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Abstract

Inverse scattering problems can be seen as an optimization

problem in which a cost function has to be minimized. The

cost function measures the discrepancy between a physi-

cal model written as a function of the sought parameters

and the measured data. Due to the high computational cost

of physical models, metamodels (also known as surrogate

models) have gradually appeared as alternatives. Polyno-

mial chaos (PC) expansions are a type of metamodel based

on an explicit spectral decomposition of the physical model,

allowing for an exact computation of the gradient of the

metamodel. The gradient of the metamodel is then used to

improve the performance of the global algorithm Particle

Swarm Optimization (PSO).

1 Introduction

Inverse scattering problems have many applications, rang-

ing from medical imaging and groundwater flow model-

ing to nondestructive testing. The objective is character-

izing a region of interest (most often finding its geometri-

cal and physical parameters) from measured data (variation

of impedance, electromagnetic or acoustic scattered field,

. . . ) [1], [2]. Inverse scattering problems can be recast as

an optimization problem in which a cost function has to be

minimized. The cost function measures the discrepancy be-

tween a physical model written as a function of the sought

parameters and the measured data. Such a minimization can

be done using iterative methods which have been proved to

be efficient and which aim at progressively refine the esti-

mation of the parameters thanks to a large number of physi-

cal model evaluations. However, physical models are often

computationally expensive to evaluate, thus making inver-

sion a tedious process. To avoid the computational cost of

an exact model, surrogate models - or metamodels - can

be used. A metamodel is an approximation of the explicit

model, which aims to provide a much faster model evalua-

tion with a small loss in precision due to some approxima-

tions [3]–[5].

In this work, the potential complementarity between

stochastic global optimization and deterministic local opti-

mization is investigated, provided the gradient of the meta-

model is computable. An application of polynomial chaos

as metamodel [6] in the scope of eddy-current testing (ECT)

application will be presented. First results combining PC

expansion as metamodel and particle swarm optimization

as optimization technique will be presented. The work is

organized as follows: the theoretical framework and the

mathematical tools of the PCE are presented in Section 2,

inversion algorithms are shortly described in Section 3 and

configurations and inversion results are presented in Sec-

tion 4.

2 Polynomial chaos expansion as metamodel

Polynomial chaos (PC) is a widely used technique which,

most often, finds its utility in uncertainty quantification

(UQ) problems [7], but can also be used as metamodel [6].

PC expansions are often used to model the random output

of a physical model whose inputs are random variables. But

they can also be used as an explicit interpolation technique.

PC expansions rely on a spectral decomposition on a basis

of orthogonal polynomial functions. Let X ∈ R
M be a real-

valued vector, input of the physical model F, whose output

is noted Y ∈ CN . Formally this gives

Y = F (X) (1)

The PC expansion of the model F is then

F (X) = ∑
α∈NM

cα Ψα (X) (2)

where Ψα are the pre-determined multivariate polynomi-

als and cα the complex-valued coefficients, the latter being

computed using the UQLab toolbox [8]. Four methods are

available in UQLab: projection, least-squares regression,

least-angle regression (LAR) and orthogonal matching pur-

suit (OMP) among which the chosen method for this work

is the least-squares regression.

However the expansion at (2) is infinite and needs to be

truncated to be numerically tangible. Three truncation



strategies are available in UQLab: a basic truncation on the

degree of the polynomials, a maximum interaction scheme

and a hyperbolic truncation, the latter being the chosen

strategy for this work. The PC expansion then becomes

F(X)≃ F̂(X) = ∑
α∈A(n,p)

cα Ψα (X) (3)

where A(n,p) =
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The two parameters governing the truncation (degree n and

norm p) are to be set judiciously since they impact both the

precision of the metamodel and its computational cost.

The polynomial basis (the Ψα polynomials) does not need

to be computed. The multivariate polynomials Ψα evalu-

ated at X = (x1, . . . ,xM) are defined as the product of uni-

variate ones:

Ψα(X) =
M

∏
i=1

ψαi
(xi) (5)

The univariate polynomials are solely determined by the or-

thogonality of the basis with regard to the distribution of the

input vector, according to equation (6).

