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Abstract

Whistler-mode chorus waves contribute significantly to
electron acceleration in Earth’s radiation belts. It is unclear,
however, whether the observed acceleration can be well de-
scribed by quasi-linear theory alone, or if this acceleration
is due to intense waves that require a nonlinear treatment.
This paper reports on a comprehensive statistical analysis
of 8 years of lower-band chorus wave packets measured
by the Van Allen Probes and THEMIS spacecraft, per-
formed to examine whether, when, and where these waves
are above the theoretical threshold for nonlinear resonant
wave-particle interaction. We find that ∼ 5− 30% of all
chorus waves may interact nonlinearly with∼ 30−300 keV
electrons. Such considerable occurrence rates of nonlin-
ear interaction imply that the evolution of energetic elec-
tron fluxes should be dominated by nonlinear effects, rather
than by quasi-linear diffusion as commonly assumed. How-
ever, we also find that only 15% of the wave power is car-
ried by long packets considered in classical nonlinear mod-
els of wave-particle interaction, whereas 85% of the wave
power comes from short packets with large frequency vari-
ations. We show that observed frequency fluctuations sig-
nificantly reduce acceleration rates to realistic, moderate
levels. Our results explain why global diffusive models of
wave-particle interaction may statistically explain radiation
belt dynamics, despite the fact that most observed wave am-
plitudes well exceed the maximum amplitudes for a safe
application of the quasi-linear theory.

1 Introduction

The importance of resonant electron interactions with
whistler-mode waves for radiation belt dynamics has
spurred many observational and theoretical investigations
in the past couple of decades. The background geomagnetic
field inhomogeneity and the presence of multiple resonant
interactions during a single electron bounce period along
a field line often guarantees an effective randomization of
electron motion [2] and, thus, justifies the applicability of
the quasi-linear theory for modeling electron resonant scat-
tering by sufficiently low amplitude waves. However, re-
cent spacecraft observations [4] have revealed the existence
of a statistically significant population of high-amplitude
whistler-mode chorus waves that can potentially interact

with electrons in the nonlinear regime (e.g., [7, 3, 6]) and
lead to effects such as electron phase trapping and nonlin-
ear scattering (sometimes called phase bunching) (e.g., see
review by [12] and references therein). Although the ef-
fect of these nonlinear interactions on particle acceleration
may be demonstrated for some short-duration events [1],
the relative importance of nonlinear interactions, compared
with quasi-linear scattering, for radiation belt dynamics is
still poorly understood. In particular, quasi-linear diffu-
sion models have been able to successfully reproduce the
observed increase of relativistic electron fluxes over sev-
eral days following large geomagnetic storms [14], casting
doubt on the overall importance of nonlinear interactions
for particle acceleration in the radiation belts.

To estimate the occurrence rate of chorus waves resonat-
ing with electrons nonlinearly, we built a dataset of lower-
band chorus wave spectra (considering parallel propagating
waves) measured by the Van Allen Probes and THEMIS
[17]. Using these wave spectra, we determined the main
characteristics of chorus waves, and calculated the inho-
mogeneity factor |S| that determines the nature of wave-
particle interaction [8, 10, 11]:
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where ω denotes wave frequency, Ωce the electron gy-
rofrequency, k the wave vector, N = kc/ω the wave re-
fractive index, v⊥ = c

√
1− γ−2 sinα the electron trans-

verse velocity, γ and α the Lorentz factor and pitch angle
of resonant electrons, Ωw = eBw/mec the wave amplitude,
vR = (ω −Ωce/γ)/k the resonant velocity, and ∂/∂ s the
gradient along magnetic field lines. All parameters should
be evaluated at the latitude satisfying the cyclotron reso-
nance condition. For sufficiently large wave amplitudes, |S|
becomes less than one, meaning that such waves can inter-
act with electrons in the nonlinear regime.

