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Abstract

For direct sequence spread spectrum (DSSS) signal, the
minimum mean square error (MMSE) algorithms based on
reiterative inverse filters have good delay resolution under
closely-spaced multipath interference. However, the lim-
ited density of the correlator function dictionary leads to
a model error of the filter. Under the inexact model, the
performance of delay estimation decreases. To address this
problem, we add a group of correction parameters into the
dictionary matrix and estimate them in the reiterative fil-
tering. Based on the sparsity of correction parameters, a
threshold decision is adopted to sift the parameters that
need to be estimated by maximum likelihood (ML) search.
The parameters that fail to pass the threshold are set to zero.
Simulation results show that, compared with least squares
(LS) and MMSE algorithms, the proposed algorithm can
improve the performance of delay estimation.

1 Introduction

Direct sequence spread spectrum (DSSS) is widely used in
navigation, radar, and communication [1]. The delay es-
timation of DSSS is necessary for accurate code synchro-
nization and applications such as range. Multipath prop-
agation is a common error source for delay estimation of
DSSS. A large number of multipath signal parameter es-
timation strategies have been proposed, including the ex-
tended Kalman filter (EKF), the multipath estimation delay-
locked loop (DLL), and the deconvolution algorithms [2].

The EKF and MEDLL methods have a good performance
on distance multipath mitigation. The EKF algorithms ([3])
construct a first-order Gauss-Markov process by taking the
amplitude, carrier phase, and multipath delay as state vari-
ables. MEDLL algorithms ([4]) estimate the multipath pa-
rameters based on the maximum likelihood (ML) criterion.
Each estimated parameter needs to be ergodically searched
on the delay dimension. Both EKF and MEDLL algo-
rithms have high estimation performance under the sce-
narios of distance multipath. But they are sensitive to
the initial value and have high computational complexity.
Their anti-interference ability for closely-spaced multipath
is only moderate.

Deconvolution methods can deal with both distance and
closely-spaced multipath interference. According to es-
timation criteria, they can be classified into least squares

(LS) and minimum mean square error (MMSE) algorithms.
The LS algorithms ([5], [6]) provide high estimation perfor-
mance under a high carrier to noise ratio (CNR) with a low
computational cost. However, they do not consider noise
power in their cost function. The estimation performance
deteriorates with the decline of CNR. MMSE algorithms
([7]-[9]) add background noise power in their cost function
and have better anti-noise ability. At the receiver, the real
values of multipath parameters are unknown. Therefore,
the existing MMSE algorithms construct their deconvolu-
tion matrix by convex set projection (CSP) or a reiterative
process. CSP-MMSE algorithms ([7]) update the decon-
volution matrix by least mean square filter, which has low
complexity but requires a precise design for the step param-
eter. The MMSE algorithm based on the reiterative process
([8], [9]) has higher estimation performance. However, the
complexity is comparatively high. Moreover, both LS and
MMSE algorithms construct the deconvolution matrix by a
correlation function dictionary. The performance of param-
eter estimation increases with the similarity between corre-
lator outputs and dictionary elements. However, in the im-
plementation process, the density of the dictionary is lim-
ited. The difference between the dictionary and the real
correlator outputs leads to an error term.

To mitigate the model error, we set a group of correc-
tion parameters in the correlation function dictionary, then,
add dictionary correction in the existing MMSE algorithm.
The basic of the dictionary correction is the ML estima-
tion of correction parameters. As the correction parameters
are sparse, we only estimate the parameters correspond-
ing to high signal power and set the other parameters to
zeros. This selection can avoid the unnecessary computa-
tional cost. Simulation results show that the proposed al-
gorithm can improve the estimation performance on delay
and power for the direct-path signal.

2 Signal Model

Under the assumption of perfect carrier frequency synchro-
nization at the receiver, the baseband samples can be ex-
pressed by [4]:

yn =
L−1

∑
l=0

Alb(nTs− τl)c(nTs− τl)+ vn, (1)

where L is the number of paths, the number of direct-path
is 0, Al is the complex amplitude of lth path, b(·) is the



symbol, c(·) is the DSSS sequence, τl is the delay of lth
path, Ts is the sampling interval, and vn is zero-mean white
Gaussian noise with variance σ2. The coarse estimation
based on grid search can reduce estimation error of direct-
path delay to -0.5∼1chip. Without loss of generation, we
set the path with the number 0 as direct-path and the un-
certainty range of τ0 as -0.5∼1chip. At the scenarios of
closely-spaced multipath, τl− τ0 < 0.5chip.

