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Abstract

Nonlocal and non-Hermitian effects are becoming increas-
ingly relevant in the modeling and engineering of metama-
terials. Here, we review some strategies for extending the
transformation-optics framework so as to enable the analy-
sis and synthesis of these effects, while retaining the pow-
erful and insight-providing geometrical interpretation that
characterizes the conventional formulation.

1 Introduction

The study of wave propagation in complex media has
been a problem of longstanding interest in electromagnet-
ics, mostly from the academic viewpoint. More recently,
there has been a revamped interest also from the applica-
tion standpoint in view of the formidable advances in the
area of metamaterials science and engineering, whereby
propagation scenarios featuring highly inhomogeneous and
anisotropic distributions of the constitutive parameters are
becoming realistic.

Within this framework, transformation optics (TO) [1, 2]
provides a powerful, systematic tool that can be applied to
the modeling and design of sophisticated field manipula-
tions [3]. The reader is referred to [4] for a recent roadmap
addressing the state of the art in the field and outlining pos-
sible perspectives and future challenges, and to [5, 6] for
examples of applications beyond electromagnetics.

One of the main challenges that this research field is fac-
ing is enlarging the class of material properties that can
be encompassed. Starting from the inherent inhomoge-
neous and anisotropic properties entailed in the conven-
tional TO formulation [1, 2], extensions to nonreciprocal,
nonlinear, single-negative-parameter, reconfigurable sce-
narios have been proposed [7]–[13]. Here, we review some
extensions to scenarios featuring spatial dispersion and spa-
tially modulated gain and loss distributions, which are elic-
iting a growing attention in optics and photonics.

2 Transformation-Optics Extensions

2.1 Nonlocal: Spectral-Domain Formulation

Spatial-dispersion (nonlocal) effects imply convolutional
operators that are most naturally dealt with in the spec-
tral (wavevector) domain. Accordingly, in a series of re-
cent studies [14]–[16], we put forward a spectral-domain
extension of TO in the frequency-wavevector phase space.
This enables the study and engineering of a variety of com-
plex space-time dispersion effects, including unidirectional
propagation, additional extraordinary waves, Dirac-cone-
type singularities, frozen waves and degenerate band edges.
Remarkably, our approach retains the intuitive geometri-
cal interpretation which characterizes conventional (spatial-
coordinate) TO, this time in terms of geometrical charac-
teristics and deformations of the dispersion surfaces (e.g.,
center-symmetry, multi-valuedness, phase-space shifts, sta-
tionary points, etc.).

One of the most fascinating and challenging applications is
harnessing spatial dispersion so as to attain desired signal-
processing [17] or even equation-solving [18] capabilities.
To this aim, we are working on a more general formula-
tion relying on windowed (e.g., Gabor-type) spatial Fourier
transforms, which grants access to the space-wavevector
phase space. This should allow to unify under the same
umbrella the conventional (local) and nonlocal TO formu-
lations, yielding some tradeoff resolution in both the spa-
tial and wavevector domains, and hence combining spatial-
routing and signal-processing capabilities. As possible
physical platforms, spatially variant lattices [19] appear po-
tentially suitable and promising.

2.2 Non-Hermitian: Complex-Coordinate
Formulation

Conventional TO formulations, based on real-valued coor-
dinate transformations, inherently yield real-valued consti-
tutive parameters, and therefore do not allow to model and
manipulate extrinsic distributions of gain and loss. As we
showed in [20, 21], these restrictions can be lifted by ex-
tending the coordinate transformations to a complex space
(see also [22, 23] for related formulations). This extension
enables the modeling and design of non-Hermitian systems



characterized by spatial modulations of gain and loss [24],
also providing new mathematical and physical insights. For
instance, we were able to relate the appearance of distinc-
tive features such as “exceptional points” (i.e., covalescence
of multiple eigenstates) with the presence of discontinu-
ities in the complex-coordinate mapping [20]. As for the
physical interpretation, the “complexification” of spatial
and spectral observables is actually not new in the electro-
magnetics community, and reliance can be made on well-
established formalisms and concepts such as the complex-
source-point (CSP) approach [25, 26] and leaky waves. For
instance, we applied these formalisms to synthesize “trans-
formation slabs” capable of manipulating Gaussian beams
and leaky waves [21]. In their simplest form, these slabs
comprise piecewise homogeneous, uniaxal (possibly with
tilted optical axis) materials with constitutive parameters
featuring both loss and gain along different directions.

3 Conclusions and Perspectives

In many electromagnetic scenarios of current practical in-
terest, especially in connection with metamaterials science
and engineering, nonlocal (spatial dispersion) and non-
Hermitian (spatially modulated gain/loss distributions) are
playing an increasingly important role. Conventional TO
approaches based on real-valued, spatial-domain coordi-
nate transformations are not able to handle these scenar-
ios, but can be extended (via spectral-domain and complex-
coordinate formulations) so as to encompass them. These
extensions provide powerful and systematic frameworks for
the study and engineering of wave propagation in such
complex scenarios, while maintaining the insightful char-
acteristics of conventional TO in terms of geometrical in-
tuition. We are currently working on unifying these ex-
tensions under the broad umbrella of the space-wavevector
phase-space.
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