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Abstract – The scattering characteristics of
dielectrically active spheres of arbitrary electrical size
are discussed. Using electromagnetic Lorenz–Mie
analysis, differences in the scattering behavior of
dissipative, lossless, perfect-electric-conductor, and
active scattering objects are highlighted. The focus is
on the enhanced backscattering effect of an active
object compared to a dissipative or lossless one.

1. Introduction
Scattering by dielectric spheres is a classical
problem in electromagnetics. Due to the groundbreaking early studies by Ludvig Valentin Lorenz [1] and
Gustav Mie [2], the machinery of computing scattering,
absorption, and extinction of penetrable spheres is
generally called Lorenz–Mie scattering. This scattering
theory has made it possible to analyze a large variety of
phenomena, like rainbow color details, attenuation by
clouds, radar cross sections of spherical targets, and
modeling of materials on the micro and nano levels.
With the rapid advances in computing power in recent
decades, Mie scattering expansions can be effectively
coded and used to ﬁnd extremely accurate predictions
even for large scatterers. Pedagogically excellent
textbooks on Lorenz–Mie scattering have been published, like the ones by Hendrik C. van de Hulst [3] and
Craig F. Bohren and Donald R. Huffman [4].
Mie scattering analysis has been extended to
layered spheres [5], impedance-surface spheres [6], and
certain other complex spherical scatterers [7]. However,
it seems that it has not very much been applied to active
scatterers—in other words, spheres whose constitutive
material is characterized by gain (for example, spheres
made of lasing media, where the gain results from
stimulated emission of photons with the use of a pump
source). There are sporadic publications from the late
1970s on Mie scattering by active spheres (by N. G.
Alexopoulos [8] and M. Kerker [9, 10], and a recent
treatment of Kerker scattering conditions [11]). However, considering the signiﬁcance of active electromagnetic materials in the present-day metamaterials scene,
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this problem has not received due attention, which is
one of the reasons for the present contribution.
In this article, we will revisit the problem of when
an electromagnetic wave interacts with an active
scatterer. Using the Lorenz–Mie formalism for the
scattering, absorption, and extinction cross sections of
spheres, we focus of the scattering behavior of
dielectric, isotropic, homogeneous active spheres. In
particular, we point out, by numerical examples and
novel results, the enhanced backscattering character of
active spheres.

2. Mie Coefficients and Active Scatterers
The scattering, extinction, and absorption efﬁciencies of a sphere are [4]
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where the electric and magnetic Mie coefﬁcients are
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for a sphere with relative permittivity
pﬃﬃﬃﬃﬃe, relative
permeability l, refractive index m ¼ el, and size
parameter x ¼ 2p a/k, where a is the radius of the sphere
and k the free space wavelength. Here, the Riccati–
Bessel functions wn and nn are deﬁned as
wn ðqÞ ¼ qjn ðqÞ;

nn ðqÞ ¼ qhðn2Þ ðqÞ

ð5Þ

where jn and hn are the usual spherical Bessel and
Hankel functions. For a perfect-electric-conductor
(PEC) sphere, we have e  ‘, l  0, and m can be
assumed ﬁnite; and the Mie coefﬁcients (4) simplify to
an ¼

w0 n ð xÞ
;
n0 n ð x Þ

bn ¼

wn ð xÞ
nn ð x Þ

ð6Þ

In the following, we focus on dielectric scatterers—in other words, spheres with a relative permeability of l ¼ 1. Then the sign of the imaginary part of the
relative permittivity e determines whether the scatterer
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Figure 1. Behavior of the absolute value of Mie coefﬁcients—the
ﬁrst three electric (a1, a2, a3) and magnetic (b1, b2, b3) multipoles—as
a function of the size parameter x for a dissipative scatterer having e 0 ¼
3, e 00 ¼ 1.5.

Figure 3. The back-to-front scattering ratio (in logarithmic scale) by
spheres of different character, as a function of the size parameter x: (a)
perfect electric conductor, (b) lossless, e 0 ¼ 3, e 00 ¼ 0, (c) dissipative, e 0
¼ 3, e 00 ¼ 1.5, (d) active, e 0 ¼ 3, e 00 ¼ 1.5.

is active or passive. We use the notation for timeharmonic waves as follows: exp( jxt). Therefore the
Hankel functions appearing
  in the Mie coefﬁcients are
of the second kind hðn2Þ .
With this notation, the complex expansion of the
permittivity is written as e ¼ e 0 – je 00 . Hence dissipative
materials have e 00 . 0, whereas e 00 , 0 corresponds to
active media. If e 00 ¼ 0, the medium is lossless.
Following common terminology, both dissipative and
lossless materials are considered passive.
A straightforward computation of the lowest-order
Mie coefﬁcients reveals the radically different character
of active and passive spheres. Figures 1 and 2 show the
behavior of the magnitudes of electric (a1, a2, a3) and
magnetic (b1, b2, b3) Mie coefﬁcients. The active and
passive spheres in this numerical study have mirrorimage permittivities—in other words, the only difference between them is that the imaginary part is
swapped: e ¼ 3  j1.5 and e ¼ 3 þ j1.5. While the
coefﬁcients of the passive sphere in Figure 1 are limited

in amplitude to values below unity, it is seen that they
can reach very high magnitudes in the active scattering
case in Figure 2.