Assume that the number of coherent integra-
tion points is N, corresponding to the integra-
tion time Tcoh = NTs. The input of correlator is
y =

[
y0 y1 · · · yN−1

]T. The existing MMSE algo-
rithm approximates y as a linear combination of reference
signals cm =

[
c(−τ̄m) c(Ts−τ̄m) · · · c(NTs−Ts−τ̄m)

]T,
m = 0,1, . . . ,M − 1, where τ̄m = τ̄0 + m∆τ . The weight
coefficient of reference signals is given by:

hm =

{
Alb0, τ̄m− ∆τ

2 ≤ τl ≤ τ̄m + ∆τ

2
0, others

. (2)

Herein, the impact of symbol change can be ignored when
the symbol duration is larger than or equal to coherent in-
tegration time (i.e. b(nTs− τl) ≡ b0, n = 0,1, . . . ,N − 1).
Thus, b0 is used to express b(nTs− τl). Further, y can be
expressed as:

y = CHh+v, (3)

where C =
[

c0 c1 · · · cM−1
]
, h =

[
h0 h1 · · · hN−1

]T,
and v =

[
v0 v1 · · · vN−1

]T. A vector of parallel correlator
outputs with interval Td can be expressed as:

zm = C̄H
my = DH

mh+ C̄H
mv, (4)

where zm=
[

zm,−K · · · zm · · · zm,K
]T, C̄m=

[
c̄m,−K · · ·

c̄m,0 · · · c̄m,K
]
, c̄m,k=

[
c(kTd−τ̄m) c(Ts+kTd−τ̄m) · · ·

c(NTs−Ts + kTd− τ̄m)]
T, Dm = C̄mCH. The element of

Dm in the pth row and the qth column is Dm (p,q) =
R(τ̄m− (p−K)Td− τ̄q), where R(τ) is the correlation
function of the DSSS sequence c(t) delayed by τ .

3 Proposed Algorithm

It can be seen that the existing MMSE algorithm approxi-
mates τl to its closest τ̄m. The dictionary matrix Dm is mis-
matched to the real correlation outputs. Thus, we construct
a corrected dictionary matrix D′m, whose elements can be
expressed as

D′m (p,q) = R(τ̄m− (p−K)Td− τ̄q +µm) (5)

with correction parameter

µm =

{
τl− τ̄m, τ̄m− ∆τ

2 ≤ τl ≤ τ̄m + ∆τ

2
0, others

. (6)

Then, zm can be rewritten as:

z′m = D′Hmh+ C̄H
mv = um + C̄H

mv. (7)

3.1 MMSE Estimation

Based on the MMSE criterion, the cost function of hm esti-
mation is given by:

Jm = E
∣∣hm− ĥm

∣∣2 = E
∣∣hm−wH

mz′m
∣∣2 (8)

Herein, the ĥm is obtained by an inverse filter with coef-
ficient vector wm. To minimize the cost function, the wm
needs to satisfy

∂Jm
/

∂wH
m = E

[
z′Hmz′m

]
wm−E

[
h∗mz′m

]
= 0. (9)

Then, wm is given by:

wm =
(

E
[
z′mz′Hm

])−1
E
[
h∗mz′m

]
=
(
umuH

m +σ
2CH

mCm
)−1

E [h∗mum]

= h∗m
(
umuH

m +σ
2D̄
)−1um,

(10)

where um = D′mh, CH
mCm is the auto-correlation ma-

trix of local replica signal, and CH
mCm = CH

n Cn (m 6= n).
Hence, we define a local code dictionary matrix D̄ with
element D̄(p,q) = R(pTd−qTd) to express CH

mCm, m =
0,1, . . . ,M−1.

As µm and hm are unknown at receiver, a reiterative process
is required. In each iteration, um is constructed by the esti-
mated values ĥm and corrected dictionary matrix D′m. The
ĥm is obtained by the previous iterations. At the beginning
to the reiterative process, ĥm is initialized to zm,0. The detail
of D′m correction is provided in the following part.

3.2 Dictionary Correction

The core of the dictionary correction is the estimation of
correction parameters µm, m= 0,1, . . . ,M−1. In this work,
we estimate µm by ML search. Let us define search range
as (−∆τ/2 ,∆τ/2 ], and the search points as Ns. Then, µ̂m
can be expressed as:

µ̂m= arg
µ ′m,i

max

∣∣∣∣∣c′Hm,iy−
M−1

∑
n=0,n6=m

R
(
τ̄m+µ

′
m,i−τ̄n

)
ĥn

∣∣∣∣∣ , (11)

where c′m,i =
[

c
(
−τ̄m−µ ′m,i

)
c
(
Ts−τ̄m−µ ′m,i

)
· · ·

c
(
NTs−Ts− τ̄m−µ ′m,i

)]T, and µ ′m,i = i∆τ/Ns . At the
beginning to the reiterative process, µ̂m is initialized to 0.

It should be noted that, in the case of ρn < ρm (ρm = hH
mhm),

the influence of µn on ĥm is significantly less than the influ-
ence of µm on ĥn. In addition, when ρm = 0, it is meaning-
less to correct µ̂m. Therefore, in the iterative process, we
use threshold detection to pick out the µ̂m corresponding
high ρm as the estimation object. The others µ̂m are set to
0. Because that maxρm corresponds to the power of direct-
path signal, the threshold can be set by Vh = β (max ρ̂m),
β ∈ [0,1). The value of β is related to actual application
requirement.