〈

ψi,ψ j

〉

=

∫

ψi(x)ψ j(x)ρ(x)dx = δi j (6)

where ρ is the distribution of input x and δi j the Kronecker

symbol.

Even though the PC expansion formulation may not seem

intuitive, it has a significant advantage since it is analyti-

cally explicit. This means that computing the gradient of a

PC expansion is straightforward [9]. The following proof

is given with the Legendre polynomial basis but can be ex-

tended to other bases thanks to the recurrence relations pre-

sented in [10, Chapter 22]:

(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x) (7)

(1− x2)
d

dx
Pn(x) =−nxPn(x)+ nPn−1(x) (8)

By combining equations (7) and (8), one can obtain the fol-

lowing recurrence relation

d

dx
Pn+1(x) = (n+ 1)Pn(x)+ x

d

dx
Pn(x) (9)

Equation (9) is then used to compute the derivative of the

univariate polynomials. Then a tensor product is applied

to compute the first-order derivative of the PC polynomials

w.r.t. each input parameter.

∂

∂xi

Ψα(X) =
d

dxi

ψαi
(xi)

M

∏
k=1
k 6=i

ψαk
(xk) (10)

The first-order derivative of the PC expansion linearly fol-

lows:
∂

∂xi

F̂(X) = ∑
α∈A(n,p)

cα
∂

∂xi

Ψα(X) (11)

where α is defined in equation (4). The gradient of the PC

expansion is the vector containing the first-order derivatives

of the PC expansion.

∇F̂(X) =

(

∂

∂x1

F̂(X), . . . ,
∂

∂xM

F̂(X)

)

(12)

3 Optimization: PSO & n-gPSO

First introduced in [11], then thoroughly discussed in [12],

Particle Swarm Optimization (PSO) is an iterative opti-

mization algorithm, inspired by the behavior of swarms of

bees, among other things. The idea is to let a swarm of

particles move in the search space in directions depending

on their best personal position encountered P, and the best

position a portion of the swarm has encountered S. The

displacement of a particle X at iteration k is then:

vk+1 = c0vk+csrand(0,1)(Pk−Xk)+csrand(0,1)(Sk−Xk)
(13)

where c0 is the particle confidence in its own displacement,

cs is the particle confidence in the swarm.

Two optimization strategies are proposed in this work: the

first one is solely based on the PSO algorithm, the second

one uses the aforementioned gradient information. Both

strategies use the same cost function:

E(X) =

∥

∥

∥
F̂(X)−Ydata

∥

∥

∥

2

‖Ydata‖
2

(14)

where Ydata is the output data to be inversed and ‖.‖ the L2-

norm over CN .

The second strategy, referred to as gPSO, also uses the gra-

dient ∇E(X) of the cost function to provide a deterministic

way to displace the swarm inside the search space. The

first-order derivative of the cost function is simply com-

putable thanks to equations (11) and (14) and to the scalar

product 〈., .〉 being a hermitian form for complex-valued

vectors. Once the gradient of the cost function is obtained,

a steepest descent gradient displacement is imposed to the

particles for a determined number of iterations. The al-

gorithm then moves the swarm of particles following ei-

ther the PSO-based displacement or the gradient-based dis-

placement. An appropriate stopping criterion has to be set,

usually related to a threshold on the cost function, a maxi-

mum number of iterations or a number of iterations passing

without improvement of the value of the cost function.

4 Numerical results

Configuration The algorithm has been applied to a NdT

configuration. A plate structure affected by a single rectan-



gular crack is inspected by a coil. The problem has 3 real-

valued parameters: crack depth, crack length, crack width,

which form the input domain. The output domain is a 2D-

mapping - referred to as a C-scan - of the impedance vari-

ation in the coil over the plate, which is a complex-valued

rectangular image. The configuration is shown in Figure 1.

