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Plane-Wave Diffraction by a Slit in a
Thin Material Screen

Takashi Nagasaka and Kazuya Kobayashi

Abstract — H-polarized plane-wave diffraction by
a slit in a material screen is analyzed using the Wiener—
Hopf technique and generalized boundary conditions.
Exact and high-frequency asymptotic solutions are
obtained. The scattered field is evaluated asymptotically
based on the saddle-point method, and a far-field
expression is derived. Numerical examples on the far-
field intensity are presented and the scattering charac-
teristics of the slit are discussed.

1. Introduction

Analysis of the scattering by a slit in a material
screen is an important topic in diffraction theory and
relevant for many engineering applications. Slit struc-
tures provide simple diffraction problems that describe
the effect of multiply diffracted fields. A number of
scientists have analyzed slit-diffraction problems using
various analytical and numerical methods. In our
pervious work [1, 2], we have analyzed the plane-wave
diffraction by a thin material strip using the Wiener—
Hopf technique [3] and approximate boundary condi-
tions [4], and obtained a rigorous, high-frequency
solution. In this article, we shall consider a slit in an
infinitely thin material screen and analyze the H-
polarized plane-wave diffraction with the aid of the
Wiener—Hopf technique by following a procedure
similar to that used in [1, 2].

After introducing the Fourier transform of the
scattered field and applying generalized boundary
conditions [5] in the transform domain, the problem is
formulated in terms of the simultaneous Wiener—Hopf
equations, which are solved exactly via the factorization
and decomposition procedure. However, the solution is
formal because branch-cut integrals with unknown
integrands are involved. We shall further use a rigorous
asymptotic method to derive a high-frequency solution
to the Wiener—Hopf equations. Our final solution is
valid for the case where the slit width is large in
comparison to the wavelength. The scattered field is
evaluated asymptotically by taking the inverse Fourier
transform and applying the saddle-point method.
Numerical examples are presented for various physical
parameters, and scattering characteristics of the slit are
discussed.

The time factor is assumed to be e
suppressed throughout this article.
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2. Formulation of the Problem

We consider the H-polarized plane-wave diffrac-
tion by a slit in a thin material screen as shown in Figure
1, where & and y, are the relative permittivity and per-
meability of the material, respectively.

Since the thickness of the material screen is small
compared with the wavelength, it can be replaced by a
screen of zero thickness satisfying the generalized boun-
dary conditions [5]. On the material surface, the total field
satisfies the generalized boundary conditions given by

L [E(+0.2) + E(-0.9)] = Re [H(+0.2) — Hi(0.2)]
m

% [H;(Jro,z) + H;(—O,z)} = St[EL(+0,2) — EL(—0,z)]
(2)
where

Re = 370 (ul” [el?) cot kb (ae) 2 2] )

St = %iYO (e} Jul?) cot {kb(sr,ur)]/z/2} (4)

with Z, and Y, being the intrinsic impedance and
admittance of free space, respectively. Note that (1) and
(2) are valid for kb < 1 and |e-pt| > 1.

Taking into account that the original material
screen of finite thickness has been replaced by an
infinitely thin screen, we define the total magnetic field

¢'(x,z) as
O(5,2) = (1,2) + Ry (—x,2) + Blx,), >0
= Ty’ (x,2) + $(x,z), x<0 (3)
where ¢'(x,z) is the incident field given by

k= o(eop)” (6)

for 0<6y<mn/2. In (5), R,P'(—x,z) and T,¢'(x,z)
denote the reflected and transmitted fields from the
infinitely thin screen, respectively, and ¢(x,z) is the
unknown scattered field satisfying the two-dimensional
Helmholtz equation. The reflection coefficient R, and
the transmission coefficient 7, are defined as follows:

qSi(x,z) _ efik(xsin(?oJrzcos(90)7

T, +Ra:—(YO—2STsin(90)/(Y0+2STsin90) (7)

Ta — Ra = (2Y()RT — sin 60)/(2Y0RT + sin 00) (8)



&

Figure 1. Geometry of the problem.

