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Abstract

Whistler mode wave-particle interaction is a significant
mechanism causing energetic electron accelerations and
pitch angle scatterings in the Earth’s outer radiation belt. In-
teractions between parallel propagating whistler mode cho-
rus waves and electrons have been studied for decades and
people understand their physical processes well. While
the oblique whistler mode wave-particle interactions are
still not clear nowadays. In this study, we focus on how
oblique whistler chorus emissions cause energetic electron
precipitation (EEP), and what are the differences between
the precipitation process affected by parallel propagating
chorus emissions and that by oblique propagating chorus
emissions. We apply Green’s function method and its con-
volution integrals to trace the evolution of energetic elec-
tron fluxes around L=4.5 field lines for about 1000 con-
secutive chorus emissions. To built a Green’s function
set, 183,600,000 electrons with energies from 10 keV to 6
MeV and equatorial pitch angles from 5°to 89° are inputted
in a test particle simulation. We compare the precipitation
phenomena among 3 wave models for different wave nor-
mal angles. The results show that oblique chorus emissions
lead to more electron precipitation than that led by parallel
chorus emissions. Multiple resonance effect in the oblique
whistler mode wave-particle interactions are the crucial rea-
son for the greater precipitation.

1 Introduction

Energetic electron precipitation (EEP) for a wide energy
range has been observed in good collaboration with whistler
mode chorus emissions in the Earth’s outer radiation belt
[e.g., 1]. Hikishima et al. [2] performed a one-to-one
correspondence between the electron microbursts and the
generation of parallel discrete chorus elements for 10–100
keV electrons by self-consistent particle-in-cell simulation.
Nonlinear trapping via Landau resonance in the oblique
whistler mode wave-particle scatters energetic electrons to
lower pitch angles effectively. However, so far there is no
study verifying the relation between EEP and oblique cho-
rus emissions. In this study, we check if chorus emissions
can cause EEP for wide electron energy ranges by test par-
ticle simulations in a 3-D dipole magnetic field for both
parallel propagating chorus emissions and obliquely propa-
gating chorus emissions. We further apply Green’s function

method and its convolution integrals to trace long-time evo-
lution of the electron precipitation with consecutive chorus
emissions. Using the simulation results, we compare the
electron precipitation by purely parallel chorus emissions
and that by oblique chorus emissions. Moreover, we in-
troduce a new process of electron precipitation by multiple
resonance effect in the oblique whistler mode wave-particle
interactions.

2 Simulation Method

2.1 Test Particle Simulation

We apply test particle simulations to reproduce wave-
particle interactions between lower-band chorus emissions
and energetic electrons in the outer radiation belt. The
background magnetic field is a 3-D dipole field. We uti-
lize the Bumeman-Boris method to integrate the equations
of motions of electrons given by

d(mv)
dt

= q(E+v×B) , (1)

dx
dt

= v. (2)

Parameters inputted in simulations are listed in Table 1. For
waves, we assume that a pair of lower-band chorus emis-
sions are generated at the equator and then propagate to
higher latitudes in both northward and southward direc-
tions. Three whistler mode wave models with different
wave normal angles θ are used in the test particle sim-
ulations. Those are one purely parallel propagating cho-
rus emissions (Case 1) and two obliquely propagating cho-
rus emissions (Case 2 & 3). The wave normal angles as
functions of latitude (Lat) for Case 2 and 3 are shown in
Figure 1. We employed subpacket structures in wave am-
plitude (see Figure 2b) and rising-tone frequency for the
emissions. We localize the longitudinal chorus occur re-
gion from Φ = 0° to Φ = 60°.

2.2 Green’s Function Method & Convolution
Integral

Omura et al. [3] introduced the numerical Green’s function
method and convolution integral method to trace energetic



Table 1. Parameters used in simulations

Parameters Normalized Real
L-shell L 4.5
Background magnetic field (Eq) Beq 342 nT
Electron gyrofrequency (Eq) Ωeq 9.58 kHz
Electron plasma frequency ωpe 4 Ωeq 38.3 kHz
Cold electron density ne 17/cc
Source electron density nh 0.005 ne 0.0865/cc
Wave frequency (Min) ω 0.25 Ωeq 2.39kHz
Wave frequency (Max) ω 0.5 Ωeq 4.79kHz

Figure 1. Wave normal angles θ for Case 2 (blue line)
and Case 3 (orange line) as functions of latitude. Within
|Lat|< 2°, θ = 0° for both cases. Within 2°< |Lat|< 45°,
θ are linear functions. For |Lat|> 45°, the θ are constants
θmax = 20° and 60° for Case 2 and Case 3, respectively.

