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Abstract – A new exact for a solution half oblate
spheroidal cavity filled with double-negative and
double-positive metamaterials and surrounded by
perfect electric conductor walls with a circular
opening is considered. The structure is illuminated
by a dipole source, either electric or magnetic,
located on the axis of symmetry and axially oriented.
Analytical expressions and numerical examples are
provided.

1. Introduction

Analytical solutions of electromagnetic scatter-
ing problems provide an exact mathematical descrip-
tion of the scattered field, which is important to learn
the relationship between a given geometrical shape
and the resulting scattered field. In this context, we
refer to exact analytical solutions as expressions
obtained from the solution of electromagnetic bound-
ary value problems for which it is possible to obtain an
exact mathematical representation, typically in the
form of the sum of an infinite series involving an
appropriate class of functions. In particular, the
expansion coefficients of the series terms must be
known a priori and not be the result of the evaluation
of an infinite system of equations. The numerical
computation of the sum of the series may benefit from
the application of acceleration methods [1]. A brief
literature survey finds that, in addition to the known
exact solutions published in [2], the introduction of the
isorefractive condition by Uslenghi [3, 4] allowed for
the development of many new exact solutions. In
particular, new geometries involving isorefractive
materials are available for scattering from infinite
bodies, such as shapes involving the 2D wedge [5–7],
the elliptical cylinder [8–18], the paraboloid [19–21],
and finite bodies, such as shapes involving spheroidal
geometries [22–25].

The new geometry considered in this article
consists of a perfect electric conductor (PEC) ground
plane with a circular hole as shown in Fig. 1. Flush

mounted underneath the hole, there is a PEC wall,
shaped as a half-oblate spheroid, which determines a
cavity. Inside the cavity there are two layers, one made
of ordinary double-positive (DPS) material with
positive dielectric permittivity and positive magnetic
permeability and the other made of double-negative
(DNG) metamaterial with negative dielectric permit-
tivity and negative magnetic permeability. The inter-
face between the two layers is an oblate spheroidal
surface. The material outside the cavity and above the
ground plane is DPS. The DPS and DNG materials are
anti-isorefractive to each other. Preliminary results
were presented in [26]. A related geometry with the
cavity filled with isorefractive material was investi-
gated in [22]. The cavity filled with DNG metamaterial
was investigated in [27], while a cavity with two layers
but with the dipole source located outside of the cavity
was investigated in [25]. Exact analytic solutions for a
dipole source located inside either one of the layers in
the cavity, along the axis of symmetry of the structure
and axially oriented, can be obtained. The solutions are
expressed in terms of infinite series containing oblate
spheroidal functions, according to the notation and
properties given in [28] and [29]. The analytical
solution is expressed in the phasor domain, where the
time dependence eixt is assumed and suppressed
throughout. The relation between Cartesian coordi-
nates (x, y, z) and oblate spheroidal coordinates (g, n,
u) is
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with 0 � n , ‘;�1 � g � 1, and 0 � u � 2p.

2. Electric Dipole

For an electric dipole located along the z-axis at
(n0 , n1, g0¼�1), corresponding to an incident electric
Hertz vector 6ẑ expðikRÞ=ðkRÞ, the incident magnetic
field is oriented in the u-direction. The positive
(negative) sign applies when the dipole is located
inside a DPS (DNG) material [29]. In the absence of the
cavity, the u-component of the total field, that is, the
sum of the incident field and the field reflected by the
infinite metal plate at z ¼ 0, is
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where R(1) and R(4) are radial oblate spheroidal
functions of the first and fourth kind, respectively; S
are the angular oblate spheroidal functions; q and N are
normalization factors; Zp is the impedance in the DPS
layer; and c ¼ kd/2. The symbol , (.) refers to the
smaller (greater) between n and n0. The perturbation
due to the cavity adds a diffracted field through the
circular hole, given in the region z . 0 by
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with an unknown coefficient al. In the DPS layer, the
scattered magnetic field takes the form
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with unknown coefficients bl and cl. In the DNG layer,
the scattered magnetic field due to the cavity takes the
form of
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with unknown coefficients dl and el, and Zn is the
impedance in the DNG layer. The unknown coefficients
are obtained by enforcing the boundary conditions at
n ¼ 0, n ¼ n2, and n ¼ n1,
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where H and E are the total fields, H¼HiþHrþHs at z

� 0, and H ¼ Hd at z � 0.