In the following, we shall assume that the medium is
slightly loss, as in k = ky + ik, with 0 <k, < k.

We define the Fourier transform of the unknown
scattered field ¢(x,z) with respect to z as

O(x, ) = (21) 2 /_ i b(x.2)edz  (9)

where o(=o0 + it). Then we see with the aid of the
radiation condition that ®(x, o) is regular in the strip
|| <k, cos Oy of the complex o-plane. Introducing the
Fourier integrals as

Do (x,0) = +(21) /+m d(x,2)e™Fdz  (10)

D (x,0) = (271:)_1/2/_a ¢(x,z)e™dz (11)

it follows that @ (x, o) and ®_(x, o) are regular in the
half-planes 7> — k, cos 0y and t < k; cos 0, respective-
ly, and @, (x, ) is an entire function.

Taking the Fourier transform of the Helmholtz
equation and using the radiation condition, we find that

®(x, ) = D(o)e M (12)
where y = (2 — k2)'”* with Rey>0 and
- 1 . .
O(a) = 2 (Ui (@)™ + U_(a)e ]
1 . .
+ 3 Vi (@)™ + V_(a)e ™], x=0 (13)
In (13), various quantities are defined as
Ui () ron= Aia
=Js —_— 14
U_(x) —(a)+a—k00590 (14)
V(+)(OC) . — Bl,Z
V_(x) _Ji(a)+oc—kc0500 (15)
where
, d
Ju(0) = [ (+0,0) = D= (=0,0)]  (16)
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J+ (O() =0, ("‘0, O() — (I)J_f(—o7 o() (17)
A1y = (2n)_l/zksin00(Ta TR, — 1)eiikacos(90 (18)
Bl,Z = i(zn)—l/Z(Ta — R, — l)eiikacosﬁo (19)

In (16) and (17), J% («) and J+(«) denote the Fourier
transforms of the unknown magnetic and electric
surface currents on the material, respectively. Equation
(12) is the scattered-field representation in the Fourier-
transform domain. Taking into account the boundary
conditions, we obtain

—M ()@} (0,0) = Uy ()€™ + U_(a)e ™ (20)

—K ()@ (0,0) = Vi) (o)™ + V_(a)e™  (21)
where

M) = 2ykYy /(kYy + i2S1y) (22)

K(a) =2/(y — i2kYoRr) (23)

and M(«) and K (o) are the kernel functions, and @]
(0,2) and @/ (0, ) are entire functions. Equations (20)
and (21) are the Wiener—Hopf equations satisfied by the
unknown spectral functions.

3. Exact and Asymptotic Solutions

The kernel functions M (a) and K («) in (22) and
(23) can be factorized as

M) = My ()M_(a), K(a) =Ky ()K_(o) (24)
where
M () = 2R ()2 /Nli(oc) (25)
Ke(2) = e / [(kYORT)I/ZNzt(a)] (26)
with
Nos (@) = (1+8,) {1+ 22/ (32 = )]}
5n arccos(*o k) tcos ¢
.exp{—g/n/2 mdt
+o-tn[o,+ (2 - 1))
. 12
In —Zk(éi_l)mﬂ } (27)
ik(éi - l) —o
81 = Yo/(281), 0y =2YoRr (28)

We multiply both sides of (20) by e™™ /M («)
and apply the decomposition procedure with the aid of
the edge condition [4]. This leads to
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U (o) =
M —A4;
(o) M (k cos 0) (o — k cos Op)
_ Ay .
x M _(kcos 0y) (o + kcos 6y) Fug (o)
(29)
where
U(:i(a) = U(+)(O()iU7(—a) (3())
L1 e ELBUTB) "
ya(a) = E/k DL vy
with

Fu(B) = Mo (B) /28 +5)'"]

Equation (29) is the exact solution to the Wiener—Hopf
equation (20), but it is formal because the branch-cut
integrals with the unknown integrands u;4(o) defined
by (31) are involved.