electron distribution functions after interaction with target
waves. Kubota and Omura [4] extended the method by
adding the electron longitudinal information in the Green’s
functions. The method assumes a delta function in the
phase space of kinetic energy K, equatorial pitch angle α ,
and longitudinal position Φ as the initial electron distribu-
tion function, and then we obtain a new distribution func-
tion after interaction with the target wave. The new distribu-
tion function is the Green’s function G(K,K0,α,α0,Φ,Φ0).
A Green’s function is treated as a result of one cycle of cho-
rus wave-particle interaction. We build up a set of Green’s
function by demonstrating test particle simulations for elec-
tron K ranges from 10 keV to 6 MeV with an interval 10
keV, α ranges from 5° to 89° with an interval 1°, and Φ

ranges from 0° to 360° with an interval 10°. Notice that
our target L value is 4.5, so the equatorial loss cone angle
αloss is 4.56° corresponding to an altitude of 100 km from
the Earth’s surface. For an initial delta function, 3,600 elec-
trons with random gyrophases and latitudes are used. The
total number of electrons for generating a Green’s function
set is 183,600,000.

To reproduce the wave-particle interactions for consecu-
tive chorus emissions, the first step is to set an initial elec-
tron distribution function and then obtain a new distribution
function by applying a Green’s function set. The second
step is to regard the new distribution function as new ini-
tial distribution, and then apply the Green’s function again
for the next distribution function. By repeating the steps m
times, we can simulate the results of wave-particle interac-
tions of m successive emissions without calculating the test
particle simulation for m emissions, whose simulation costs

a lot of computation resources. This process is so-called
convolution integral.

3 Results

3.1 Process of Pitch Angle Scattering

We first examine the results of the test particle interactions.
Figure 2 shows 4 examples for electrons starting at K = 50
keV and α = 20° in Case 3. Figure 2a plots electron trajec-
tories in a Lat–v‖ (latitude–electron parallel velocity) phase
space. Figure 2b is electron trajectories and spatiotempo-
ral profile of generation and propagation of chorus wave
amplitude. The red and blue curves represent resonance
velocities of n = 1 cyclotron resonance and n = 0 Landau
resonance, respectively. The resonance velocities are given
by

V (n)
R =

1
k‖

(
ω− nΩe

γ

)
, (3)

where n is the harmonic number, k‖ is parallel wave num-
ber, Ωe is local electron gyrofrequency, and γ is the Lorentz
factor. The dotted lines stand for ω = 0.25Ωeq and the
dashed lines denote ω = 0.5Ωeq. Note that electrons in-
teract with chorus emissions when the parallel velocity v‖
moving close to the resonance velocity. Hence, we can rec-
ognize that an electron is affected by a certain resonance in
Figure 2a. In Figure 2b we can know the timing of electrons
undergoing resonances and make sure the electrons are in-
side the wave subpackets. There are two main processes in
the whistler mode wave-particle interactions. One is the un-
trapped resonance process, which makes an electron energy
slightly smaller and lowers the α of the electron. The other
is the nonlinear trapping process, which makes effective en-
ergy gain of the resonant electrons. Figure 2c shows the
time series of kinetic energies, which helps us to verify the
resonance processes. Figure 2d denotes the time series of
equatorial pitch angles α . The green curve drops to the loss
cone, which is shown as the gray area, around time=320 ms
(red area). This electron is a untrapped resonance particle
for n = 1 cyclotron resonance. Most of the precipitate elec-
trons undergo this process. The yellow curve undergoes two
nonlinear trapping processes. The first one is the n = 1 cy-
clotron resonance (~165–250 ms) and the second one is the
n = 0 Landau resonance (~250–380 ms). Both resonances
make effective accelerations but the different tendencies of
pitch angle scattering. The first one makes higher α and
the second one leads to lower α . The black curve is also af-
fected by 2 resonances. Around 280 ms (green area) the
electron drops close to the loss cone by untrapped reso-
nance process of the n = 1 resonance, and then at around
500 ms (blue area) it is pushed into the loss cone by the
nonlinear trapping of the n = 0 Landau resonance. Here we
find that Landau resonance can directly cause electron pre-
cipitation. However, this kind of precipitation by Landau
resonance is rare and it requires an electron already close to
the loss cone. The purple curve first undergoes n = 1 un-
trapped resonance process and then undergoes a long n = 0
nonlinear trapping. Nonetheless, the nonlinear trapping via



the n = 0 Landau resonance is not able to scatter the elec-
tron into the loss cone.

Figure 2. (a) Electron trajectories in a latitude–electron
parallel velocity phase space. (b) Electron trajectories and
spatiotemporal profile of chorus wave amplitude for Case
3 with subpacket structure. (c) Time series of kinetic en-
ergy variations. (d) Time series of equatorial pitch angle
variations.