Figure 1 shows the percentage of lower-band chorus waves
with |S|< 1 as a function of electron energy and equatorial
pitch angle, for two L-shell ranges: 4 < L < 6 (in the outer
radiation belt) and 6 < L < 10 (in the nominal injection
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Figure 1. Maximum percentage of lower-band chorus
waves likely to interact with electrons in the nonlinear
regime for (a) 4<L<6 and (b) 6<L<10 [17].

region). The maximum percentage of lower-band chorus
waves having sufficiently large amplitudes to reach |S|< 1
and interact nonlinearly with αeq ∼ 40− 60◦ electrons is
higher than 30% below∼ 100 keV and remains higher than
10% below ∼ 300 keV.

Figure 1 demonstrates considerable occurrence rates of
nonlinear wave-particle interaction. Consequently, the ob-
served evolution the outer radiation belt electron fluxes
should mostly result from fast nonlinear effects (phase trap-
ping and bunching), rather than from the much weaker
and slower quasi-linear scattering that is still commonly
assumed in many works. However, in many events with
high amplitude chorus waves, quasi-linear diffusion mod-
els managed to reproduce relatively well the observed evo-
lution of electron fluxes over long time scales of the order
of days (e.g., see [14]). This suggests the possible presence
of some additional parameters (in addition to wave ampli-
tude and geomagnetic field inhomogeneity) that could sig-
nificantly reduce the efficiency of nonlinear wave-particle
interaction. This paper reviews recent results on the in-
ner structure of intense chorus wave packets, demonstrat-
ing that majority of these waves propagate in the form of
short packets of < 10− 20 wave periods, with strong fre-
quency variations, and that such strong wave amplitude and
frequency variations can significantly reduce the efficiency
of nonlinear wave-particle interaction, leaving more room
for the quasi-linear theory.

2 Wave Packet Statistics

Using waveform measurements from the Van Allen Probes
and THEMIS outside the plasmasphere, we selected all
quasi-parallel (wave normal angle < 25◦) lower-band (in
the 0.05-0.5Ωce frequency range, where Ωce is the equato-
rial electron gyrofrequency) chorus wave packets, bounded
by two consecutive minima (< 50 pT) of the wave mag-
netic field amplitude (see wave packet examples in Figure
2). The measured frequencies ωobs(t) inside each wave
packet were then fitted as ω f it(t) = (∂ω/∂ t) t + constant,
with ∂ω/∂ t being the frequency sweep rate. The wave
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Figure 2. Two typical examples of short (left) and long
(right) chorus wave packets. (a, b) Wave perpendicular
(blue and green), parallel (red), and total magnetic field am-
plitude (original in black and smoothed in magenta); (c, d)
observed (black) and fitted (red) wave frequency [17].

half-period is calculated as the interval between two con-
secutive zero crossings of the wave field. We defined here
the packet length β as the number of wave periods during
which the instantaneous wave amplitude remained within
[0.5Bwpeak ,Bwpeak ], without overlapping adjacent packets.

Figure 3(a) shows the distribution of separate chorus wave
packets, as defined above, in the (Bwpeak ,β ) space for the
L-shell range of the outer radiation belt. The overwhelm-
ing majority of the observed chorus wave packets are rather
short, with β ≤ 10, representing ∼ 85% of the total time-
integrated chorus wave power. The distribution of wave-
packet lengths clearly peaks around β ∼ 3 over the whole
domain 0.05 nT < Bwpeak < 0.5 nT of maximum occur-
rences. However, the length of the most intense – but
much more rare – wave packets can occasionally reach up
to β ∼ 100. Statistical results on the frequency variation
inside such wave packets are shown in Figure 3(b,c): we
focus on the observed rising frequency (∂ω/∂ t > 0) waves.

