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Diffraction of an Arbitrary Uniform ComplexSource Beam by a Perfectly Conducting Wedge
Ludger Klinkenbusch and Giuliano Manara
Abstract – This article deals with a new sphericalmultipole solution for the diffraction of an arbitrarily
incident uniform complex-source beam (UCSB) by a
perfectly conducting wedge. The well-known solution in
spherical coordinates for an incident ﬁeld produced by a
Hertzian dipole is extended by the deﬁnition of complexvalued coordinates of the dipole and by using only
spherical Bessel functions of the ﬁrst kind for describing
the radial dependencies. The ﬁnally obtained scattered
far ﬁeld shows a maximum in directions lying on the
Keller cone but also cross-polarized components. The
occurrence of cross-polar components was already
observed in a previous asymptotic solution concerning
the three-dimensional diffraction of an inhomogeneous
plane wave by a perfectly conducting wedge. Consequently, among other things, the availability of the
present rigorous solution opens the way to thoroughly
analyze the scattering phenomena induced by the
incident UCSB or its plane-wave spectrum at the edge
of the wedge. Moreover, it will be possible to
systematically check the validity and accuracy of
different asymptotic methods when the observation point
is placed either relatively close to or far from the edge.

~ and N
~ function notations [6] and a ﬁeld repreusing M
sentation that follows from the corresponding dyadic
Green’s function [7]. Numerical results include total near
ﬁelds and scattered far ﬁelds. In addition, the numerical
calculation of the Ferrers functions is explained. Parts of
this article’s content have been presented in [8].

1. Introduction

We start from the scalar solutions Uh of the
Helmholtz equation for an incident UCSB of amplitude
A illuminating an acoustically soft (s) or hard (h) wedge
[1, 3, 5],

The scattering and diffraction of electromagnetic
waves by a perfectly conducting wedge including the
half plane counts to the classical canonical problems. A
comprehensive overview on this subject that also
includes the corresponding scalar (acoustic) boundaryvalue problems and different types of incident ﬁelds
(plane wave, point source, dipole source) can be found
in [1]. Further work, particularly regarding the computational calculation of the needed Ferrers functions of
the ﬁrst kind (associated Legendre functions of the ﬁrst
kind on the cut; see [2], chap. 14), has been presented in
[3]. Particularly, the solution for an incident ﬁeld
produced by an arbitrarily oriented Hertzian dipole is of
interest, as it will be extended in this work to a uniform
complex-source beam (UCSB), representing a Gaussian
beam-like incident ﬁeld by just deﬁning a complexvalued coordinate. Preliminary work on this subject
with results for the acoustic case has been presented in
[4] and [5].
The present work deals with the electromagnetic
case, which is described here in a compact form strictly
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2. Formulation of the Three-Dimensional
Boundary-Value Problem
The geometry of the electromagnetic boundaryvalue problem is depicted in Figure 1. Using spherical
coordinates r, 0, u with the z-axis as the polar axis, the
two faces of a perfectly electrically conducting (PEC)
wedge are given by u ¼ 0 and u ¼ b, respectively.
Consequently, the edge of the wedge coincides with the
z-axis. We are looking for the electromagnetic ﬁeld at
all r, #, u with 0  r, 0  #  p, 0  u  b  2p. The
incident ﬁeld is given by an arbitrary electromagnetic
UCSB [9] with its waist at ~
r0 and with Rayleigh length
b, traveling in the direction of ~
b toward the origin (r ¼
0) on the z-axis.

3. Solution of the Boundary-Value Problem
s

s

Uh ¼

‘ X
‘
s
b X
sinðsm uÞ
m
ahnm jnþsm ðjrÞPs
nþsm ðcos 0Þcosðs uÞ ð1Þ
2p n¼0 m¼0
m

Figure 1. Description of the boundary-value problem.
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s

m
ahnm ¼ Acnm jnþsm ðjrc ÞPs
nþsm ðcos 0c Þ

sinðsm uc Þ
cosðsm uc Þ

ð2Þ

Here, Z represents the wave impedance, while the odd
and even transverse vector functions are deﬁned by

where

ðoÞ

sm ¼

cnm

mp
b

ð3Þ

2 Cðn þ 2sm þ 1Þ
¼
½2ðn þ sm Þ þ 1
em b
n!

em ¼

2
1

n¼0
n ¼ 1; 2; . . .

