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Abstract

We present a novel surface-integral-equation formula-
tion for accurate, stable, and efficient analyses of three-
dimensional conductors with dense discretizations in terms
of wavelength. Recently developed potential integral equa-
tions (PIEs) for low-frequency-stable solutions suffer from
internal resonances that limit their applicability to large-
scale objects. We combine the conventional PIEs with the
magnetic-field integral equation and another potential in-
tegral equation to reach a combined potential-field formu-
lation (CPFF). Numerical examples demonstrate excellent
broadband characteristics of CPFF, independent of the size
of the target object and its discretization.

1 Introduction

In surface formulations of three-dimensional objects, dense
discretizations result in computationally challenging prob-
lems. Specifically using small discretizations with respect
to wavelength, either uniformly or non-uniformly depend-
ing on the target structure and solution requirements, lead
to unstable, inaccurate, and/or inefficient solutions. Recent
efforts, for this purpose, on developing new solution strate-
gies have also focused on alternative integral-equation for-
mulations that can provide broadband simulations. Among
these, potential integral equations (PIEs) [1]–[4] are based
on employing boundary conditions for potentials rather
than fields (commonly used in the conventional formula-
tions). PIEs have been demonstrated to be stable and accu-
rate at arbitrarily low frequencies (for arbitrarily small ob-
jects and discretization elements), which potentially make
them suitable for all types of dense discretizations, whether
the target object is small or large. Unfortunately, these for-
mulations suffer from internal resonances that must be mit-
igated for truly broadband simulations. For this purpose, as
practiced for field formulations, PIEs can be combined with
other integral equations, while such combinations should
not deteriorate the favorable properties of PIEs.

In this contribution, we present a novel formulation based
on a combination of (i) PIEs, (ii) the magnetic-field integral
equation (MFIE), and (iii) a potential-type integral equation
using the boundary condition for the normal component

of the magnetic vector potential. The resulting combined
formulation is free of all types of internal resonances and
their undesirable effects in conditioning, near-zone quan-
tities, and far-zone radiations. In addition, with its excel-
lent stability for dense discretizations, the new formulation
demonstrates broadband characteristics by providing accu-
rate and efficient simulations of objects with diverse sizes
and discretizations.

2 Combined Potential-Field Formulation

As mentioned above, the new formulation, namely the com-
bined potential-field formulation (CPFF), is an integration
of the conventional PIEs, MFIE, and an additional potential
integral equation. In a matrix (discretized) form, we have[
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The right-hand sides in (5) and (6) are obtained by testing
incident fields/potentials created by external sources. Fo-
cusing on the matrix side, ¯̄Z
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where S is the surface of the object, g is the free-space
Green’s function, n̂ is the outward normal, and Ā is the
magnetic vector potential. In (1)–(6), x̄ and ȳ represent



Figure 1. Condition numbers and iteration counts for the
solutions of scattering problems involving a perfectly con-
ducting sphere of diameter 0.6 m using CPFF.

coefficients to expand the electric current density and the
normal component of the magnetic vector potential on the
surface of the object, k = ω√µε = 2π/λ is the wavenum-
ber, η =

√
µ/ε is the intrinsic impedance, and i =

√
−1.

In this paper, we use triangular discretizations; for an object
discretized with Q triangles, Q pulse functions are used to
expand/test scalar quantities, while N = 3Q/2 Rao-Wilton-
Glisson functions are used to expand/test vector quantities.
Finally, α ∈ [0,1] in (2)–(6) is a combination parameter,
similar to the those commonly used in combined-field for-
mulations.

3 Numerical Examples

For the first set of numerical examples, we consider a per-
fectly conducting sphere of diameter D = 0.6 m located at
the origin in vacuum. The sphere is discretized with 2720
triangles and illuminated by a plane wave from 200 MHz
(D ≈ 0.4λ ) to 1000 MHz (D ≈ 2λ ). Fig. 1 presents the 2-

Figure 2. Relative errors in far-zone scattered fields ob-
tained for a perfectly conducting sphere of diameter 0.6 m
using CPFF.

norm condition number and the number of GMRES (no pre-
conditioned and restarted) iterations to reach 0.001 residual
error with respect to frequency. CPFF is used with differ-
ent values of the combination parameter α from 0.0 to 1.0.
We note that α = 1.0 corresponds to the standard poten-
tial formulation (PF) based on only PIEs, while α = 0 is a
combination of MFIE and the discretized form of (7). We
observe that PF suffers from internal resonances, whereas
small α values lead to rather ill-conditioned systems. As a
complementary data, Fig. 2 depicts the relative error (with
respect to analytical Mie-series solutions) in the far-zone
scattered fields, where we observe resonances if PIEs are
not included in the formulation. While the optimal selection
of the combination parameter needs further research, we
continue with α = 0.5 that is away from two problematic
extremes, considering the results in both Fig. 1 and Fig. 2.