Figure 3(a) shows the distribution of frequency sweep rates
∂ f/∂ t (in kHz/s) inside lower-band chorus wave packets,
as a function of wave packet length β and peak amplitude
Bw,peak. The contours in Figure 3(a) show the occurrence
rate of wave packets (see caption for levels). These con-
tours indicate that most wave packets are short (β < 30)
and low amplitude (< 0.2 nT), as previously noted [17].
This implies that most wave packets with β < 10−20 and
low amplitudes have extremely high sweep rates, which is
inconsistent with theory. Even for long wave packets with
β ∼ 50−200, in an intermediate range of amplitudes (0.25
nT < Bw,peak < 0.6 nT), ∂ f/∂ t is nearly independent of
Bw,peak, contrary to theoretical expectations. Our observa-
tions suggest that the frequency sweep rate of such short or
intermediate-amplitude long wave packets may not only re-
late to the usual nonlinear evolution of the electron distribu-
tion (hole or step formation) on which the classical theory
of wave generation is based [15, 11].

Figure 3(c) shows the event distribution of the normalized
parameter β (∂ω/∂ t)/〈ω〉2 as a function of packet length β

(with 〈ω〉 the average wave frequency within a packet). The
parameter β (∂ω/∂ t)/〈ω〉2 = (d f/〈 f 〉)/2π is proportional



to the relative variation of the wave frequency (d f/〈 f 〉)
over the wave packet duration β/〈 f 〉 due to the measured
sweep rate ∂ f/∂ t. In Figure 3(c), β (∂ω/∂ t)/〈ω〉2 most
often decreases or remains constant as β increases. This
indicates that wave packet length and sweep rate are anti-
correlated. For long wave packets and/or small ∂ f/∂ t,
the mean relative frequency variation (d f/〈 f 〉) over wave
packet duration increases linearly with β from low levels,
which is indicative of a frequency sweep rate independent
of packet length β . The variation of β (∂ω/∂ t)/〈ω〉2 as
a function of β , for a fixed sweep rate ∂ f/∂ t = 5 kHz/s
typical of nonlinear chorus wave growth theory, is plot-
ted in Figure 3(c) for 〈ω〉/Ωce = 0.4 at L = 5 (lower
black line), showing a good agreement between observa-
tions and theoretical expectations in the low ∂ω/∂ t and
high β domains. For very long rising-frequency packets
with β > 100, β (∂ω/∂ t)/〈ω〉2 reaches an upper limit of
' 0.12, corresponding to a maximum frequency variation
d f/〈 f 〉 < 0.75 over packet duration. This is likely due to
the limited frequency range of lower-band chorus waves.
For rising tones starting from ω ≥ 0.2Ωce, this upper limit
indeed corresponds to the limit ω < 0.45Ωce imposed by
strong linear and nonlinear Landau damping near 0.5Ωce
[11].

In addition, Figure 3(c) reveals an intriguing characteris-
tic of short (β < 20) wave packets. For most of them,
β (∂ω/∂ t)/〈ω〉2 decreases as 1/β with increasing packet
length β (see upper black line). The frequency sweep
rate of moderate-amplitude (' 0.08−0.2 nT) short packets
shown in Figure 2(b) seems too high relative to the classi-
cal sweep rate in the nonlinear theory of individual chorus
wave growth [15, 11]. These inconsistencies with theory
suggest that the observed strong amplitude modulation of
short wave packets could simply result from superposition
of at least two coherent waves with a frequency difference,
∆ω∗ – this frequency difference determining the packet du-
ration β/〈 f 〉 = 2π/∆ω∗ = 1/∆ f∗ [13]. An average total
frequency variation over packet length of the order of the
frequency difference could lead to a very high sweep rate,
〈|∂ f/∂ t|ws〉≈∆ f∗/(β/〈 f 〉)≈∆ f 2

∗ ∝ 1/β 2. This would po-
tentially explain the observed variation of β (∂ω/∂ t)/〈ω〉2
over 2 < β < 20 in Figure 2(c), as well as the very high
sweep rates in Figure 2(b).

