URSI RADIO SCIENCE LETTERS, VOL. 3, 2021

1

DOI: 10.46620/21-0036

Microwave Imaging of Mixed Metallic–Dielectric
Configurations via a Finite Element-Based Variable
Exponent Approach
Valentina Schenone, Alessandro Fedeli, Claudio Estatico, Matteo Pastorino,
and Andrea Randazzo
Abstract – The quantitative reconstruction of
structures that include both metallic and dielectric
targets at the same time is addressed in this article. In
particular, a nonlinear tomographic inversion approach
developed in variable exponent Lebesgue spaces with a
ﬁnite element (FE) formulation is adopted for the ﬁrst
time in such a conﬁguration. Results obtained within a
simulated environment are presented to validate the
proposed technique and analyze the effects of different
numbers and sizes of the metallic targets present in the
investigated scenario. Moreover, the impact of possible
a priori knowledge of metallic structures is assessed.

1. Introduction
On several occasions, it could be practically
useful to acquire quantitative microwave images of
targets that contain mixed metallic–dielectric conﬁgurations. Such structures can be found in different
contexts, ranging from medical diagnostics (e.g., limbs
with prosthetic implants) to civil engineering (e.g.,
reinforced concrete) and geophysics (e.g., metals in
ores). The presence of metallic parts does inﬂuence the
distribution of ﬁelds signiﬁcantly inside the region of
interest and at antenna ports, and the composition with
dielectric targets causes strong nonlinearities of the
underlying electromagnetic inverse scattering problem
to emerge [1].
Although microwave imaging of metallic structures has been considered for a long time and several
interesting results can be found in the literature [2–5],
most of the proposed approaches are qualitative or radar
based [6–8]. Fewer research contributions are oriented
to the quantitative inversion of conﬁgurations with both
dielectric and metallic targets [9].
In this article, for the ﬁrst time, a quantitative
inverse scattering method framed in variable exponent
Lebesgue spaces is considered for the reconstruction of
mixed metallic–dielectric target conﬁgurations. The
inverse scattering technique operates under two-dimenManuscript received 27 December 2021.
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sional hypotheses and features a ﬁnite element (FE)based formulation, which is suitable to enforce
boundary conditions at both metallic edges and antenna
ports [10]. The method belongs to the class of the socalled inexact Newton (IN) iterative approaches, which
are proven very effective in dealing with the nonlinearity of the inverse problem [11, 12]. Furthermore, it
includes an adaptive selection of the exponent function
deﬁning the working LpðÞ spaces, reﬁned on the basis of
reconstruction results, iteration after iteration [13].
The proposed approach is validated with simulated test cases, in the presence of one or more metallic
regions of different size and assuming the metallic parts
either known or completely unknown to the inversion
method, to evaluate the impact of possible a priori
information. A brief overview of the solution procedure
is outlined in the following, followed by a discussion
about numerical results.

2. Inverse Scattering Approach
Let us consider a cylindrical target composed by
both metallic and dielectric parts, whose cross-section is
located inside a certain region of interest R. Such a
target is surrounded by I antennas, which provide,
excited one at a time, a time harmonic illuminating
electromagnetic radiation at the angular frequency x.
The target is described by a contrast function sðrÞ ¼
e ðrÞ=e0  1, r ¼ ðx; yÞ 2 R, w h e r e e ðrÞ ¼ eðrÞ
jrðrÞ=x, and e and r are the dielectric permittivity
and electric conductivity, respectively, and e0 the
permittivity of a vacuum. Transmission S parameters
are measured for each view between couples of antenna
ports i; j, skipping the L antennas closest to the source,
with and without the target (i.e., total and incident S
parameters, denoted as Si;totj and Si;incj , i 6¼ j). Under the
assumption of z-polarized transverse magnetic electromagnetic ﬁelds (i.e., polarized along the axis of
cylindrical targets), the relationship between scattered
S parameters DSi; j ¼ Si;totj  Si;incj and s is given by
DSi; j ¼ Ai; j ðsÞ
where the operator Ai; j is deﬁned as
Z
Ai; j ðsÞ ¼ Ai; j sðr0 ÞEiinc ðr0 ÞEjstot ðr0 Þdr0
R

