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Multifrequency Microwave Tomography in
Lebesgue Spaces With Nonconstant Exponents
Alessandro Fedeli, Claudio Estatico, Andrea Randazzo, and Matteo Pastorino
Abstract – This article proposes an inversion
method for microwave tomography that combines a
multifrequency data processing with a nonlinear
regularization procedure formulated in Lebesgue spaces
with nonconstant exponents. In order to fully take
advantage of frequency diversity, scattered-ﬁeld data
measured at different frequencies are jointly processed
inside the inversion algorithm. The performance of the
proposed method versus the range of the Lebesguespace exponent function is assessed from an experimental viewpoint by considering both homogeneous
and inhomogeneous targets from the well-known
Fresnel data sets.

1. Introduction
Although quantitative microwave tomography has
emerged as a promising diagnostic tool in several ﬁelds,
the underlying inverse scattering problem is still
considered very challenging to solve, especially when
its nonlinear nature is taken into account [1]. In this
context, it is desirable to exploit all the available
information in an effective and computationally efﬁcient way. One of the key points that may aid the
resolution of such an inverse problem is making use of
frequency diversity [2]. Undeniably, several applications may beneﬁt from the processing of multifrequency
data, from biomedical imaging to civil engineering [3–
6].
In this framework, multifrequency inversion
techniques have also been shown to provide good
results when combined with regularization strategies
outside the conventional setting of Hilbert spaces [7].
At present, however, such techniques still suffer from
the limitation of using constant values for the Lp space
exponent p, which are highly dependent on the
conﬁguration and not easy to predict without knowledge
of the actual target. A step forward toward the solution
of this problem has been done with the introduction of a
microwave imaging approach in Lebesgue space with
nonconstant exponents [8]. In this technique, the
exponent parameter is pointwise deﬁned inside the
investigation domain by the inversion method itself in
an adaptive way based on reconstruction results at each
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inexact-Newton iteration. So far, this approach has been
used only in single-frequency [8] or frequency-hopping
schemes [9]. In this article, an extension of this
technique for simultaneously processing multifrequency
data is proposed for the ﬁrst time. The developed
approach is experimentally validated by using the
Fresnel data sets in ﬁve different test cases, including
both homogeneous and inhomogeneous target conﬁgurations. The effect of changing the range of the
exponent variation has also been analyzed considering
different ranges of operating frequencies.

2. Formulation of the Multifrequency
Inversion Method
A tomographic conﬁguration is considered in this
article under the hypotheses of transverse-magnetic
illumination at F different frequencies ( f1 ; . . . ; fF ) and
homogeneous dielectric properties of the object under
test (OUT) along the axial coordinate. The horizontal
cross section of the OUT is contained inside the
investigation domain Dinv . The goal of the inverse
problem solution is to ﬁnd the dielectric properties of
the OUT, which are described by an unknown function
x ¼ ½ð r ðrÞ  1Þ rðrÞ=ð2pf1 0 Þ T for r 2 Dinv , where
r ðrÞ, rðrÞ, and 0 are the relative dielectric permittivity
of the OUT, its electric conductivity, and the dielectric
permittivity of vacuum, respectively.
Scattered-ﬁeld data at each frequency Duf
(f ¼ f1 ; . . . ; fF ) are sampled by a proper set of electric
ﬁeld probes in an external observation domain O lying
on the same plane as the illuminating antennas. When
the above assumptions hold, a scalar and two-dimensional electromagnetic problem can be stated, for each
probing frequency f , as


F f Wf x  Duf ¼ 0
ð1Þ
where the nonlinear operator F f derives from the
scattering phenomena [1] and Wf ¼ ½ 1jf1 =f . In order
to jointly exploit the available multifrequency data, a
system of equations is formulated as
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It is worth noting that since the unknown x 2 X is
real-valued, the resulting problem is formed by
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Figure 1. Reconstructed distributions of the relative dielectric
permittivity of the FoamDielExtTM target obtained with (a) singlefrequency processing (F ¼ 1, f ¼ 2 GHz, Dp ¼ 0:6) and (b) multifrequency processing (F ¼ 9, f ¼ f2; . . . ; 10gGHz, Dp ¼ 0:4).

