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Abstract – The wave propagation across a onedimensional electromagnetic band gap (EBG) structure
made of alternating layers of material with different
dielectric constants is modeled with coupled mode
theory. The analytical model, relating the amplitudes of
forward and backward waves inside this periodic
structure, widely known as multilayer ﬁlm, is derived
and benchmarked with a full-wave code for an
extensive subset of the space of parameters. Model
validity and advantages are quantitatively analyzed, and
some useful capabilities of the adopted approach,
beyond the prediction of classical multilayers, are
highlighted and explored.

1. Introduction
Natural materials or artiﬁcial structures with a
space periodic variation of electromagnetic properties
act as mirrors for light with a frequency within a
speciﬁed range. When such a range is in the microwave
domain, they are generally referred to as electromagnetic band gap (EBG) materials, and their simplest
implementation is the multilayer ﬁlm, a one-dimensional (1D) periodic stack of dielectric materials with
different permittivity. EBGs, and especially multilayer
ﬁlms, are a ﬂourishing, ongoing topic of research
because they ﬁnd large applications in optics and
microwave engineering, for instance, in dielectric
mirrors and optical ﬁlters [1], millimeter-wave components [2], and antennas [3, 4]. Several conﬁgurations
were studied, such as multiple defects, three or more
materials, and gridded layers to tailor the most suitable
spectral responses for speciﬁc applications [5, 6].
One of the ﬁrst studies on multilayer ﬁlm traces
back to 1887 with Lord Rayleigh, who analyzed its
behavior in terms of multiple reﬂections and refractions
at the boundaries between different materials. Subsequently, multilayer ﬁlm was simulated with several
types of analytical, semianalytical, and numerical
approaches, such as transmission line theory, the
plane-wave expansion method, time domain techniques,
and the ﬁnite element method (FEM), just to cite a few
[7–9].
In this paper, multilayer ﬁlm is modeled through
coupled mode theory [10], an approximate approach,
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widely used in many ﬁelds, such as power microwaves
[11, 12], which describes the physical behavior of the
periodic medium in the form of a system of coupled
differential equations. The coupled mode theory was
applied to several dielectric structures, e.g., in [13],
where coupled step-index waveguides were studied, or
in [14], where the eigenvalue problem was solved in
optical ﬁbers with an inhomogeneous refractive index in
the transverse plane. Unlike such works, here a
longitudinal variation of the dielectric constant is
considered, and proﬁles other than the classical square
wave are also addressed. The theoretical model is
validated with a commercial FEM, exploring the range
of validity of its approximations over a large set of
parameters. A numerical tool extending the capability
of the analytical model was developed, achieving
noticeable advantages in terms of computation time
and physical insight compared with the FEM code. Such
advanced capabilities were exploited to design 3D
printable multilayer ﬁlm with a tailored frequency
response.

2. Model Description and Validation
In coupled mode theory, the periodic variation of
the dielectric constant is dealt as a perturbation current
density Jpert inserted as an excitation term in the wave
equation, which on the basis of Figure 1, takes the
following form:
r2 Ey ðzÞ þ x2 l0 0 er Ey ðzÞ ¼ ixl0 Jpert ðzÞ

ð1Þ

where x, l0, and e0 are the wave frequency, the vacuum
permeability, and the vacuum permittivity, respectively,
and a time dependence e ixt was assumed. The
expressions of the electric ﬁeld and the perturbation
current density are
Ey ðzÞ ¼ Aþ ðzÞ eibz þ A ðzÞ eibz

ð2Þ

Jpert ðzÞ ¼ ix0 ½r ðzÞ  r  Ey ðzÞ
ð3Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where b ¼ x l0 e0 er is the phase constant in a linear
isotropic homogeneous material, with the average
relative permittivity er of the multilayer ﬁlm. We are
considering normal incidence, but the model can be
generalized to the oblique case. In normal incidence, the
polarization of the transversal ﬁeld plays no role, so a ypolarized electric ﬁeld was assumed without loss of
generality.
Two approximations are done in coupled mode
theory. The ﬁrst one is to consider the entire space ﬁlled
with the periodic medium, which is a rather good
approximation as soon as the number of periods of the
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Figure 1. Multilayer geometry (a) and proﬁle of dielectric constant
(b).