The database parameters shown in Table 1e are sampled

10 times each uniformly between the minimal and maxi-

mal values, which forms 1× 103 uniform samples of the

input domain. Since the sampling distribution is uniform,

the polynomial basis associated is the Legendre polynomial

basis. The degree n and norm p of the truncation, intro-

duced in equation (4), have been set respectively to 5 and

0.8 after a parametric study on their influence.

The impedance variation is measured on a grid of 57 points

along x and 41 points along y leading to a dimension of

2337 of the output domain. The latter is relatively high

and thus can be reduced to improve computation times. To

achieve this, a principal component analysis [13] is used.

The purpose of PCA is to reduce the dimension of a data

set, while keeping as much information as possible. The

original set is transformed into a new set of principal com-

ponents, which are ordered by the amount of information

that they represent. The method used to build the princi-

pal component basis can be found in [14]. The main dif-

ference here is the way the principal components are trun-

cated. An a posteriori criterion is used:the normalized root

mean square error between the original data set and the data

set reconstructed from the truncation is computed for in-

creasing numbers of principal components until this error

is less than a given threshold (1× 10−2 in our case). For

this configuration, the output domain dimension is reduced

by a factor of 1/40.

Inversion results on noisy data To assess the robustness

of the algorithm to noise, the testing procedure has been

carried out on noisy data. The noise has been added to the

modulus and to the argument of each C-scan. The modulus

noise is a fraction of the maximal modulus found on the

C-scan while the argument noise is in degrees.

The inversions have been carried out on 100 different as-

sumed cracks, with the input parameters being sampled by

Latin Hypercube Sampling in the input domain. The C-scan

to be inverted is generated by means of a full metamodel,

i.e., whose dimension was not reduced by PCA. Then the

noise is added to the generated C-scan, before being trans-

formed into the principal component domain, to be fed to

the optimization loop. The algorithm stops when the cost

function value reaches 1× 10−3, when 150 iterations have

passed or when 15 iterations have passed with no improve-

ment of the value of the cost function.

Figures 2a and 2b show the results of the algorithm when

applied on noisy data for different noise levels, respectively

5% on modulus / 5° on argument and 10% on modulus /

10° on argument. The algorithm performs relatively well

on noisy data. It does converge but towards a value that is

not the sought one.

5 Conclusion and future work

An original inversion algorithm based on polynomial chaos

and PSO has been introduced and tested on an eddy-current

testing configuration. The combination of local optimiza-

tion from the gradient descent algorithm and global op-

timization from PSO improves the convergence speed in

terms of iterations but adds some computation time. The

algorithm converges fairly well even when confronted to

noisy data, performing on average 25% better in terms of

absolute error on the reconstructed parameters, especially

on the crack width. Reconstructions from gPSO also show

40% less variability than from PSO. The convergence speed

can be furtherly improved by optimizing the gradient step

size computation. To achieve this, several alternative step

size selection strategies are considered. A study on the in-

fluence of the number of gradient displacements per algo-

rithm iteration is to be done in that regard. The algorithm is

also expected to be tested on other configurations, with an

increasing number of parameters as, for instance, in [15].
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(a) (b)

Inner radius r1 1.00 mm

Outer radius r2 1.75 mm

Height l 2.0 mm

Number of turn N 328

Lift-off l0 0.303 mm

Frequency f 100 kHz

(c) Coil parameters

Thickness T 1.55 mm

Conductivity σ 1.02 MSm−1

Height l 2.0 mm

(d) Plate parameters

Parameter Min (mm) Max (mm) Samples

Depth D 0.31 1.24 10

Length L 5 15 10

Width W 1× 10−3 0.45 10

(e) Database parameters

Figure 1. (a) 3D view of the configuration and (b) projected 2D views
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(a) Noise level of 5% and 5°
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(b) Noise level of 10% and 10°

Figure 2. Input parameter reconstruction by PSO (in black) and gPSO (in red) on 100 points sampled by LHS. for a
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