separating real and imaginary parts < and =. Equation
(2) also deﬁnes the set of multifrequency scattered ﬁeld
data DuMF 2 Y and a scattering operator F MF : X ! Y .
A full-wave inversion approach in Lebesgue
spaces LpðÞ with nonconstant exponent pðÞ (described
in [8] for the single-frequency case) is proposed here to
solve such a nonlinear problem. In the present case, the
space of unknown X is a nonconstant-exponent
Lebesgue space LpðrÞ , r 2 Dinv , whereas Y (data space)
is a space Lpm with constant exponent pm , equal to the
average value of pðrÞ inside Dinv .
The inversion algorithm follows an inexactNewton scheme based on the iterative linearization of
(2) around the current estimate of the unknown x. In
particular, at the nth Newton step, the linearized
equation becomes
F 0MF;n dn þ F MF ðxn Þ  DuMF ¼ 0

ð3Þ

where F 0MF;n is the Fréchet derivative of F MF at xn . The
unknown of the linear problem (dn ) is found by the
truncated Landweber-type method in LpðÞ spaces
introduced in [8]. Subsequently, the solution is updated
with xnþ1 ¼ xn þ dn . In each Newton iteration, the
exponents of Lebesgue spaces X and Y are also
adaptively updated. Regarding the space of unknown
X , its exponent pn ðrÞ; r 2 Dinv , is chosen on the basis of
the normalized magnitude of the reconstructed unknown function, that is,


pn ðrÞ ¼ 2 þ Dp xNOR
ðrÞ  1 ; r 2 Dinv
ð4Þ
n

Figure 2. FoamDielExtTM target. Relative reconstruction error on
the dielectric permittivity of the whole investigation domain (Cinv )
versus the number of frequencies F and the range of the Lebesguespace exponent function Dp.

3. Experimental Assessment
The proposed method has been tested against two
different experimental data sets of the Institut Fresnel
(Marseille, France) [10, 11]. In particular, the three
targets FoamDielExtTM, FoamDielIntTM, and FoamTwinDielTM, which constitute inhomogeneous dielectric
conﬁgurations with quite complex cross sections, were
ﬁrst considered [10]. In all cases, the inversion
algorithm has been executed with maximum numbers
of Newton and Landweber iterations N ¼ 50 and
L ¼ 10, respectively, and a threshold on the relative
variation of the data residual rthr ¼ 0:05. Dinv is a region
of size 0:1 m 3 0:1 m , subdivided into a 40 3 40 grid
of square cells. The incident ﬁeld inside Dinv has been
modeled using line-current sources directed along the
axial coordinate and whose amplitudes have been
calibrated by ﬁtting the data available in the measure-

where the constant value Dp 2 ½0; 1Þ is the range of
variation of the function pn , with normalized unknown
at the nth iteration xNOR
ðrÞ ¼ kxn ðrÞk= max kxn ðrÞk.
n
r2Dinv

According to this equation, pn assumes values between
2  Dp (where xNOR
¼ 0, i.e., in points not occupied by
n
the OUT) and 2 (where xNOR
¼ 1). In this way, lower
n
values of the exponent function p are assigned outside
the OUT and higher values inside. It is important to
notice that in the absence of a priori information about
the OUT, an empty initial guess x0 ¼ 0 is considered,
and the inversion method starts with a constant
exponent function p0 ðrÞ ¼ 2  Dp in its ﬁrst iteration.