multilayer is sufﬁciently high ðL  aÞ. The second
approximation is that the wave amplitudes Aþ and A
are slowly varying functions of z, so


 2 6
6

d A 

  2ib dA 
ð4Þ

 dz2 
dz 
is always veriﬁed, if the perturbation amplitude De is
relatively small (De  er ).
The periodic perturbation of the dielectric constant can be expanded as Fourier series with coefﬁcients
Z
1 a=2
2pn
½er ðzÞ  er ei a z dz
ð5Þ
bn ¼
a a=2
According to the phase matching condition Db ¼ b – p/a
’ 0 [10], the contribution of any coefﬁcient apart from
the ﬁrst one averages to zero. After implementing all
premises, the wave equation (1) becomes a pair of ﬁrstorder differential equations
 dAþ
  2iDbz
dz ¼ j A e
ð6Þ
dA
þ 2iDbz
dz ¼ j A e
where the asterisk symbol denotes the complex
conjugate, and the coupling coefﬁcient
j¼

ik02
b1 ;
2b

ð7Þ

Figure 2. Transmittance of multilayer ﬁlms with L ¼ 20a and er ¼
10 computed with the code on the basis of coupled mode theory
(Octave) and with full wave (HFSS).

3. Tests of Model Reliability and Advantages
The range of validity of model approximations
was studied by varying several parameters of multilayer
ﬁlm, such as the average dielectric constant, perturbation amplitude, and number of periods. For all
combinations of parameters, the absolute error between
the transmittance predicted by our code and HFSS was
calculated at each frequency sample over a signiﬁcant
frequency range that includes the transmission peak.
The set of error values versus frequency was then
averaged, and its variance was calculated to have a
performance indicator of model reliability and a
measure of the error spread around the average value,
respectively.
For the sake of brevity, only a graphical example
is reported here in Figure 3. Similar plots were obtained
for other combinations of parameters, revealing that the
error increases with high perturbation amplitude, small

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with k0 ¼ x l0 e0 , was introduced.
Thus, (6) can be solved either numerically or
analytically to derive the reﬂectance and transmittance
of a multilayer ﬁlm with length L, for the usual
boundary conditions Aþ(0) ¼ 1 and A–(L) ¼ 0. This
computation was implemented into a GNU Octave
(version 5, free software by J. W. Eaton et al., http://
www.octave.org) code and compared with the results of
Ansys HFSS (version 2020 R2, Ansys, Inc., Canonsburg, USA), a commercial full-wave code based on the
FEM. Two examples of validation are plotted in Figure
2 in terms of the transmittance
2
 þ 2 


A ðLÞ
S
2

 ð8Þ


jT j ¼  þ  ¼ 
A ð0Þ
iS coshðS LÞ  Db sinhðS LÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where S ¼ j2  Db2 . Despite the approximations, the
coupled mode theory agrees well with the full-wave
results for the parameters used in the plot.

Figure 3. Average absolute error and variance of the transmittance
calculated with coupled mode theory and with HFSS versus the
perturbation amplitude for a multilayer ﬁlm with a ¼ 10 mm, L ¼ 20a,
and er ¼ 10. Note that the transmittance can vary between 0 and 1.
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Figure 4. Computation time of 100 frequency points with HFSS and
our code for multilayer ﬁlms with a ¼ 10 mm and De ¼ 0:5er .

number of periods, and large number of periods. Such
trends can be, respectively, ascribed to the second
approximation (De  er ), the ﬁrst approximation
(L  a), and to numerical accuracy. Note that the error
is always low, and for parameter values of practical use,
the accuracy is acceptable to carry out the analysis of
multilayer ﬁlms and similar 1D dielectric EBG
structures such as those in Section 4.
The use of coupled mode theory in place of fullwave codes appears to be mostly advantageous during
the design optimization of the dielectric structures when
several simulations or extensive parametric analyses are
required. If the analytical solution of (6) is used, the
computation is immediate and independent on the input
parameters. If the equations are numerically integrated,
the developed code is equally much faster than the FEM
code by a factor ranging from 20 to 100 for the cases in
Figure 4.