ðoÞ

ð5Þ

~
r0  j~
b;
rc ¼ ~

where ~
r is the location of the beam’s waist while the
direction and amount of ~
b represent the direction of the
beam’s propagation and the Rayleigh (focus) length,
respectively. As has been shown [9], by just assigning a
complex value to the radial coordinate according to rc
¼ r0 þ jb while leaving both #c and uc real valued, we
obtain a UCSB with its waist at ~
r0 traveling toward the
center of the coordinate system on the z-axis. Since we
are using a UCSB, we are able to locate the waist (i.e.,
the area where the beam’s wave front is nearly plane) of
the incident beam almost directly on the z-axis, that is, at
the area of interaction between the UCSB and the wedge.
Next, we deﬁne an odd ((8)) and even ((e))
normalized elementary scalar solution according to
ðoÞ

ðeÞ
ðeÞ
¼ jnþsm ðjrÞYnm
ð0; uÞ
wnm

ðoÞ
ðeÞ
Ynm
ð0; uÞ ¼

pﬃﬃﬃﬃﬃﬃﬃ sm
sinðsm uÞ
cnm Pnþsm ðcos 0Þ
cosðsm uÞ

ð7Þ
ð8Þ

~ rÞ ¼
Hð~

~ nm
~nm ¼ ð~
M
r 3rÞw
¼ jnþsm ðjrÞ~
mnm ð0; uÞ

‘ X
‘ 
X
j
n¼0 m¼0

Z

~ ðoÞ ð~
~ ðeÞ r Þ
Anm M
nm r Þ þ Bnm Nnm ð~


ð14Þ

with the spherical-multipole amplitudes
j2 Z
~ ðoÞ ð~
N
rc Þ ~
cel
ðn þ sm Þðn þ sm þ 1Þ nm

ð15Þ

jj2
~ ðeÞ ð~
M
rc Þ ~
cel :
ðn þ sm Þðn þ sm þ 1Þ nm

ð16Þ

Anm ¼ 

Bnm ¼ 

For the calculation of the radiated far ﬁeld, we
have to take into account that this has to satisfy the
radiation condition. Only that part of the total ﬁeld in
(13)–(16) that is proportional to e–jjr/r for r  ‘ forms
the radiated ﬁeld. Because of
i
1h
ð2Þ
jm ðjrÞ ¼ hð1Þ
ð17Þ
m ðjrÞ þ hm ðjrÞ
2
and

ðoÞ
ðeÞ

ðoÞ
ðeÞ

ð12Þ

With these deﬁnitions and the standard formalism for
deriving the dyadic Green’s function [7], we obtain for
the electromagnetic ﬁeld in the presence of a PEC
wedge, illuminated by a UCSB beam with amplitude
and electric polarization given by the direction of the
current moment ~
cel [9], which is again deﬁned at the
complex coordinate ~
rc , the vector spherical-multipole
expansion

‘ X
‘ 
X
Z
~
~ ðoÞ ð~
~ ðeÞ ð~
Eð~
rÞ ¼
B
M
Anm N
r
Þ
þ
r
Þ
ð13Þ
nm
nm
nm
j
n¼0 m¼0

and obtain for the odd and even vector sphericalmultipole functions [6]
ðoÞ
ðeÞ

ðoÞ

ðeÞ
ðeÞ
]Ynm
1 ]Ynm
^
~
nnm ð#; uÞ ¼
#^ þ
u
sin # ]u
]#

ð6Þ

0

ð11Þ

ðoÞ
ðeÞ

ð4Þ

In (1)–(5), jm denotes a spherical Bessel function of the
ﬁrst kind of order m, related
pﬃﬃﬃpﬃto Bessel functions of the
Jmþ1=2 ðxÞ; j is the wave
ﬁrst kind Jm by jm ðxÞ ¼ 2x
number; Plm is a Ferrers function of the ﬁrst kind (also
known as an associated Legendre function of the ﬁrst
kind on the cut) of degree m and order l; and C(x)
represents a gamma function. The complex source
coordinate ~
rc is deﬁned by

ðoÞ

ðoÞ

ðeÞ
ðeÞ
1 ]Ynm
^ þ ]Ynm u
^
~nm ð0; uÞ ¼ 
0
m
sin 0 ]u
]0
ðoÞ
ðeÞ

mþ1
jr  1 ! hð2Þ
m ðjrÞ ﬃ j

ejjr
;
jr

ð18Þ

we thus obtain for the radiated far ﬁeld
jjr

ð9Þ

ðoÞ
i ðoÞ
1 h~
ðeÞ
ðeÞ
~ wnm
~nm
3ð~
r 3rÞ
N
¼ r
j
ðoÞ
jnþsm ðjrÞ
ðeÞ
ðn þ sm Þðn þ sm þ 1ÞYnm
¼
ð0; uÞ^r
jr
ðoÞ
1 d
ðeÞ
½rjnþsm ðjrÞ~
nnm
ð0; uÞ
ð10Þ

jr dr

1e
~
E‘ ð~
rÞ ¼
X 2 jr
X
~ðeÞ
3
Anm jnþsm~
Bnm jnþsm m
nðoÞ
nm ð0; uÞ þ Z
nm ð0; uÞ
nm

nm

ð19Þ
with the multipole amplitudes given by (15) and (16).
For the scattered far field, we simply subtract from (19)
the radiated far field of the corresponding UCSB in the
free space.
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Figure 4. Normalized co-polarized scattered far ﬁeld of a UCSB
magnetically polarized in the y-direction and incident on a half plane
located in the xz-plane for x . 0. For the other data, see Figure 2.
Figure 2. Normalized Eu-component of a UCSB electrically
polarized in the y-direction and incident on a half plane located in
the xz-plane for x . 0. Waist at r 0 ¼ 0.001k, # 0 ¼ 458, u 0 ¼ 1808;
Rayleigh length: b ¼ 10k.