Figure 3. FoamDielExtTM target. Relative reconstruction error on
the dielectric permittivity of the target (Cobj ) versus the number of
frequencies F and the range of the Lebesgue-space exponent function
Dp.
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Table 2. FoamDielIntTM and FoamTwinDielTM targets. Relative
reconstruction errors (Cinv , Cobj , Cbg ), optimal values of the exponent
function range (Dpopt ), and number of performed outer (Newton)
iterations versus the number of frequencies considered inside the
inversion procedure
Number of
frequencies Cinv

Target
FoamDielIntTM

FoamTwinDielTM

Figure 4. FoamDielExtTM target. Relative reconstruction error on
the dielectric permittivity of the background (Cbg ) versus the number
of frequencies F and the range of the Lebesgue-space exponent
function Dp.

ment points. In the data set [10], the objects are
approximately centered at y ¼ 0, and frequencies
between 2 GHz and 10 GHz have been considered,
with 1 GHz step. The scattered electric ﬁeld is collected
in M ¼ 241 test points on a 2408 arc of circumference
with radius r ¼ 1:67 m. In the ﬁrst two cases, S ¼ 8
source locations equally spaced on the same circumference are used to illuminate Dinv . The FoamDielExtTM target is composed of a foam cylinder (centered
at x1 ¼ 0 m, diameter d1 ¼ 0:08 m, relative permittivity
r;1 ¼ 1:45) and a plastic cylinder (centered at
x2 ¼ 0:0555 m, diameter d2 ¼ 0:031 m, relative permittivity r;2 ¼ 3). The reconstructed distributions of
the relative dielectric permittivity retrieved by the
single-frequency approach [8] at 2 GHz and by the
proposed multifrequency method (F ¼ 9 frequencies,
f ¼ f2; 3; . . . ; 10gGHz) are shown in Figure 1a–b.
Clearly, a signiﬁcant advantage is obtained by means
of the multifrequency processing, where all the
available frequencies are exploited.
The following error metrics have been adopted for
comparing results in a quantitative way:

CR ¼

F
F
F
F
F
F
F
F
F
F

¼1
¼3
¼5
¼7
¼9
¼1
¼3
¼5
¼7
¼9

0.059
0.053
0.044
0.038
0.033
0.102
0.079
0.070
0.059
0.053

Cobj

Cbg

0.303
0.275
0.226
0.202
0.172
0.391
0.299
0.257
0.219
0.198

0.022
0.020
0.017
0.013
0.012
0.051
0.040
0.037
0.030
0.027

1 X r ðri Þ  ar ðri Þ
NR r 2D
ar ðri Þ
i

Outer
Dpopt iterations
0.5
0.5
0.5
0.4
0.4
0.5
0.5
0.4
0.4
0.4

5
5
5
6
7
6
7
7
7
8

ð5Þ

R

where R ¼ finv; obj; bgg indicates the considered
region, namely, the whole investigation domain (Dinv ),
the region inside the OUT (Dobj ), and the background
(Dbg ); NR is the corresponding number of cells; r ðri Þ
and ar ðri Þ are the reconstructed and the actual relative
permittivity in the ith cell, respectively.
In order to assess the method performance versus
a change in the exponent range Dp, this parameter is
varied between 0 (i.e., Hilbert-space reconstruction,
constant exponent) and 0.7. The behavior of Cinv , Cobj ,
and Cbg versus F (number of considered frequencies)
and Dp is shown in Figures 2–4.
All error metrics initially reveal a decreasing trend
versus Dp, bottom out between 0.6 and 0.4, and then
start to rise. The optimal values of Dp based on Cinv are
reported in Table 1 along with reconstruction errors. As
expected, errors decrease by including more frequencies. The optimal range Dpopt slightly reduces when F
increases but does not exhibit large variations around its
average value.
A second test has been performed with the
FoamDielIntTM target, which is similar to the previous
one except for the position of the second cylinder, in
this case centered at x2 ¼ 0:005 m (i.e., plastic
cylinder inside the foam one). The error metrics, as