4. Applications Beyond the Standard
Multilayer Film
A considerable strength of the coupled mode
theory is its insight into the modeled physical
phenomenon. An example in this sense is the coefﬁcient
j of (7), which determines the coupling level between
forward and backward waves inside the multilayer ﬁlm.
The coupling coefﬁcient is proportional to b1, being the
ﬁrst term of the Fourier series of the periodic proﬁle of
the dielectric constant, i.e., the higher b1, the lower the
transmittance of the multilayer ﬁlm. Alternative periodic proﬁles can be thus conceived, neglecting the
practical implementation that will be addressed later on,
and their effectiveness can be easily envisaged. For
instance, the following values of b1
2i
1
4
1
De . De . 2 De . De
ð9Þ
p
2i
p
p
sorted in ascending order, respectively, correspond to
the rectangular, sinusoidal, triangular, and sawtooth
proﬁles of the dielectric constant. The ﬁrst term of their
Fourier series provides an analytical parameter ruling
the performance as can be graphically appreciated from

Figure 5. Transmittance versus frequency for 1D dielectric EBG
structures with a ¼ 10 mm, L ¼ 20a, er ¼ 10, De ¼ 1, and different
perturbation proﬁles.

the transmittance curves of Figure 5. The results from
both the coupled mode theory and the commercial FEM
code are plotted, conﬁrming the trend in (9).
Proﬁles with continuously varying permittivity,
such as the sinusoidal one, can be realized according to
the effective medium theory, which describes the
macroscopic properties of subwavelength composite
materials as homogeneous media [15]. At microwaves,
spatial variations of the scale of the wavelength in the
permittivity can be engineered starting from a highpermittivity dielectric and introducing thin ( k) layers
of vacuum according to homogenization techniques.
This approach can be also adopted to realize the lowpermittivity layer (er  Der ) of standard multilayer ﬁlms
with a rectangular proﬁle. Most importantly, if the
typical permittivity values of 3D printing technology
are chosen, the periodic structure with subwavelength
slices of dielectric can be manufactured rapidly and at
low cost.
The ﬂexibility in realizing complex dielectric
proﬁles, possibly exploiting the advantages of 3D
printing, paves the way to conceive advanced multilayer
ﬁlms with tailored frequency response. As an example,
a multilayer ﬁlm consisting in the superposition of two
dielectric proﬁles with different perturbation period is
considered. Depending on the value of perturbation
periods, the phase matching condition can lead to a
broadband or dual-band frequency response. The latter
is chosen for this example, aimed at achieving two
stopbands at 3 GHz and 5 GHz only alternating layers
of vacuum and acrylonitrile butadiene styrene (ABS),
i.e., a dielectric material with er ¼ 2.9, widely used in
3D printers, based on fused deposition modeling
technology. Figure 6 shows the target proﬁle of the
homogeneous effective relative permittivity (Figure 6a),
a section of its realistic implementation through ABS
slices of various depths (Figure 6b), and the corresponding transmittance curves (Figure 6c). Note that the
minimum depth of ABS layers is 0.4 mm, which is
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response. Possible next steps of the present work are the
experimental validation of an advanced 3D printable
multilayer ﬁlm or the comprehensive exploration of
complex perturbation proﬁles of the dielectric constant.

6. References

Figure 6. (a) Dual-period perturbation proﬁle of the relative
permittivity. (b) Section of the real structure realized by using a
single dielectric material with er ¼ 2.9. (c) Transmittance of the
structures (a) and (b) with L ¼ 210 mm.

around the tolerance of 3D printing technology.
Tailored transmittance curves can be achieved increasing the complexity of the dielectric proﬁles, e.g., adding
further periodic perturbation.

5. Conclusions
The coupled mode theory was successfully
applied to the study of dielectric 1D EBG (multilayer
ﬁlm). An analytical model was validated, and the range
of validity of its approximations was tested over a large
set of multilayer parameters, performing a systematic
study of error statistics. The model was much faster
than a commercial tool on the basis of the FEM.
Moreover, it provided a physical explanation about the
effectiveness of different types of periodic proﬁles of
the relative permittivity.
The coupled mode theory was also used to explore
advanced periodic conﬁgurations. A dual-band multilayer structure, which can be manufactured with 3D printers,
was conceived, paving the way for the design of tailored
dielectric proﬁles that achieve a desired frequency
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