3.3 Reiterative Process

Based on the above analysis, the proposed algorithm alter-
nately performs weight coefficient estimation and dictio-
nary correction. The weight coefficient estimation is re-
alized by the MMSE inverse filter. The dictionary correc-
tion is divided into three steps. First, sift the correction pa-
rameters µm that need to be estimated; second, update the
selected µm by ML search and set other µm to 0; third, re-
construct dictionary matrix D′m. The algorithm structure is
shown in Figure 1. The detailed reiterative process is shown
in Algorithm 1. Herein, NR is the number of iterations.

Figure 1. Block diagram of the proposed algorithm.

Algorithm 1 Proposed algorithm

Input: Received signal y.
1: Compute correlator outputs zm, m = 0,1, . . . ,M−1.
2: Initialize µ̂m=0, ĥm=zm,0, and threshold coefficent β .
3: for i = 1 : NR do
4: Compute wm by (10), m = 0,1, . . . ,M−1.
5: Compute ĥm=wH

mz′m, and update ρ̂m, m=0,1,. . .,M−1.
6: Compute the threshold Vh = β max(ρ̂m).
7: Select µ̂m that corresponds to ρ̂m ≥Vh.
8: Compute the selected µ̂m by (11).
9: Update dictionary matrix D′m by (5), m=0,1,. . .,M−1.

10: end for
Output: ĥm, m = 0,1, . . . ,M−1.

4 Numerical Simulation

According to the conclusion in [2], [4], the performance of
MEDLL algorithms is greatly affected by the initial value
under the close-space multipath scenarios. Thus, we use
LS and MMSE algorithms as references to verify the per-
formance of the proposed algorithm. In this section, the
number of paths is 2, the difference of delay between two
paths is 0.25chip, the integration time Tcoh is 1 ms, the num-
ber of correlators is 5, the distance between correlators Td
is 0.25chip, the uncertainty region of τl is -0.5∼1.5chip,
the search interval ∆τ is 0.25chip, and the number of ML
search points is 8. The statistical results were obtained by
1,000 Monte Carlo simulations.

4.1 Effect of Model Error and Noise

Figure 2 (a) and (b) show the normalized estimated signal
power ρm/ρ0 under τ0 = 0chip. In this case, there is no
model error in the dictionary of LS and MMSE algorithms.
When CNR=55dB, all algorithms have similar small esti-
mation errors. With rising noise power, the estimation per-

formance of the LS algorithm significantly decreases. Fig-
ure 2 (c) and (d) show the power estimation results under
τ0 = 0.1chip. For LS and MMSE algorithms, the dictio-
nary model is mismatched to the correlator outputs. Under
high CNR, the peak of the LS and MMSE algorithms lo-
cate at 0.1chip away from the true delay, and the estimated
power of the direct-path signal is obviously lower than its
true value. When CNR=45dB, only the proposed algorithm
shows the correct peak location. Comparatively, the pro-
posed algorithm provides better estimation performance by
mitigating the model error.
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(a) CNR=55dBHz, τ0 = 0chip.
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(b) CNR=45dBHz, τ0 = 0chip.
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(c) CNR=55dBHz, τ0 = 0.1chip.
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(d) CNR=45dBHz, τ0.1 = 0chip.

Figure 2. Normalized estimated signal power.

4.2 Estimation performance

Figure 3 shows the root mean square error (RMSE) of the
direct-path delay under CNR=45dBHz. The x-axis is set
in the range of [0,∆τ/2 ]. The RMSE of LS and MMSE
algorithms monotonically increase with τ0. For the LS
algorithm, the RMSE rises from 0.4chip to 0.6chip. For
the MMSE algorithm, the RMSE rises from 0.25chip to
0.4chip. The RMSE of the proposed algorithm fluctuates
around 0.25 chip. In most cases, the proposed algorithm has
the best estimation performance. Figure 4 shows the nor-
malized mean square error (NMSE) of weight coefficient
(i.e. ∑ |hm−hm|2/ρ0 ) under CNR=45dBHz. The curves of
all algorithms monotonically increase. Comparatively, the
proposed algorithm has the lowest error.
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Figure 3. Estimation error of delay under different τ0.
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Figure 4. NMSE of ĥm under different τ0.

Figure 5 and Figure 6 show the RMSE of delay and NMSE
of weight coefficient under different CNR, respectively. τ0
uniformly distributes in the range of [0,∆τ/2 ]. As shown,
the MMSE and proposed algorithms have better perfor-
mance under low CNR. With the rising CNR, the gap be-
tween the LS and MMSE algorithms decreases. The dif-
ference between the MMSE and the proposed algorithms is
more obvious under high CNR. It is caused by the sensitiv-
ity of ML search to noise.
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Figure 5. Estimation error of delay under different CNR.
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Figure 6. NMSE of ĥm under different CNR.

5 Conclusion

In this work, we set a group of correction parameters in
the dictionary matrix to provide an accurate model for the
MMSE inverse filter. The dictionary matrix is reconstructed
based on the estimated correction parameters. The estima-
tion error of the direct-path signal power can be reduced
with the refined dictionary matrix. Simulation results show
that, in the scenarios of closely-spaced multipath, the pro-
posed algorithm can improve estimation performance on
delay and power of direct-path signal.
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