
URSI GASS 2021, Rome, Italy, 28 August - 4 September 2021

Frequency-Bandwidth Dependent Degrees of Freedom as a Bound of Super-Directivity

C. Yepes(1), L. Passalacqua(1), A. Murillo Barrera(2), E. Martini(1) and S. Maci(1)

(1) Applied Electromagnetics Laboratory, Department of Information Engineering and Mathematics, University of Siena,
Siena, Italy

(2) Huawei Technologies, Munich, Germany

Abstract

The Degrees of Freedom (DoF) of the field are associated to
the electromagnetic field at a certain distance from a mini-
mum surface enclosing the sources, so that the reactive field
is negligible. The conventional concept of DoF is based on
the limited spatial bandwidth of the EM fields and not re-
lated with frequency bandwidth of the source. This paper
suggests an extension of the DoF concept with a depen-
dency on frequency bandwidth and a process for its calcu-
lation. This is done by introducing the source frequency
bandwidth as a measure of the reactive energy stored in the
vicinity of a radiating surface; thus, leading to a near-field
DoF as twice the bound of superdirectivity for a fixed band-
width. The problem is treated for a spherical source region
by using spherical wave harmonics, but it can be extended
to arbitrary radiating surfaces.

1 Degrees of Freedom of the field

The number of Degrees of Freedom (NDoF ) of the field ra-
diated by arbitrary sources contained in a given minimum
sphere is the minimum number of independent scalar pa-
rameters sufficient to describe the field in a certain region
of space [1]. It is equivalently the number of scalar coeffi-
cients of a wave-function expansion needed for a complete
and non-redundant description of the field. This number is
important to establish the numerical complexity of an elec-
tromagnetic problem [2]. When the observed region is all
the space around the source, and and the observer is out of
the reactive region one has NDoF = 2dkrmine2, where k is the
free-space wavenumber, rmin is the radius of the minimum
sphere containing the sources and d·e denotes the smallest
integer number larger or equal to the argument. This num-
ber is coincident with the number of spherical wave (SW)
harmonics excited on the minimum surface that are not af-
fected by cut-off [3].

In [4], it has been emphasized that this number is also coin-
cident with twice the maximum directivity D(ns)

max of a large
non-superdirective (non-super-reactive) antenna within the
same minimum sphere, namely

NDoF = 2D(ns)
max, (1)

where the factor 2 results from the two orthogonal polariza-
tions, corresponding to the transverse electric (TE) and the
transverse magnetic (TM) wave-modes. In the following,
we will consider the NDoF as a real, instead of an integer
number, understood that the integer DoF number is the in-
teger closest to the real DoF number. It is however observed
in [4] that if one considers NDoF = 2(krmin)

2 the equiv-
alence expressed in (1) is an asymptotic concept, namely
valid for large sphere in terms of the wavelength and in the
far zone where the reactive field is vanished.

However, in [4] is argued that the relation in (1) can be
valid even for intermediate and small radii of the mini-
mum sphere, where the limit of maximum directivity can
be found as suggested by Harrington [5]. In [5], the maxi-
mum directivity of a non-super-reactive source is obtained
as a function of the maximum polar index of the spherical
wave expansion. This gives D(ns)

max = (Nmax)
2+2Nmax where

Nmax ≥ 1 is the maximum polar index of the spherical har-
monics. The same result can be obtained by the convex
optimization procedure defined in [6]. Since the maximum
polar index for non-super-reactive antennas is Nmax ≈ krmin,
the maximum directivity for non-super-reactive antennas
can be defined as [4]

D(ns)
max =

{
(krmin)

2 +2krmin for krmin ≥ 1.5
(krmin)

2 +3 for krmin < 1.5
(2)

Using (2) in (1) gradually holds from large radius, where
NDoF = 2(krmin)

2 till krmin < 1 where we know that the de-
grees of freedom are 6 (three orthogonal electric and three
orthogonal magnetic dipoles) and the maximum directivity
is 3, namely the one of a Huygens’ source. It should be ob-
served that an alternative formula has been also suggested
in [4], by counting the available spherical modes at the sur-
face of the minimum sphere weighting them with their in-
verse radiation-Q.