3.2 Results of Convolution Integrals

We set an initial electron distribution function F0EQ as a
stationary equatorial distribution function with uniform K
from 10 to 30 keV and uniform α from 5° to 89°. The
initial distribution is treated as source electrons generating
the waves. We also assume an incessant influx of source
electrons from the Earth’s tail into the inner magnetosphere.
Thereby, we keep the F0EQ as a constant distribution during
all cycles of chorus interactions. We apply the convolution
integral method described in 2.2 to the initial distribution
function. Figure 3 shows the equatorial distribution func-
tions FmEQ integrated over the longitudinal direction with
interaction cycle m = (a) 20, (b) 50, (c) 600, and (d)1000.
These integrals of F0EQ over K, α , and Φ are normalized
to 1m−2. The dark green and magenta curves represent the
distribution functions integrated over α below and above
αloss as functions of K, respectively. It is obvious that after
more cycles of interactions, both precipitation and acceler-
ation increased. In Figure 3a we find that electrons are ac-
celerated to MeV level rapidly in Case 3, and in Figure 3c
we have electron more than 4 MeV in Case 1. According to
the dark green curves, we conclude that chorus emissions
contribution to energetic electron precipitation for a wide
energy range from few tens of keV to a few MeV. However,
the number of electrons precipitated into the loss cone in
the energy range K > 0.5 MeV is much less than that of
electrons being accelerated and remaining in the radiation
belt.

We integrates the precipitation fluxes over K, α , Φ for each

cycle m and plot them in Figure 4. Figure 4a–d compare
the EEP among the 3 cases at different energy ranges, those
are (a) K < 100 keV , (b) 100 keV < K < 500 keV , (c)
0.5 MeV < K < 1 MeV , and (d) K > 1 MeV . For all cases,
most of the precipitation occurs in K < 100 keV . Further-
more, in each energy range, the precipitation affected by
oblique chorus emissions are greater than those affected by
parallel chorus emissions, and the electron precipitation ra-
tio (oblique case/parallel case) becomes larger for greater
electron energies. At K < 100keV , it is interesting that pre-
cipitation in Case 2 is greater than that in Case 3, indicat-
ing that we cannot conclude that larger wave normal angles
cause more precipitation.

Figure 3. (a–d) Time evolution of the equatorial elec-
tron distribution functions FΦ

mEQ(E,α,Φ) integrated over
the longitudinal direction after m cycles of interactions with
parallel chorus emissions (left column) or with oblique cho-
rus emissions (middle and right columns). The dark green
and magenta curves represent the distribution functions in-
tegrated over α below and above αloss as functions of K,
respectively.

4 Discussion

In oblique whistler mode wave-particle interactions, an
electron can go through not only n = 1 cyclotron resonance
but also the n = 0 Landau resonance and higher-order reso-
nances during a bounce motion, indicating that the electron
has more opportunities to move toward a lower equatorial
pitch angle. The n = 0 Landau resonance can make high-α
electrons move to lower α via the nonlinear trapping effec-
tively. On the other hand, the n = 1 or n = 2 cyclotron can
lower electron’s α via the untrapped resonance process. Fi-
nally, after a few cycles of interactions, an electron moves
close to αloss and then be pushed into the loss cone by the



Figure 4. Electron precipitations for 3 Cases in differ-
ent energy ranges. (a) K < 100 keV , (b) 100 keV < K <
500 keV , (c) 0.5 MeV < K < 1 MeV , and (d) K > 1 MeV .

n = 1 cyclotron resonance. A schematic picture explaining
this process is plotted in Figure 5. The steps of the ener-
getic electron precipitation for oblique whistler mode wave-
particle interactions are: (1) A high-α electron obtains en-
ergy from a chorus emission and its α becomes lower via
nonlinear trapping of Landau resonance. (2) The electron
bounce back toward the equator and then is pushed into the
loss cone via the untrapped resonance process of cyclotron
resonance by another emission. (3) The electron precipi-
tates in the opposite hemisphere.

Therefore, we conclude that the multiple resonance effect
is the reason for more precipitation in the oblique whistler
mode wave-particle interactions, and the precipitation pro-
cess cannot be done by a single emission.

Figure 5. Schematic picture of the wave-particle interac-
tions between chorus emissions and an electron showing
the precipitation process by multiple resonances of differ-
ent emissions at different locations. (1) A high-α electron
gets energy and its α becomes lower via Landau resonance.
(2) The electron is pushed into the loss cone via cyclotron
resonance. (3) The electron precipitates.

5 Summary

Our findings in the test particle simulations are summarized
as follows:

1. Most of the EEP events are less than 100keV . We do
find EEP for relativistic electrons but the fluxes are much
smaller than those of electrons less than 100keV .

2. Most of the EEP events are directly caused by the un-
trapped resonance process of the n= 1 cyclotron resonance.

3. Nonlinear trapping by n=0 Landau resonance also di-
rectly contributes to EEP, but the opportunity is much less
than precipitation by the untrapped resonance process of the
n = 1 cyclotron resonance.

4. Obliquely propagating chorus emissions affect more
EEP than parallel propagating chorus emissions. Multiple
resonance effect is the reason for the phenomenon.
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