Applying the asymptotic method established in
our previous work [1, 2] to the branch-cut integrals in
(31), we derive an explicit asymptotic solution to the
Wiener—Hopf equation (20) with the result that

(32)

Uay(a) | FA12
l},)(oc) } M () [M+ (kcos 0y) (o — k cos Op)

+A2.111 o ()

(33)

as ka — o, where N denotes the truncation number of
the infinite asymptotic series and

1d75 ()

fus,ud _
" n!  do"

(34)

o=k

) eZika i n—1/2
%n(“) = (Z) Fj; B +n,—2i(0+ k)a}
(35)
_ & (+
Np1 () = 560(“)a1§]{()(;£)g50005 0o) (36)
with
T2 (o) = T (2) 2T (~) (37)
v ) = Ootufleft ; .
D) = [ GSalks ufalds 69

The unknowns fn”S’”d in (33) are determined by
following a procedure similar to that used in [1, 2],
but the details are omitted here. Equation (21) can be
also solved in a similar manner.

4. Scattered Far Field and Numerical
Examples

The scattered field in real space is obtained by
taking the inverse Fourier transform of (12). We
introduce the polar coordinates x = psinf and z = p
cos 0 for —n < 0 < 1 and apply the saddle-point method
of integration. Then it is found that ¢(x,z) has the
asymptotic expansion

d(p, 0) ~ D(—k cos 0)k sin|0| (kp) "/ 2e/*ke=H  (39)

as kp — . Equation (39) is uniformly valid for
arbitrary incidence and observation angles.

We shall now present numerical examples of the
scattered far field and discuss the scattering character-
istics. The normalized far-field intensity is introduced as
follows:

tim |(kp)"*¢ . 0)

¢ (p, 0)|[dB] = 20log;, 7
(ko) P (. 0)]

(40)
max lim
|0]<m p—

Figure 2 shows numerical examples of the
scattered far-field intensity versus the observation angle
0 where the slit width is 2a = 104 and the material
thickness is b = 0.014, 0.02/, and 0.034. We have fixed
the incidence angle as 0y = 60° and the truncation
number of the asymptotic series (33) as N = 0. We can
verify that the choice N = 0 gives sufficient accuracy.
As an example of existing lossy materials, we have
chosen Fe;O4 powder with & = 7.479 +i0.368 and p,
= 2.538 +i1.706 in numerical computation [6]. Note
from the figure that the field intensity shows noticeable
peaks along the reflection boundary 0 = 120° and the
incidence shadow boundary 0 = —120°, as expected.
Comparing the far-field characteristics for different
thicknesses b, the results exhibit close features over the
range —180° < 0 < 0°, whereas they show some differ-
ences within the range 0° <0 <180°.
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Figure 2. Scattered far field |¢(p,0)|[dB] for Oy = 60°, N =0,
2a =104, & = 7.479 +i0.368, and p, = 2.538 +i1.706.
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Figure 3. Scattered far field |¢(p,0)|[dB] for 6y = 60°, N =0,
2a =32,b=0.017, and p, = 1.

Figure 3 shows a comparison of the results for
different imaginary parts of &, where the slit width and
the material thickness are fixed at 2a¢ =31 and
b = 0.014, respectively, and p, = 1. From the figure,
we note that with increasing Ime;, the results approach
those for a slit in an infinitely thin perfect electric
conductor [7].

5. Conclusions

We have solved H-polarized plane-wave diffrac-
tion by a slit in a thin material screen using the Wiener—
Hopf technique and generalized boundary conditions.
Using rigorous asymptotics, a high-frequency solution
for large slit width has been obtained. Numerical
examples are presented for various physical parameters,
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and the far-field scattering characteristics of the slit
have been discussed in detail.
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