2 DoF and Superdirectivity Bounds

The NDoF defined by (1) and (2) is inherently unaffected
by the reactive field close to the minimum sphere, or,
in other terms, by the excitation of harmonics beyond



Nmax = dkrmine. If this is not very significant for large
antennas, it becomes significant for small to medium size
antennas. Therefore, a more accurate way is needed for ex-
tending the concept of DoF in the near-field region.

It is obvious that if one can excite all possible harmonics
over the minimum sphere with arbitrary coefficients, the
number of degrees of freedom in the near zone becomes in-
finite. The spatial bandwidth limitation of the Green’s func-
tion gradually reduces the NDoF till establishing them out of
the reactive region. However, the classical concept of DoF
is too restrictive concerning with the frequency bandwidth
of the source.The allowance of a frequency bandwidth lim-
itation (in practice less restrictions in the antenna require-
ments), increases the number of DoF. This is intuitively jus-
tified by the fact that a rich dose of reactive energy may
imply an equivalent effective area of the source larger than
the maximum cross-section of the minimum sphere, at the
expenses of a smaller frequency bandwidth [7]. This con-
cept is quite similar to the one of super-reactive antennas,
where super-directivity (namely directivity larger than the
one expressed by (2) can be obtained only at the expenses
of a limited bandwidth. It is therefore reasonable to state
that (1) can hold when apply a limitation on bandwidth,
provided that the directivity of non-supereactive source is
substituted with the one of a super-reactive source.To de-
rive practical formulas, we will use the same process used
by [5] for constructing the super-directivity bounds.

Therefore, we assume to excite harmonics with polar index
up to N̄max, larger than Nmax = krmin. This limit is fixed by
the quality factor Q of the system of currents that generates
the maximum directivity. (Note that for large values, Q can
be seen as the inverse of the relative bandwidth). This is
given by [5] as

Q(N̄max,krmin) =

N̄max

∑
n=1

(2n+1)Qn(krmin)

N̄2
max +2N̄max

(3)

where Qn(krmin) is the quality factor of the n-th polar har-
monics, evaluated through the reactive energy outside the
minimum sphere. Explicit, approximate expressions of
Qn(krmin) are given in [5]; accurate expressions are given
in [8] and [9], the latter two references providing equal re-
sults, even if apparently different. Figure 1 shows the qual-
ity factor Q in (3) with Qn(krmin) calculated as in [8]- [9]
for different values of N̄max.

Inverting the expression Q = Q(N̄max,krmin) in (3) for any
fixed minimum sphere, leads to N̄max = N̄max(Q,krmin). The
value of N̄max as a function of the minimum sphere radius
for some values of Q is provided in Fig. 2. Finally, the fre-
quency bandwidth limited DoF for a given Q can be evalu-
ated as

1
2

N(near)
DoF = D(s)

max = N̄2
max(Q,krmin)+2N̄max(Q,krmin) (4)
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Figure 1. Q factor of the system of SW harmonics provid-
ing maximum directity as a function of the minimum sphere
radius for several maximum number of harmonics N̄max (log
vertical scale).
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Figure 2. Maximum index of polar harmonics as a function
of krmin for different values of Q.

where D(s)
max is the maximum bound of superdirectivity for a

certain bandwidth. We observe that this bound does not co-
incide with the superdirectivity limit of Harrington because
of a different way we have used for calculating the energy
stored in each spherical harmonic. The plot of continuous
DoF and maximum super-directivity is given in Fig. 3 for
different bandwidths, i.e., different values of Q factor. In
this plot, we also have reported Dns

max in (2), which corre-
sponds to the classical bounds of non-super-reactive anten-
nas.

3 Conclusions

The DoF in super-reactive region for a certain frequency
bandwidth of the radiating currents has been introduced,
and it has been defined and interpreted as half of the super-
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Figure 3. Number of near field DoF and bound of superdi-
rectivity for various values of the bandwidth of the radiating
current system. The staircase is 1

2 Nns
DoF and the continuous

curve the is Ds
max. The dotted curve is the limit of maxi-

mum directivity for non superdirective antennas, which is
obtained by Q = 1.

directivity bound for a given bandwidth. This contributes
to estimate the computational complexity of the problem in
terms of current discretization for both resonant and non-
resonant problems.
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