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The Theodorus of Cyrene Spiral Geometry and Its
Application to Antenna Design
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Abstract — In this article, we introduce for the first
time the radiation properties of a spiral shape that is
obtained from the work on irrational numbers by
Theodorus (465 BC—398 BC) of Cyrene (presently near
Shahhat, Libya). In the past, this piecewise continuous
spiral shape has been erroneously introduced in the
literature as the Root, Pythagorean, or Einstein spiral. In
addition, we use here P. J. Davis’s interpolation
function to obtain the continuous version of this spiral,
and we present both the discrete and the continuous
Theodorus spiral antenna radiation properties. Finally,
we fabricate and perform measurements on the
Theodorus spiral, and we present a comparison with
its theoretically obtained radiation properties as well
with those obtained for the standard Archimedean shape
of the same diameter.

1. Introduction

Theodorus lived in Cyrene, an ancient city
founded in 631 BC in Libya [1]. Very little is known
about him and his work other than a short discussion in
Plato’s Dialogues Theaetetus, Sophist, and Statesman
[2]. In Theaetetus, it is mentioned that Theodorus
solved the problem of irrational numbers up to the
number v/17. There has been extensive discussion in the
literature as to why Theodorus stopped his investigation
with the v/17. We will provide an answer to this
speculation in Section 2 of the article, where we will
also introduce the interpolation function [3—5] for the
continuous form of the Theodorus spiral. In Section 3,
we will provide experimental data for the Theodorus
spiral antenna as well as a comparison with the standard
Archimedean spiral [6] of the same diameter.

2. The Theodorus Spiral

A description of Theodorus’s work on irrational
numbers leads to Figure 1, where he started with a right
triangle with unit length sides to obtain the hypotenuse
as the V2 (that the \/2 is an irrational number was
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Figure 1. The discrete Theodorus spiral.

already known) and continued by erecting a perpendic-
ular segment of unit length on the hypotenuse and so on
until he reached the \/27 [3-5]. The obvious question
comes up as to why he stopped at the v/17. The answer
is that he stopped when the triangles begin to overlap
[5].

This is a spiral composed of contiguous right
triangles with the short side of each triangle having the
value of 1 and each connected to the short side of the
next triangle. A version of this spiral can also be
constructed by using the equations r(n)=\/n + 1 and
¢(n)=tan~ (1/\/_) with n =1, 2, 3, ... [3, 4] to obtain
the discrete point spiral and subsequently drawing the
orthogonal triangles connecting the points as shown in
Figure 2. Furthermore, the discrete Theodorus spiral can
be interpolated by a smooth curve using the function [3,
pp. 37-38):

e

T(x)= (—1<x<w) (1)
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Figure 2. The discrete point Theodorus spiral.
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Figure 3. A comparison between discrete and continuous Theodorus
spirals.

Figure 3 shows a comparison of the discrete and
continuous versions of the Theodorus spiral. It can be
observed that the continuous spiral follows exactly all
the discrete Theodorus spiral points, with the deviation
observed as the spiral grows outward due to limiting &
in (1) to 100,000 points. We next consider the well-
known Archimedean spiral, which is represented by the
equation

r=a+b¢ (2)

Figure 4 demonstrates a comparison of the two
spirals for ¢ = 0.1 and b = 0.5 and for a = 1.0 and b =
0.1. Clearly, for the proper a and b values, the
Archimedes spiral can approximate very closely the
Theodorus spiral, while as the parameter a increases
and b decreases, it contracts to a much smaller spiral.

3. Experimental Results and Comparison
With Theory

We next study the antenna properties of both the
discrete and the continuous versions of the Theodorus
spiral (or equivalently an Archimedes spiral with the
appropriately chosen a and b parameters). A picture of
the Theodorus spiral (before assembly) along with its
feed network is shown in Figure 5. The fabricated
Archimedean spiral having the same dimensions is
shown in Figure 6 along with the same feeding network.
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Figure 4. Comparison between the Theodorus and Archimedean
spirals.
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Figure 5. Fabricated discrete Theodorus spiral (left) with the
corresponding feeding network (right).

Figure 6. Fabricated discrete Archimedean spiral (left) with the
corresponding feeding network (right).

The measured return loss for the Archimedean spiral
(blue curve) is shown in Figure 7 and is compared with
the simulated result (red curve). Excellent agreement
between the two curves validates our simulation results.

Similarly, the measured return loss for the
Theodorus spiral (blue curve) is shown in Figure 8
and is also compared with the simulated result (red
curve). The simulated radiation pattern at the center
band of 15 GHz for the Archimedean spiral is shown in
Figure 9 along with the measured data for both radiation
planes (E-plane and H-plane) co-pol (RHCP) and cross-
pol components (LHCP). The corresponding radiation
pattern at 15 GHz for the Theodorus spiral is shown in
Figure 10, and it is also compared with simulated data.
Both experimental patterns are in excellent agreement
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Figure 7. Archimedean spiral return loss versus frequency. Simula-
tion (red curve) versus measurement (blue curve).
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Figure 8. Theodorus spiral return loss versus frequency. Simulation
(red curve) versus measurement (blue curve).

with the simulated data except for the back-radiation
component, which is difficult to capture in the
measurement due to the mounting post in the chamber
blocking the back radiation. While both radiation
patterns are similar in shape and gain on the two main
planes (¢ = 0 and ¢ = 90), one can observe by
comparing Figure 9 with Figure 10 that the Theodorus
spiral exhibits a broader 3 dB beam width on the ¢ =0
plane with beam width of 64 degrees versus 56 degrees
for the Archimedean spiral for the RHCP component.
Also, the peak gain at broadside for the Theodorus
spiral is slightly higher (7.6 dBi) compared to the
Archimedean spiral (7.22 dBi) by 0.4 dBi.

4. Conclusions

We have introduced a spiral shape attributed to
Theodorus of Cyrene, Libya. Theodorus predated
Archimedes by more than a century and a half. We
have adopted for the first time the Theodorus discon-
tinuous spiral shape as well as its much later developed
continuous spiral form as an antenna. We have obtained
its radiation properties theoretically and experimentally,
and we have demonstrated that it exhibits similar
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Figure 9. Comparison of simulated and measured realized gain at 15
GHz for the Archimedean spiral at 15 GHz.
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Figure 10. Comparison of simulated and measured realized gain at
15 GHz for the Theodorus spiral at 15 GHz.

antenna properties as the Archimedean spiral but in
addition provides more general design tools since it also
includes the possibility for discrete spiral designs.
Finally, we propose that this spiral form should be
correctly referenced in the literature as the Theodorus
spiral rather than the Root, Pythagorean, or Einstein
spiral.
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