Table 1. FoamDielExtTM target. Relative reconstruction errors
(Cinv , Cobj , Cbg ), optimal values of the exponent function range
(Dpopt ), number of performed outer (Newton) iterations, and elapsed
time versus the number of frequencies considered inside the inversion
procedure
Number of
frequencies
F
F
F
F
F
a

¼1
¼3
¼5
¼7
¼9

Cinv

Cobj

Cbg

Dpopt

Outer
iterations

Timea (s)

0.073
0.063
0.051
0.043
0.042

0.230
0.215
0.151
0.128
0.123

0.046
0.037
0.033
0.028
0.027

0.6
0.6
0.5
0.5
0.4

6
5
10
6
6

5.96
21.07
45.27
65.60
89.75

Elapsed time for each outer iteration on a workstation equipped with a quadcore Intel Core i7-2600K CPU at 3.50 GHz and 8 GB of random-access
memory.

Figure 5. Reconstructed distributions of the relative dielectric
permittivity of (a) the FoamDielIntTM target and (b) the FoamTwinDielTM target obtained with multifrequency processing (F ¼ 9,
f ¼ f2; . . . ; 10gGHz, Dp ¼ 0:4).
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exponents is extended for the ﬁrst time to simultaneously process multifrequency data. The proposed
approach has been validated by considering ﬁve test
cases from the Fresnel experimental database, evaluating the effects of the exponent range and the number of
included frequencies. The obtained results encourage
the use of this technique in various microwave imaging
applications (e.g., brain stroke detection, subsurface
imaging) as well as its extension to three-dimensional
conﬁgurations.
Figure 6. Reconstructed distributions of the relative dielectric
permittivity of (a) the DielTM target and (b) the TwoDielTM target
obtained with multifrequency processing (F ¼ 7, f ¼ f2; . . . ; 8gGHz,
Dp ¼ 0:5).

well as the optimal range parameters Dpopt , are reported
in Table 2. Results are analogous to the previous
situation, and the multifrequency reconstruction of r
obtained with F ¼ 9 frequencies is shown in Figure 5a.
In the third considered case (FoamTwinDielTM
target), the measurement conﬁguration is slightly
different and has S ¼ 18 equally spaced sources. The
target is a combination of the former cases and has two
identical plastic cylinders at x2 ¼ 0:0555 m and
x3 ¼ 0:005 m. The reconstructed dielectric permittivity is presented in Figure 5b, and errors are listed in
Table 2. Even in this more challenging case, results
conﬁrm the previous observations, and a good reconstruction of the target is achieved.
Finally, we considered the inversion of the targets
DielTM and TwoDielTM from the data set [11] by
using the mean value of the optimal exponent range
(i.e., Dp ¼ 0:5) based on the previous analysis. The
measurement setup is composed of M ¼ 49 points on a
circumference with radius rRX ¼ 0:76 m, with S ¼ 36
equally spaced source locations on a circumference with
radius rTX ¼ 0:72 m. F ¼ 7 frequencies between 2 GHz
and 8 GHz have been considered in this case. Results
are reported in Figure 6. As to the DielTM case (plastic
cylinder with r ¼ 3 and diameter d3 ¼ 0:03 m), the
selected range Dp coincides with the optimal one and
provides a reconstruction error Cinv ¼ 0:027. With the
TwoDielTM target (two cylinders identical to the
previous one spaced by 0:09 m), the optimal value of
Dp is equal to 0:6 (Cinv ¼ 0:052). However, adopting
Dp ¼ 0:5 yields a result very close to the optimal one,
with Cinv ¼ 0:058. This analysis therefore indicates that
choosing a mean exponent range based on the initial
assessment ensures good results even in the presence of
different target conﬁgurations and measurement setups.

4. Conclusions
The multifrequency inversion of scattered-ﬁeld
measurements in tomographic conﬁgurations has been
addressed in this article. An inverse-scattering procedure developed in Lebesgue spaces with nonconstant
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