
URSI GASS 2023, Sapporo, Japan, 19 – 26 August 2023

Analyses of Pulse-Shaped Signals based on Two-Dimensional Probability Distributions

Tomoya Fukami*(1) , Hirobumi Saito(2) , and Akira Hirose(1)
(1) The University of Tokyo, Tokyo, Japan; e-mail: fukami@eis.t.u-tokyo.ac.jp; ahirose@ee.t.u-tokyo.ac.jp

(2) Waseda University, Tokyo, Japan; e-mail: saito.hirobumi@aoni.waseda.jp

Abstract

This paper presents the analyses of the pulse-shaped sig-
nals based on the probability distribution on the in-phase
and quadrature-phase (I/Q) complex plane. The two-
dimensional distribution is obtained quickly by the recur-
sive probability mass function method. In this paper, we
analyze the 8PSK, 16APSK, and 32APSK signals defined
in the DVB-S2 standard. The results indicate that the peak
amplitude of each I/Q signal for 8PSK and 32APSK can be
reduced by rotating the placement of the symbols. The two-
dimensional distribution-based analysis provides valuable
insights that cannot be obtained with existing instantaneous
power distribution-based analyses.

1 Introduction

Finite impulse response (FIR) filters are used for pulse shap-
ing in various radiocommunication systems. The probabil-
ity distribution of the pulse-shaped signals helps us to un-
derstand the characteristics of the signals and optimize the
systems. Many methods have been proposed to obtain the
complementary cumulative distribution function (CCDF)
of instantaneous power and the peak-to-average power ratio
(PAPR) [1, 2, 3, 4, 5].

In particular, the method in Ref. [4] is distinguished be-
cause it provides the exact distributions of instantaneous
power. The exact method is described as being applicable
to arbitrary constellations, and the characteristic functions
for phase-shift keying (PSK) and quadrature amplitude mod-
ulation (QAM) are given as examples. However, in contrast
to QAM, where the symbols are placed in a regular grid
pattern, amplitude and phase-shift keying (APSK), which
is often used in satellite communications and broadcasting
[6, 7, 8], has more freedom in symbol placement. It is not
easy to derive the characteristic function of APSK.

Recently, we proposed the recursive probability mass func-
tion method (our method) [9] to calculate probability distri-
butions of pulse-shaped signals. Our method is free from
the derivation of the characteristic function required in the
exact method. This fact results in its easy application to ar-
bitrary constellations just like brute-force and Monte Carlo
approaches. Furthermore, the distribution on the in-phase
and quadrature-phase (I/Q) complex plane is also obtained
in addition to the CCDF of instantaneous power.

In this paper, we analyze the 8PSK, 16APSK, and 32APSK
signals defined in the DVB-S2 standard [6] using the recur-
sive probability mass function method. We show that the
two-dimensional distribution provides valuable insights that
cannot be obtained with CCDF or PAPR.

2 Signal Model and Probability Distribution

Let Z = {𝑍0,𝑍1, ....,𝑍𝑄−1} denote a set of complex modu-
lation symbols, where𝑄 is the modulation order, e.g., 𝑄 = 4
for QPSK. The symbol sequence 𝑥 [𝑘] is expressed as

𝑥 [𝑘] ∈ Z, ∀𝑘 ∈ Z, (1)

where 𝑘 is a discrete-time index. The pulse-shaped signal
𝑦(𝑡) is expressed as

𝑦(𝑡) =
∞∑︁

𝑘=−∞
𝑥 [𝑘]ℎ(𝑡 − 𝑘𝑇), ∀𝑡 ∈ R, (2)

where 𝑡 is a continous time, ℎ(𝑡) is the impulse response of
the pulse-shaping filter, and 𝑇 is the symbol interval.

In our approach [9], we introduce signal quantization to cal-
culate distributions efficiently. The quantized pulse-shaped
signal is expressed as

𝑦′ (𝑡) =
∞∑︁

𝑘=−∞

1
𝐴
⌊𝐴𝑥 [𝑘]ℎ(𝑡 − 𝑘𝑇)⌉ , (3)

where ⌊·⌉ represents rounding to the nearest Gaussian in-
teger and 𝐴 (> 0) is an amplitude-scaling parameter. As
the value of 𝐴 increases, the quantization resolution is in-
creased, and the quantization error is reduced.

Let 𝑓𝑦′ (𝑧) denote the probability mass function of the pulse-
shaped signal 𝑦′, expressed as

𝑓𝑦′ (𝑧) = Pr (𝑦′ (𝑡) = 𝑧), ∀𝑧 ∈ C, ∀𝑡 ∈ R. (4)

The recursive probability mass function method calculates
(4) efficiently by dynamic programming. The accuracy of
the distribution is controlled by the amplitude-scaling pa-
rameter 𝐴.

The CCDF of instantaneous power 𝑝 is obtained from 𝑓𝑦′ (𝑧)
by summing the probabilities outside the circle of radius √𝑝

centered at the origin (𝑧 = 0) as

Γ(𝑝) =
∑︁

|𝑧 |2≥𝑝

𝑓𝑦′ (𝑧). (5)
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Figure 1. Two-dimensional distributions 𝑓𝑦′ (𝑧) on the complex plane for (a-★) 8PSK, (b-★) 16APSK, and (c-★) 32APSK. The
roll-off factor 𝛼 is 0.1 for (★-1), 0.5 for (★-2), and 0.9 (★-3). The black crosses show the locations of the symbols, and the white
area means that the probability is zero. The color scale is adjusted for each figure.
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3 Analysis Results

In this section, we show the analysis results. Unless oth-
erwise mentioned, it is performed under the following con-
ditions. Root raised-cosine (RRC) and full raised-cosine
(FRC) filters, shown in Ref. [10], are used as the pulse-
shaping filters. The roll-off factor of the RRC filter is de-
noted by 𝛼. The oversampling rate is 32 and the order of
the pulse-shaping filter is 36× 32. In the DVB-S2 stan-
dard [6], the radius ratios of 16APSK and 32APSK depend
on the code rate 𝑟 of the forward error correction code. In
this paper, 16APSK (𝑟 = 2/3) and 32APSK (𝑟 = 3/4) are
analyzed.