ð1Þ

ð2Þ



with Ai; j ¼ jxe0 = 2ai aj , and ai and aj being the
amplitudes of the incoming waves at ports i and j,
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tot
respectively [14]. In (2), Eminc and Ems
represent the z
component of the incident and total electric ﬁelds when
the mth antenna is acting in transmitting mode. For
numerically solving (1) in the variable s, the region R
has been partitioned into N triangles Rn (n ¼ 1; . . . ; N ),
assuming a constant value of s in each element (i.e.,
sðrÞ ¼ sn , r 2 Rn ) and using triangular basis functions
n
of the ﬁrst
P3orderl;ndq ðnrÞ to express internal ﬁelds (i.e.,
l
Em ðrÞ ¼ q¼1 Em;q dq ðrÞ, r 2 Rn ) [15]. Putting together
all the available S-parameter data, we obtain the
following system of equations:
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where K ¼ I  L  1,
¼
s¼
½s1 ; . . . ; sN t 2 X , and y 2 Y . Note that the operator
AðsÞ : X ! Y is nonlinear because each total ﬁeld
tot;n
coefﬁcient Ejs;w
, in turn, depends on the contrast
function s in the whole R.
The solution of (3) is retrieved by an IN scheme,
formulated considering X a variable exponent Lebesgue
space LpðÞ [16], where its exponent function is in this
case an array of discrete values p ¼ ½p1 ; . . . ; pN t , one
for each triangle of the mesh Rn . In more detail, the IN
procedure iteratively linearizes (3)
h around theitcontrast
ðk Þ
ðk Þ
function at each kth step sðk Þ ¼ s1 ; . . . ; sN , yielding
 
A0ðk Þ dsðk Þ þ A sðk Þ ¼ y
ð4Þ
where symbol A0ðk Þ indicates the Fréchet derivative of A
at sðk Þ , and dsðk Þ is the linearized problem unknown. The
truncated Landweber method in variable exponent
Lebesgue spaces (inner loop) is adopted to ﬁnd dsðk Þ
[16], in which the exponent function pðk Þ is deﬁned as
3
2  
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Dp sN = max sn  1 þ 2
n

with 0  Dp , 1. This choice allows adaptively placing
higher exponent values where targets are detected and
lower values outside. Once dsðk Þ is found, the iterative
solution update follows as sðkþ1Þ ¼ sðk Þ þ dsðk Þ until
convergence is reached.

3. Results of Numerical Tests
The method has been evaluated in a numerically
simulated environment, where a set of I ¼ 20 antennas

modeled as open waveguides is located in a square of
side lS ¼ 22 cm. The waveguides (width a ¼ 1:6 cm
and length d ¼ 2:5 cm) are ﬁlled with a material of
dielectric permittivity ewg ¼ 4e0 . A target with a
cylindrical shape and square cross-section of side
lT ¼ 2:5 cm, centered at rT ¼ ð2:4; 2:6Þ cm and
characterized by etar ¼ ð2  j0:3Þe0 , is considered. In
addition, a cylindrical metallic target with a circular
cross-section (modeled as a perfect electric conductor)
is centered at rM ¼ ð1:5; 4:5Þ cm. The conﬁguration
has been simulated to compute the incident and total S
parameters at frequency f ¼ x=2p ¼ 6 GHz. Two
cases have been analyzed: at ﬁrst, a priori information
concerning the size and position of the metallic target is
included in the model; second, no a priori information
about the metallic object is assumed known.
The simulation domain is discretized with a
frontal Delaunay algorithm through Gmsh [17] and a
maximum edge of size ewg ¼ 0:1 cm at antenna ports
and eS ¼ 0:2 cm elsewhere. The fundamental mode at
waveguide ports is considered, and absorbing boundary
conditions are enforced by contouring the computational domain with a perfectly matched anisotropic absorber
[15]. Moreover, for each view, L ¼ 3 is considered.
Total S parameters are corrupted with a 3% multiplicative Gaussian noise [18]. The inversion method
parameters have been set as follows: maximum number
of Landweber and IN iterations Nit ¼ 50; threshold on
the residual relative variation r ¼ 0.1 %; and range of
the exponent function Dp ¼ 0:5. The square region of
interest for the inversion has side lR ¼ 14 cm and is
partitioned into triangular elements with ewg ¼ 0:1 cm
at antenna ports and eS ¼ 0:4 cm elsewhere.
The method has been quantitatively evaluated by
means of the relative reconstruction error on s in the
background (Rbg ) and in the region that includes the
dielectric target (Rtar ):
efbg;targ ¼