3. Backscattering Enhancement
A particularly interesting effect in connection with
active spheres is the fact that in the scattering process,
they divert very much of the scattered energy in the
backward direction, compared with lossless and passive
spheres. In the following, we quantify this effect with
numerical computations. In other words, we look at the
scattering patterns and compute and compare how much
of the scattered power goes into the backward and
forward hemispheres. This we do using two ﬁgures of
merit: the ratio of back-to-front scattering of the sphere,
and the so-called asymmetry parameter. Both quantities
provide interesting information about the scattering
behavior of the sphere.
The backscattering efﬁciency of a sphere is [4]
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Using the scattering amplitude in the forward direction
[4], we can similarly deﬁne the forward-scattering
efﬁciency as
2
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Figure 2. Absolute value of Mie coefﬁcients as in Figure 1 for an
active scatterer with e 0 ¼ 3, e 00 ¼ 1.5, again as a function of the size
parameter x.

Figure 3 shows the back-to-front scattering ratio
Qb/Qf as function of the size parameter x, for four types
of sphere: dissipative, lossless, active, and PEC. This
parameter behaves very differently in the four cases.
As is known [12], a PEC sphere which is very
small compared to the wavelength has a ninefold
backscattering cross section compared to forward
scattering. This is visible and conspicuous in Figure 3,
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between 1 and þ1. Positive values correspond to
scatterers for which scattering in the forward directions
dominates, where negative values tell that the direct or
oblique backscattering is stronger.
The information from Figure 4 is similar to that
from Figure 3. The low-frequency (x  1) deviation of
the PEC spheres from dielectric ones appears clearly.
Another observation is that the oscillations in Qb/Qf
curves are damped when illustrated in the g(x)
functions. Nevertheless, the basic message of the two
illustrations is the same: active scatterers tend to scatter
much more in backward directions compared to passive
scatterers.

4. Conclusion
Figure 4. The asymmetry parameter g for spheres of different
character, as a function of the size parameter x: (a) perfect electric
conductor, (b) lossless, e 0 ¼ 3, e 00 ¼ 0, (c) dissipative, e 0 ¼ 3, e 00 ¼ 1.5,
(d) active, e 0 ¼ 3, e 00 ¼ 1.5.

as well as the fact that when the electrical size of the
PEC sphere increases, forward scattering starts to
dominate. In contrast, in all three dielectric cases the
back-to-front ratio is unity for small spheres. When the
size increases and the diameter of the sphere becomes
comparable with the wavelength or overtakes it, this
ratio varies in an irregular oscillating manner. However,
a particularly interesting fact worth noting is that the
Qb/Qf ratio for the case of an active sphere can reach
rather high values for large spheres (in this particular
case, it may exceed 10, whereas the other scatterers
have a clear preference for forward scattering).
The other ﬁgure of merit in how the scatterer
diverts the incoming radiation into the spatial directions
is the asymmetry parameter g. Using the Mie coefﬁcients (4), this asymmetry parameter can be computed
in the following way [4]:
g ¼ hcos hi ¼

Qsca hcos hi
Qsca

ð9Þ

where
Qsca hcos hi ¼
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This parameter takes into account the scattering not
only in the exact scattering angles 08 and 1808 but
averaged with the cos h weight over the whole solid
angle.
Using this asymmetry parameter g, we arrive at
another view of the scattering behavior of different
spherical scatterers. Figure 4 displays g for the same
four spheres that were treated in Figure 3, again as
function of the electrical size x. Unlike the back-to-front
scattering ratio, this parameter is limited to values

The emphasis in this article has been on the
scattering behavior of active objects (isotropic, dielectric, homogeneous, spherical objects with negative
imaginary part e 00 of the permittivity). Such scatterers
have a radically stronger tendency to scatter in the
backward half-space compared to lossless and dissipative dielectric spheres. It is worth reiterating here that
we have benchmarked and reconﬁrmed previous
analytical Mie scattering computations against surface-integral-equation-based computations. This opens
an avenue to extending the study: investigating, using
numerical methods, how the geometrical shape of the
scatterer affects this backscattering-enhancement phenomenon.
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