3.1 Two-dimensional distributions

Figure 1 shows the obtained two-dimensional distributions
for (a-★) 8PSK, (b-★) 16APSK, and (c-★) 32APSK. The
roll-off factor 𝛼 is 0.1 for (★-1), 0.5 for (★-2), and 0.9 (★-
3). The color represents the probability of occurrence of
each I/Q cell. The black crosses show the locations of
the symbols, and the white area means that the probability
is zero. The color scale is adjusted for each figure. The
amplitude-scaling parameter 𝐴 in (3) is 500.

Figure 1 (a-1) shows that the 8PSK signal with RRC fil-
ter (𝛼 = 0.1) has high-probability regions around the eight
symbols. The distribution shows an octagonal shape on the
complex plane. The amplitudes of the peak power points
are larger than twice the symbol points. Figure 1 (a-2) and
(a-3) show that the shape of the probability distributions is
no longer octagonal. Interestingly, the PAPR for 𝛼 = 0.5
is the smallest in (a-★). In other words, the relationship
between PAPR and 𝛼 is nonlinear.

Furthermore, we find that the peak amplitude of each I/Q
signal is decreased by rotating the symbol position by 45

2
degrees. This is an important finding when I/Q signals
are processed independently. Since the average amplitude
in limited resolution can be increased by the rotation, the
signal-to-noise ratio is improved in digital signal processing
and digital-to-analog (D/A) converters.

Figure 1 (b-1) shows that the distribution of the 16APSK
signal with RRC filter (𝛼 = 0.1) is a dodecagon shape on
the complex plane. In contrast to the 8PSK, rotating the
symbol position does not reduce the peak amplitude of each
I/Q signal. In other words, 16APSK is already the optimal
symbol placement.

From Fig. 1 (c-★), we find that the peak amplitude of each
I/Q signal is decreased by rotating the symbol position by
45
4 degrees. Comparing (a-1) and (c-1), the improvement is

smaller than that in the case of 8PSK.

From Fig. 1 (★-3), the distributions of the signals with RRC
filter (𝛼 = 0.9) are shaped like a coronavirus. The spike
protein-like regions seem to grow as 𝛼 increases. Although

the growth mechanism cannot be directly clarified from the
two-dimensional distributions, we can see how PAPR be-
comes higher when 𝛼 is increased.

The two-dimensional distribution cannot be obtained by any
other methods of calculating instantaneous power distribu-
tions. The probability of saturation in digital signal pro-
cessing and D/A converters is obtained by summing the
probabilities outside the rectangle centered at the origin
(𝑧 = 0). The CCDFs of instantaneous power obtained by (5)
are shown in the next section.

3.2 CCDFs of instantaneous power

Figure 2 compares the CCDFs of the instantaneous power
for the same nine types of signals as in Fig. 1. The solid lines
are obtained by our method with 𝐴 = 2,000, and the dots
are obtained by the corresponding Monte Carlo simulations
with 106 symbols. Since the oversampling rate is 32, the
number of samples in Monte Carlo simulations is 32×106.

The distributions obtained by our method match well with
the corresponding Monte Carlo simulations in the high-
probability region. Differences in around Γ(𝑝) = 10−8 re-
gion are due to the insufficient number of samples in the
Monte Carlo simulations. The PAPR of the signals with
𝛼 = 0.1 is particularly high. While the PAPR of the 32APSK
signal (𝛼 = 0.1) obtained by Monte Carlo simulation is about
8 dB, the PAPR obtained by our method is about 9.6 dB.
Although the probability of peak power occurrence is low,
it is important to know that such high-power signals can
occur. Unanticipated high-power signals can cause system
failures, adjacent channel interference, and electromagnetic
compatibility issues.
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Figure 2. Comparison of CCDFs obtained with our method
and Monte Carlo simulations. The solid lines are obtained
by our method with 𝐴 = 2,000, and the dots are obtained
by the corresponding Monte Carlo simulations with 106

symbols.
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3.3 Computation time

Finally, we evaluate the computation time. All calculations
were performed on Intel® Xeon® Platinum 8368 proces-
sor with 512 GB memory and NVIDIA® A100 graphics
processing unit (GPU) with 40 GB memory. Since most
calculations are performed on the GPU, the performance of
the GPU determines the computation time.

Figure 3 shows the obtained probability of peak power oc-
currence with respect to computation time. The amplitude-
scaling parameter 𝐴 is varied in our method, and the number
of samples is varied in the Monte Carlo simulations. Since
the result of the Monte Carlo simulation is independent of
the signal format, the result for 64QAM with FRC filter
(𝛼 = 0.1) is plotted as an example. Our method obtains
probabilities consistent with or close to the theoretical val-
ues in less than 10 seconds of computation time. On the
other hand, it is hard to obtain probabilities consistent with
theoretical values by Monte Carlo simulation.

4 Conclusion

We have analyzed the 8PSK, 16APSK, and 32APSK sig-
nals defined in the DVB-S2 standard. By observing the
two-dimensional distributions, we found that 8PSK should
be rotated 45

2 degrees and 32APSK should be rotated 45
4

degrees in terms of the dynamic range of each I/Q signal.
The CCDF of instantaneous power or PAPR-based analysis
cannot find those facts. The two-dimensional distributions
of pulse-shaped signals are efficiently obtained by the recur-
sive probability mass function method [9].
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