Next, we compare CPFF with two conventional field for-
mulations, i.e., MFIE and the electric-field integral equa-
tion (EFIE), as well as with PF. Figs. 3 and 4 present the
total electric field intensity distributions in the vicinity of
the perfectly conducting sphere with 0.6 m diameter from
210 MHz to 1000 MHz. In these results, we particularly fo-
cus on internal fields, which are expected to be zero when
internal resonances do not contaminate solutions. As shown
in Fig. 3, however, both EFIE and MFIE suffer from inter-
nal resonances, as well-known in the literature, with sig-
nificant internal fields at many frequencies. Fig. 4 clearly
demonstrates the existence of internal resonances for PF,
which behaves like EFIE. We emphasize that, for both EFIE
and PF, internal resonances do not contaminate radiated
fields outside objects, as opposed to MFIE. Finally, as also
depicted in Fig. 4, CPFF does not suffer from internal res-
onances, providing vanishingly small internal fields in the
whole frequency range.
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Figure 3. Total electric field intensity in the vicinity
of a perfectly conducting sphere of diameter 0.6 m from
210 MHz to 1000 GHz. Solutions are obtained by using
EFIE and MFIE discretized with the RWG functions.

To further investigate the resonance-free characteristics and
stability of CPFF, particularly in comparison to the well-
known formulations, we consider two different geome-
tries, i.e., NASA Almond (length: 0.252 m) and Flamme
(length: 0.6 m). Both geometries are illuminated from their
bottom surfaces with plane waves polarized along their
largest dimensions. A low-frequency multilevel fast multi-
pole algorithm based on approximate diagonalization (AD-
MLFMA) [5],[6] is employed for iterative solutions. The
NASA Almond is discretized with 4446 triangles for sim-
ulations at 5 GHz. Fig. 5 presents the near-zone electric
field intensity distributions, where internal resonances are
clearly observed for MFIE, EFIE, and PF. On the other side,
both CPFF and the combined-field integral equation (CFIE:
EFIE+MFIE) are free of internal resonances. The numbers
of GMRES iterations required for solutions (to reach 0.001
residual error, without preconditioning and restart) are 377,
279, 54, 40, and 43 for EFIE, PF, MFIE, CFIE, and CPFF,
respectively. Fig. 6 presents similar results for the Flamme
geometry discretized with 16,188 triangles and analyzed at
4 GHz (using AD-MLFMA). We again observe resonance
effects for MFIE, EFIE, and PF, while both CFIE and CPFF
are resonance-free formulations. For this problem, EFIE
and PF require nearly 1000 GMRES iterations (to reach
0.001 residual error, without preconditioning and restart),
while MFIE, CFIE, and CPFF can provide convergence in
200 iterations. For both NASA Almond and Flamme, the
advantage of CPFF over CFIE in terms of iterative solu-
tions is not observed, as these problems do not involve very
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Figure 4. Total electric field intensity in the vicinity
of a perfectly conducting sphere of diameter 0.6 m from
210 MHz to 1000 GHz. Solutions are obtained by using PF
and CPFF discretized with the RWG/pulse functions.

dense discretizations that reveal the low-frequency instabil-
ity of CFIE.

Finally, to demonstrate the superiority of CPFF, we con-
sider a geometrically simple but computationally challeng-
ing problem involving a sphere of diameter D = 0.6 m. Us-
ing a mesh size of 6 mm, the sphere is discretized with
71,264 triangles. Fig. 7 presents far-zone bistatic electric
field intensity values at 100 MHz (when D ≈ λ/5 and the
mesh size is λ/500) obtained by using different formula-
tions. Computational solutions performed via 7-level AD-
MLFMA are compared with the Mie-series solution. For
this low-frequency problem, EFIE and CFIE do not lead it-
erative convergence (0.001 residual error) in 1000 GMRES
iterations, while PF, MFIE, and CPFF need 124, 37, and
only 18 iterations, respectively. In addition, as depicted in
Fig. 7, CPFF leads to the most accurate values among the
convergent formulations, considering the consistency of the
numerical values with the Mie-series result.

4 Concluding Remarks

We present a novel formulation based a combination of
potential and field surface integral equations for accurate,
stable, and iteratively efficient simulations of densely dis-
cretized objects. As demonstrated via numerical examples,
the developed formulation provides well-conditioned ma-
trix equations for dense discretizations (or at low frequen-
cies), while it is free of internal resonances. Hence, it has a
broadband characteristics by providing rigorous solutions,
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Figure 5. Total electric field intensity in the vicinity of the
NASA Almond illuminated from bottom. The intensity val-
ues are sampled at a cross-sectional plane that divides the
geometry into halves such that internal fields can be ob-
served.

independent of the size and discretization of the target ob-
jects.
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