3. Magnetic Dipole

Similar to the electric dipole source case, a
magnetic dipole along the z-axis at (n0 , n1, g0 ¼�1)
corresponds to an incident magnetic Hertz vector 6ẑ

expðikRÞ=ðkRÞ causing an incident electric field orient-
ed in the u-direction. In the absence of the cavity, the
u-component of the total field given by the sum of
incident field and the field reflected by the infinite metal
plate at z ¼ 0 is
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The perturbation due to the cavity through the circular
hole is accounted for in the region z . 0 by the
diffracted electric field
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In the DPS layer, the scattered field is
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while in the DNG layer, the scattered field is

Figure 1. Sample problem geometry: layer 1 is filled with DPS
metamaterial and layer 2 with DNG material.
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Again, to obtain the unknown coefficients, the
following boundary conditions are enforced at n¼0, n¼
n2, and n ¼ n1:
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and the total field E¼ Eiþ Erþ Es in the region z � 0
and E ¼ Ed in the region z � 0.

4. Numerical Results

The numerical results for the total magnetic field by
an electric dipole and for the total electric field by a
magnetic dipole are obtained in MATLAB. Dipoles are
placed at two locations inside the cavity: in layer 1 at (n0¼
0.25, g0¼�1) (the green arrow in Figure 1) and in layer 2
at (n0 ¼ 1.5, g0 ¼�1) (the red arrow in Figure 1). The
cavity material distribution has two cases: the DPS-DNG
case with layer 1 DPS and layer 2 DNG and the DNG-
DPS case with layer 1 DNG and layer 2 DPS. The oblate
spheroidal cavity has boundaries at n1 ¼ 2 and n2 ¼ 0.5
when c¼ 1, d¼ 2, and f ¼ ZDPS

ZDNG
¼ 0:5. The magnitudes of

the magnetic field due to an electric dipole, with incident
electric Hertz vector 6ẑ expðikRÞ=ðkRÞ, at various
locations and for different material combinations are
given in Figures 3–6. The magnitudes of the electric field

Figure 2. Sample problem geometry: layer 1 is filled with DNG
metamaterial and layer 2 with DPS material.

Figure 3. Magnitude of the total magnetic field due to an electric
dipole in layer 1 for the DPS-DNG cavity.

Figure 4. Magnitude of the total magnetic field due to an electric
dipole in layer 1 for the DNG-DPS cavity.

Figure 5. Magnitude of the total magnetic field by an electric dipole
in layer 2 for the DPS-DNG cavity.
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due to a magnetic dipole, with incident magnetic Hertz
vector 6ẑ expðikRÞ=ðkRÞ, at various locations and for
different material combinations are given in Figures 7–10.

5. Conclusion

This new exact analytical solution for electric and
magnetic dipoles radiating inside a two-layered cavity
involving anti-isorefractive materials provides one
additional benchmark for the validation of computa-
tional software [30].

Figure 6. Magnitude of the total magnetic field by an electric dipole
in layer 2 for the DNG-DPS cavity.

Figure 7. Magnitude of the total electric field by a magnetic dipole in
layer 2 for the DPS-DNG cavity.

Figure 8. Magnitude of the total electric field by a magnetic dipole in
layer 1 for the DNG-DPS cavity.

Figure 10. Magnitude of the total electric field by a magnetic dipole
in layer 2 for the DNG-DPS cavity.

Figure 9. Magnitude of the total electric field by a magnetic dipole in
layer 2 for the DPS-DNG cavity.
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