming sections of a
Python code through CUDA kernels. In this way, it has
been possible to accelerate an already existing polarimetric decomposition code written in Python language.
Such a code is a state-of-the-art, open-source SAR
polarimetric code [24] that employs the Numpy library
for eigenvalue and eigenvector calculation. For the
problem at hand, such a library adopts the LAPACK
routine _heevd, calculating the eigendecomposition of a
complex Hermitian matrix using a divide-and-conquer
algorithm.
The polarimetric decomposition has been fully
accelerated in CUDA by appointing each computational
thread to perform the calculations associated to a
different pixel. In this way, each thread evaluates the
eigendecomposition of a different matrix T by exploiting the Cardano-like approach discussed previously. In
other words, the original Python code runs on a
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Table 1. Computational performance of the GPU vs. CPU approach
Size
1248 3 2633
2496 3 5266
3744 3 7899

GPU (s)

CPU (s)

Speedup

0.50
1.70
3.76

297
1198
2618

594
705
696

traditional CPU, iterates over the pixels sequentially in
a loop, and exploits the LAPACK routine to compute
eigenvalues and eigenvectors. On the other hand, the
PyCUDA approach runs on a GPU, thus parallelizing
over the pixels, and uses an analytical method for the
same purpose.
The CUDA kernels implement the approach in
[18], with the only difference being that double
precision was considered, while here single precision
has been dealt with.

5. Results
We now assess the performance of the proposed
method by comparing it with that of the preexisting
sequential Python code. The CPU and GPU codes
have been run on the ml.p3.2xlarge instance of
Amazon Web Services (Amazon SageMaker) comprising a Tesla V100-SXM2-16GB GPU, Compute
Capability 7.0, and an Intel Xeon CPU E5-2686 v4 at
2.30 GHz.
The performance assessment has been worked out
using polarimetric ALOS-PALSAR data of size 1248 3
2633.
A signiﬁcant speedup has thus been achieved. To
further assess the computational performance for larger
data sets, the original image has been resampled with
23 and 33 factors and the computing times measured.
Table 1 summarizes the achieved results. Again, the

GPU implementation shows its signiﬁcantly faster
performance.
An accuracy analysis has been also performed.
Figure 1 shows the map of the ﬁrst computed eigenvalue (second and third eigenvalues are omitted for
brevity), having ordered the eigenvalues in a decreasing
order, while Figures 2–4 display the calculated
corresponding a angles for the CPU and GPU cases.
Likewise, Figures 5 and 6 can be used to compare the
entropy and the average a angle for the sequential and
parallel computations. As can be seen, the Cardano-like
approach and the LAPACK-based approach return very
similar results. This is conﬁrmed by Table 2, which

Figure 1. First eigenvalue. Top: CPU. Bottom: GPU.

Figure 3. Second alpha angle. Top: CPU. Bottom: GPU.

Figure 2. First alpha angle. Top: CPU. Bottom: GPU.
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Figure 4. Third alpha angle. Top: CPU. Bottom: GPU.

Figure 6. Average alpha angle. Top: CPU. Bottom: GPU.
Table 2. Percentage root mean square (RMS) error achieved with
GPU processing
Parameter

Percentage RMS
4.02  105
8.98  104
1.09  10–3
9.77  10–3
5.30  10–3
3.24  10–3
1.05  10–5
2.09  10–3

k1
k2
k3
a1
a2
a3
Entropy
Average alpha

6. Conclusions and Future Developments

Figure 5. Entropy. Top: CPU. Bottom: GPU.

reports the root mean square errors achieved with GPU
processing compared to CPU processing. The accuracies are consistent with the results in [18] if cast to
single precision. Concerning the eigenvalues, the main
discrepancies involve the smallest ones, as expected.
The evaluation of the a angles exhibits an accuracy
comparable to that obtained for the eigenvectors. The
entropy computation has an accuracy close to that of the
ﬁrst eigenvalue since it provides the most relevant
contribution. Opposite to that, the evaluation of the
average a angle has an accuracy comparable to that
relative to the eigenvector calculation.

We have accelerated the C&P polarimetric
decomposition by an algorithmic/hardware approach.
The numerical acceleration has been obtained by
computing the eigenvalues and eigenvectors of the
relevant coherency matrix by a Cardano-like approach.
The hardware acceleration has been achieved by GPU
processing. The approach can be easily extended to the
computation of beta angles and generalized to cases
when the relevant matrix to decompose is nonHermitian [25].
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