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Abstract

We investigate TM-wave propagation over an impedance-
matched graded interface between a right-handed material
(RHM) and a left-handed material (LHM) with graded per-
mittivity and permeability. We assume a lossy case with
permittivity and permeability profile changing according to
a hyperbolic tangent function along the direction perpen-
dicular to the boundary plane between the two materials. A
remarkably simple exact analytical solution to Helmholtz
equation is obtained. The exact analytical expression for
the field intensity along the graded LHM-RHM structure
confirms the expected properties of LHM media. Further-
more, in the special case of normal incidence, we reconfirm
that there is an excellent agreement between the present an-
alytical results and numerical simulations.

1 Introduction

There is a growing theoretical and practical interest for left-
handed metamaterials with spatially varying permittivities
and permeabilities within the elctromagnetics community.
Such graded permittivities and permeabilities are utilized
in a number of research areas. One major area of interest
is transformation optics [1] with hyperlenses [2, 3], anten-
nas [4, 5] and subwavelength imaging [6, 7]. Another area
of interest is waveguide applications [8, 9], in particular
nanostructured waveguides proposed to enhance the perfor-
mance of solar cells via a tunable absorption spectrum [10].
Yet another area is invisibility cloaks [11]. In a short paper
of the present format, it is not possible to give an extensive
account of all applications of graded left-handed metamate-
rials, or to list a large number of references. The references
cited are therefore just a few representative examples.

In the present paper, we study TM-wave propagation over
an impedance matched graded interface between a right-
handed material (RHM) and a left-handed material (LHM).
An early similar study for the lossless case of TE-wave
propagation over an impedance matched graded interface
between a right-handed material (RHM) and a left-handed
material (LHM), was reported in [12]. For the most general
analytical approach to a non-impedance-matched graded
interface between a right-handed material (RHM) and a
left-handed material (LHM), see [13]. The exact analyti-

cal solution in [12] was mathematically complex and ob-
tained in terms of Gaussian hypergeometric functions. Fur-
thermore, the field patterns were not investigated in detail
to clearly relate to the important properties of left-handed
metamaterials. Using a combination of properties of Gaus-
sian hypergeometric functions [15], in the present paper we
obtain an analogous mathematical solution. However, the
solution here is generalized to a lossy case and TM-waves,
and involves elementary mathematical functions only. Thus
we obtain a remarkably simple exact analytical solution to
Helmholtz’ equation for a lossy case with permittivity and
permeability profile, changing according to a hyperbolic
tangent function along the direction perpendicular to the
boundary plane between the two materials. Furthermore,
we provide a three-dimensional graphical presentation and
discussion of the results.

2 Field equations with solutions

We assume that the material can be described by its effec-
tive dielectric permittivity and effective magnetic perme-
ability, which is normally justified for left-handed metama-
terials, since their ’particles’ have subwavelength dimen-
sions. We choose the geometry of the problem such that the
effective parameters change along one direction only (cho-
sen to be the x-axis). The plane of incidence is chosen to be
the x− y plane, such that the direction perpendicular to the
plane of incidence is the z-direction. For a TM-wave, for
an oblique incidence at angle θ , the magnetic and electric
field vectors are then given respectively by

H(x,y) = H(x,y) ẑ (1)

E(x,y) =−E(x,y)sinθ x̂+E(x,y)cosθ ŷ (2)

and the incident wave vector is k = k cosθ x̂ + k sinθ ŷ.
The Helmholtz equation for the magnetic field intensity is
then obtained in the form
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For the lossy impedance-matched graded interface between
a right-handed material (RHM) and a left-handed mate-
rial (LHM), it is convenient to define the permittivity and



permeability functions, changing according to a hyperbolic
tangent function along the x-direction, as follows
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where x0 is the length parameter that defines the width of
the graded transition region between the two media. The
loss parameter β is the ratio between the imaginary and
real parts of the permittivity and permeability functions
(4) and (5). This parameter is assumed to be equal, and to
a good approximation constant, for the chosen dispersion
model in the frequency range of interest. Separating the
variables using H(x,y) = X(x)Y (y) as in [12], it is easily
shown that the solution for Y (y) is a simple attenuated
plane wave. The ordinary differential equation for X(x)
can be reduced to the hypergeometric differential equation,
with a solution proportional to a Gaussian hypergeometric
function 2F1(a,b,c;u) . However, in present study, using
some properties of Gaussian hypergeometric functions
[15], we have reduced the solution for X(x) to a form
involving elementary mathematical functions only. The
exact analytical solution has the following simple form

H(x,y) = H0 e−βk(xcosθ+ysinθ) ·
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where we introduce the notation H0 for the magnetic field
strength at the origin (x,y) = (0,0). The solution for the
electric field strength E(x,y) is proportional to the solution
for the magnetic field strength H(x,y), and has a fully anal-
ogous mathematical form

E(x,y) = E0 e−βk(xcosθ+ysinθ) ·

·
[

cosh
(

x
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)]ikx0 cosθ

e−ikysinθ (7)

where E0 is the electric field strength at (x,y) = (0,0).