1
Nfbg;targ

X
n2fRbg ;Rtar g

jsn  sen j
jsen þ 1j

ð6Þ


with Nfbg;targ the number of elements in Rbg ; Rtar , sn
the reconstructed contrast function in the nth mesh
element, and sen its reference value.
The ﬁrst set of numerical simulations analyzes a
variation in the metallic target’s size. In particular, in
case 1, the radius of circular cross-section is
rM ¼ 0:3 cm, case 2 has rM ¼ 0:6 cm, and case 3 is
rM ¼ 1:2 cm. The reconstructed distributions of the
complex relative dielectric permittivity inside R for the
previously mentioned three cases, obtained with a priori
knowledge of the metallic target, are reported in Figure
1. For all conﬁgurations, a good reconstruction is
achieved, and the dielectric target is well visible and
correctly localized with an adequate estimation of its
shape. The average reconstruction of the permittivity is
close to its actual value. By increasing the size of the
metallic target, a slight worsening in the background
reconstruction can be noticed.

URSI RADIO SCIENCE LETTERS, VOL. 3, 2021

3

Figure 1. Reconstructed distributions of the relative dielectric
permittivity with a priori knowledge of the metallic target. Case 1
(a) real and (b) imaginary part; case 2 (c) real and (d) imaginary part;
and case 3 (e) real and (f) imaginary part.

Figure 2. Reconstructed distributions of the relative dielectric
permittivity without a priori knowledge of the metallic target. Case
1 (a) real and (b) imaginary part; case 2 (c) real and (d) imaginary part;
and case 3 (e) real and (f) imaginary part.

In Figure 2, results obtained with no a priori
knowledge of the metallic target are reported. For all
cases, it is possible to identify both dielectric and
metallic targets. The presence of the metallic target is
evident from the imaginary part of the permittivity, and
overall, its different dimensions are correctly identiﬁed
(case 1 in Figure 2b, case 2 in Figure 2d, and case 3 in
Figure 2f). However, a less accurate reconstruction of
the dielectric target is obtained, especially in the
imaginary part of the relative dielectric permittivity.
Moreover, by increasing the metallic target dimension,
a progressive worsening in the reconstruction can be
observed: this is due to the increasing interactions
between the metallic structure and the dielectric object.
Relative reconstruction errors for the analyzed
conﬁgurations are reported in Table 1. By comparing
the errors, it is evident that, as expected, the knowledge
of the metallic target allows a better reconstruction of

both background and dielectric properties of the other
object, especially for greater metallic target sizes. When
the metallic structure is included in the model, the error
in the background slightly increases by increasing the
metallic target size and the dielectric target reconstruction accuracy is basically stable. Conversely, when no a
Table 1. Relative reconstruction errors in the background and inside
the dielectric target region with a single metallic target
Case
Unknown metallic target
1
2
3
Known metallic target
1
2
3

Background error ebg

Target error etar

0.066
0.098
0.181

0.258
0.420
0.568

0.025
0.030
0.033

0.138
0.140
0.140
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4. Conclusions

Figure 3. Reconstructed distributions of the relative dielectric
permittivity with two metallic targets and a priori knowledge of their
presence: (a) real and (b) imaginary part.

A microwave imaging approach based on variable
exponent Lebesgue space inversion with an FE-based
formulation is applied in this article to the challenging
case of reconstructing mixed conﬁgurations with both
metallic and dielectric targets. The method has been
assessed through a set of numerical simulations,
analyzing the effect of different dimensions and
numbers of metallic targets present in the region of
interest. Promising results have been obtained even
without an a priori knowledge of the presence of
metallic inclusions. The obtained results stimulate the
application of the proposed technique to various realworld scenarios (e.g., buried object detection or medical
imaging), as well as its generalization to the threedimensional case.
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