4. Numerical Evaluation
We start with a UCSB that is incident on a PEC
half plane (b ¼ 3608). The waist of the UCSB is located
at r 0 ¼ 0.001k, # 0 ¼ 458, u 0 ¼ 1808, while the UCSB is
traveling toward the origin with a Rayleigh length of b
¼ 10k.
Figure 2 shows the normalized total Eu-component in the xz-plane. Actually, the incident ﬁeld is
undisturbed by the half plane because it is normally
polarized with respect to it. The 1808 change of the
phase at x ¼ 0 is due to the deﬁnition of the u-coordinate.

Figure 3. Normalized Hu-component of a UCSB magnetically
polarized in the y-direction and incident on a half plane located in
the xz-plane for x . 0. For the other data, see Figure 2.

Figure 3 shows the normalized Hu-component of
a UCSB magnetically polarized in the y-direction, with
other parameters as given in Figure 2. We observe that
the normal magnetic ﬁeld component vanishes on the
PEC half plane and clearly identify the co-polarized
part of the ﬁeld diffracted by the half plane traveling in
the direction of the Keller cone at # ¼ 1358 (blue arrow).
Figures 4 and 5 represent the co- and crosspolarized scattered far ﬁelds for the conﬁguration
described in Figure 3. We clearly observe that the
maximum of the scattered far ﬁelds is along the Keller
cone, that is, at # ¼ 1358, for both the co- and the crosspolarized ﬁelds. Such an appearance of a crosspolarized ﬁeld does not occur in the case of an incident
homogeneous plane wave but does, as has been shown
in [10], for an incident inhomogeneous plane wave.
Note that the plane-wave spectrum of a UCSB contains
both homogeneous and inhomogeneous plane waves. If
the waist of the incident UCSB is close to the edge and
the beam impinges on the edge along its axis, this
results in a dominant homogeneous part in the planewave spectrum. Correspondingly, this may justify why

Figure 5. Normalized cross-polarized scattered far ﬁeld of a UCSB
magnetically polarized in the y-direction and incident on a half plane
located in the xz-plane for x . 0. For the other data, see Figure 2.
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in the present case the amplitude of the cross-polarized
far ﬁeld is much lower than that one of the co-polarized
far ﬁeld.

5. Conclusions
The diffraction of an arbitrary electromagnetic
uniform complex-source beam by a perfectly conducting wedge has been investigated in a completely
analytic way by means of the vector sphericalmultipole expansion. Different from an incident
homogeneous plane wave, the scattered far ﬁeld
consists of both a co- and a cross-polarized component.
The next steps include the investigation of the exact
origins of the cross-polarized far-ﬁeld components,
comparisons of the exact results of outcomes for the
geometrical theory of diffraction and the uniform
theory of diffraction in the far- and near-ﬁeld regions
of the scattering edge, and eventually the derivation of
dyadic diffraction coefﬁcients for the case of an
incident uniform CSB.

Appendix: Numerical Evaluation of the
Ferrers Functions of the First Kind
m
Ps
nþsm ðcos 0Þ for n ¼ 0, 1, 2, . . . and s  R

According to [4, eq. (14.5.18)], it holds for n ¼ 0
m
Ps
sm ðcos 0Þ ¼

ðsin 0Þsm
m þ 1Þ

2sm Cðs

ð20Þ

while from [4, eqs. (14.10.4) and (14.10.5)], we
conclude for n ¼ 1 that
sm
m
Ps
1þsm ðcos 0Þ ¼ cos 0Psm ðcos 0Þ

ð21Þ

For the remaining values of n ¼ 2, 3, . . . , we exploit the
recurrence relation [4, eq. (14.10.3)] and obtain
m
Ps
nþ2þsm ðcos 0Þ ¼

n
1
m
½2ðsm þ nÞ þ 3 cos 0Ps
nþ1þsm ðcos 0Þ
2sm þ n þ 2
o
m
ðn þ 1ÞPs
ðcos
0Þ
ð22Þ
nþsm

Finally, for the derivative of the Ferrers functions of the
ﬁrst kind, [4, eq. (14.10.4)] yields
m
dPs
nþsm ðcos 0Þ
¼
d0
h
1
m
ðn þ 2sm þ 1ÞPs
nþ1þsm ðcos 0Þ
sin 0
m
ðn þ 1 þ sm Þ cos 0Ps
nþsm ðcos 0Þ

i

ð23Þ
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9. L. Klinkenbusch and H. Brüns, ‘‘Scattering and Diffraction of Scalar and Electromagnetic Waves Using
Spherical-Multipole Analysis and Uniform ComplexSource Beams,’’ in K. Kobayashi and P. D. Smith
(eds.), Advances in Mathematical Methods for Electromagnetics, Raleigh, NC, SciTech Publishing, 2020.
10. R. G. Kouyoumjian, T. Celandroni, G. Manara, and P.
Nepa, ‘‘Inhomogeneous Electromagnetic Plane Wave
Diffraction by a Perfectly Conducting Wedge at Oblique
incidence,’’ Radio Science, 42, RS6S06, 2007.