3 Graphical presentation and discussion

We present the electric field intensity pattern E(x,y) defined
by (7) for a TM-wave in the microwave range of frequencies
with the normalization amplitude at the origin E0 = 1, the
wave number k such that kx0 = 0.2, the loss factor β = 0.05
and angle of incidence (a) θ = π/6 and (b) θ = π/3, in Fig-
ure 1. The electric field wave pattern, for the same set of
numerical parameters as in Figure 1, can be found in Fig-
ure 2. The cross section of the electric field pattern shown
in Figure 2 for constant y = π/2 is shown in Figure 3, with
otherwise the same parameters as the previous two figures.
The function shown in Figure 3 describes the wave propa-
gation along the x-axis only.

Figure 1. Electric field intensity pattern for E0 = 1, kx0 =
0.2 and β = 0.05, with angles of incidence (a) θ = π/6 and
(b) θ = π/3. Arrows indicate wave vector directions for
RHM (red) and LHM (blue).

For normal incidence, when θ = 0, in the lossless case with
β = 0, the result (7) is reduced to the previously obtained
result in [14]

E(x) = E0

[
cosh

(
x
x0

)]ikx0

(8)

From Figure 3. in [14], we know that the result (8) was val-
idated by comparison of the exact analytical wave forms
with the corresponding wave forms obtained by numeri-
cal simulation of Maxwell’s equations using the finite el-
ement method (COMSOL Multiphysics). In [14], an excel-
lent agreement between the analytical and numerical results
was obtained. Since the results in [14] are just one special
case of the present more general results, the same level of
agreement with numerical simulations is expected for the
results obtained in the present paper.

In the impedance-matched case, as the one studied here and
in [12] and [14], we know that there is no reflection at the
interface between the two media. In the case of normal in-
cidence, described by (8), it means that the wave seemingly
continues to propagate undisturbed over the boundary be-
tween the two media. However, one important physical ob-
servation is the reversed sign of the wave vector in the left-



Figure 2. Electric field wave pattern for E0 = 1, kx0 = 0.2
and β = 0.05, with angles of incidence (a) θ = π/6 and (b)
θ = π/3. Arrows indicate wave vector directions for RHM
(red) and LHM (blue).

handed material, being a well-known property of LHM me-
dia. Thus, in the special case of normal incidence, the wave
continues to propagate over the boundary between two very
different media, and only changes sign of the wave vector
(direction of the wave vector along the same straight line).

On the other hand, for oblique incidence, the wave vector
k = k cosθ x̂+k sinθ ŷ has both x- and y-components. And
since the media change from RHM to LHM occurs only
in the x-direction, only the sign of the x-component of the
wave vector is changed, while the sign of the y-component
is unchanged. Thus in Figures 1 and 2, we see that de-
spite the impedance-matching and no wave reflection at the
boundary between the two materials, the incident TM-wave
does not continue along the same path in the LHM medium.

Wave refraction occurs at the boundary between the two
materials, and the wave not only propagates in the oppo-
site direction from what is expected in RHM media, it also
propagates along a path that is a mirror image of the in-
cident wave. This observation can be interpreted as an
RHM-LHM interface version of Snell’s law of refraction

Figure 3. Electric field pattern along y = π/2 with E0 = 1,
kx0 = 0.2, β = 0.05 and θ = π/6.

nt sinθt = ni sinθi, where nt = −ni is the negative refrac-
tive index of the left-handed material, while ni is the pos-
itive refractive index of the right-handed material. Thus,
sinθt =−sinθi which implies θt =−θi, in agreement with
the behavior established in the present analysis.

It should be noted however that in the present treatment, we
do not need to use any law of refraction, or any boundary
conditions. The solution of Maxwell’s equations for a sin-
gle stratified medium reproduces the correct LHM media
behavior without any a priori assumptions. The present ap-
proach also includes also the abrupt transition, i.e. a sharp
interface between the two materials, as a special case when
the width of transition region x0 approaches zero (x0→ 0).
This peculiar property of LHM media may have implica-
tions for some invisibility cloaking designs.

Finally, far from the boundary surface between the two
media, the result (7) with β = 0, reproduces the expected
asymptotic plane-wave solutions for x→−∞

E(x,y) = E0e−iα e−iki·x = E0e−iα e−i(kxcosθ+kysinθ) (9)

and for x→+∞

E(x,y) = E0e−iα e−ikt ·x = E0e−iα e−i(−kxcosθ+kysinθ) (10)

where ki and kt are complex wave vectors in RHM and
LHM media, respectively, and α = kx0 ln2cosθ is an
unessential constant phase shift that can be included in the
complex amplitude E0. These asymptotic results reconfirm
that the directions of two wave vectors in the two media are
indeed in agreement with the wave behavior displayed in
Figures 1 and 2.

4 Conclusions

We studied TM-wave propagation over impedance-
matched interfaces between lossy RHM and LHM media
with spatially graded permittivities and permeabilities. The



spatial gradient is described using a hyperbolic tangent
function along the direction perpendicular to the boundary
plane between the two materials. We derived remarkably
simple exact analytical solutions to the Helmholtz equation.
The obtained exact analytical expressions for the field in-
tensities along the graded LHM-RHM structure confirm all
the expected properties of LHM media, and are in agree-
ment with the results of previous studies. In the special
case of normal incidence without losses, the present study
reconfirms an excellent agreement between the analytical
results and accurate numerical simulations.
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