3 Effects on Wave-Particle Resonant Inter-
action

Since we found that short wave packets are likely often
formed by a superposition of waves [17, 18], it is important
to examine the direct consequences of such wave superpo-
sition on nonlinear wave-particle interactions. Accordingly,
we examined the simple case of an interaction between en-
ergetic electrons and a superposition of two coherent chorus
wave packets, to understand the effect that the multiple re-
sulting sub-packets may have in the electron acceleration
process. Two packets with a frequency difference ∆ω = 0
(black and green curves in Figure 4) or ∆ω/ω ∼ 1/5 were
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Figure 3. (a) Probability distribution of observed lower-
band chorus wave packets in the (Bwpeak ,β ) space for L ∈
[4,6]. Color coded is the temporal probability of a wave
packet to fall into a specific peak amplitude (Bwpeak ) and
β bin. (b) Distribution of chorus frequency sweep rate,
∂ f/∂ t (in kHz/s), as a function of wave-packet length β

(in number of wave periods 1/〈 f 〉 = 2π/〈ω〉) and peak
wave amplitude Bw,peak of rising-frequency lower-band
chorus wave packets. Solid black lines show contour
levels of the distribution of packet occurrences (0.0005,
0.005, and 0.01 in downward direction). (c) Distribution of
β (∂ω/∂ t)/〈ω〉2 = d f/〈 f 〉 as a function of packet length
(β ). 〈 f 〉 and 〈ω〉 denote the average wave frequency within
the packet. Solid black lines show the typical variations in
different parameter domains.

considered (blue and red curves in Figure 4), with con-
stant or smoothly increasing frequency [16]. The distri-
bution of energy changes ∆E obtained from test-particle
simulations (for a single resonant interaction) for a real-
istic ∆ω/ω ∼ 1/5 corresponding to the presence of many
sub-packets, has similar populations of accelerated trapped
electrons and decelerated phase-bunched electrons, and a
strongly reduced nonlinear acceleration compared to results
for one long packet (∆ω = 0). Realistic frequency/phase
fluctuations make the ∆E distribution much more symmet-
ric and limited to |∆E| ≤ 20 keV, suppressing the strong
trapping-induced acceleration by up to ∆E ∼ 100 keV (see
Figure 4, red/blue curves versus black/green curves). Such
a narrow and symmetric ∆E distribution should correspond
to a more advective-like or diffusive-like long-term evolu-
tion of the electron distribution, as for independent short
wave packets [9].

4 Conclusions

We have shown that most of the intense chorus waves that
can potentially interact with electrons nonlinearly, propa-
gate in the form of short wave packets with high frequency
sweep rates. Strong frequency deviations from the linear
sweep rate trend, larger than one tenth of the frequency
over one wave period, are ubiquitous inside wave packets
of all lengths [18]. All of these observed strong frequency
variations may partly result from a local superposition of
waves, leading to wave phase coherence loss between suc-
cessive sub-packets [16]. A succession of independent, iso-



Figure 4. Results of particle scattering (for an initial elec-
tron energy of 500 keV and initial equatorial pitch an-
gles of ∼ 40◦− 60◦) by a superposition of two long wave
packets with a total peak amplitude of Bwpeak = 250 pT
and a frequency difference ∆ω . Distributions of posi-
tive and negative energy changes (∆E) for a long wave-
packet without amplitude modulations nor frequency jumps
(for ∆ω = 0) and constant (green) or smoothly increas-
ing mean frequency (black), and for a long wave-packet
with frequency jumps and wave amplitude modulations (for
∆ω/ω = 1/5), with constant (blue) or smoothly increasing
mean frequency (red). [16]

lated short wave packets with β < 5−10, consisting of su-
perposed waves of comparable and slowly varying ampli-
tudes, could lead to electron energization and scattering that
resemble more quasi-linear diffusion than nonlinear trap-
ping acceleration and scattering [9, 16]. This could explain
the success of quasi-linear diffusion codes in reproducing
the observed multi-MeV electron energization during geo-
magnetic storms [14], despite the high amplitude of chorus
wave packets [17].
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