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Abstract

In this paper, we present a simulation of perturbations
in the electron velocity distribution caused by the nonlin-
ear resonant interaction with chorus emissions. Chorus is
a whistler-mode electromagnetic wave phenomenon com-
monly observed in the Earth’s magnetosphere. Through
nonlinear cyclotron resonance, chorus scatters energetic
electrons in kinetic energy and pitch angle and thus con-
tributes to the formation of relativistic electron populations
in the outer radiation belt. We model the chorus wavefield
using the nonlinear growth theory and we run a test parti-
cle simulation to reconstruct the time evolution of electron
velocity distributions at the equator. We further analyze
the magnitude of perturbations in the distribution to evalu-
ate the particle counts necessary for statistically significant
measurements, and we compare these with the expected
counts on the PEACE HEEA electron analyzers mounted
on the Cluster spacecraft. It is shown that the resolution
of these analyzers is not sufficient to detect the perturba-
tions, thus explaining the lack of experimental evidence for
the studied nonlinear effects on electron populations. How-
ever, with a dedicated experiment using the state-of-the-art
technology, observations of these perturbations should be
possible.

1 Introduction

The chorus electromagnetic emissions are a class of
whistler-mode waves that occur naturally in the Earth’s
magnetosphere [1]. They are recognized as an important
driver of electron acceleration in the outer radiation belt and
are responsible for the production of relativistic electrons
[2]. The electrons interact with counter-streaming whistler-
mode waves through Doppler-shifted cyclotron resonance.
The energy of the resonant particles ranges typically from
about 1 keV to 100 keV for the lower frequency band of
0.1–0.5 Ωe, where Ωe denotes the local angular electron
gyrofrequency [3]. In this frequency range, the emissions
often exhibit highly structured spectra consisting of coher-
ent, high-amplitude discrete elements with rising or falling
frequencies. Based on observational evidence and theoret-
ical investigations, the chorus wave elements are known to
be formed around the magnetic equator and to propagate

bidirectionally to higher latitudes, approximately following
the magnetic field lines [4, 5]. Observations of the Cluster
and Van Allen Probes spacecraft missions revealed a fine
structure of chorus emissions with short wave subpackets
within each element [6].

Several theories have been proposed to explain the for-
mation of chorus emissions. The initial growth stage is
well described by the linear growth theory. In the sec-
ond stage, whistler-mode waves start entrapping increasing
numbers of resonant electrons, forming a phase space hole
and disturbing thus the gyrotropy of the electron distribu-
tion, which causes the formation of resonant currents [7].
The resonant current modifies the dispersion properties of
the wave and results in an enhanced, nonlinear amplitude
growth, and in a drifting wave frequency [8]. Other ap-
proaches replace the electromagnetic hole by a step func-
tion in the parallel velocity distribution function, which
then serves as the energy source for the nonlinear growth
[9]. However, no such features have been observed experi-
mentally. Moreover, no theoretical approach so far has ex-
plained the formation of the subpackets within chorus ele-
ments. The presence of subpackets modifies the effectivity
of electron acceleration, supporting thus the need for a bet-
ter understanding of the fine structure of chorus.

Particle analyzers on satellites orbiting in the Earth’s mag-
netosphere have so far not been successful in capturing the
above described structures in the electron velocity distribu-
tion that might elucidate the subpacket formation process.
In this article we study the perturbations to the hot elec-
tron distribution by means of test particle simulations on
the background of a fixed chorus wave field. We conclude
that the pitch angle resolution of electron analyzers carried
by currently or recently operating satellites is insufficient to
observe any of these stripes in their entirety. As it turns out,
the most crucial deficiency comes from low particle counts,
leading to the need of higher geometric factors of particle
analyzers, in order to enable experimental confirmation of
nonlinear effects of chorus on electron distributions.



2 Methods

To obtain the electromagnetic field of a parallel propagating
chorus element with a rising frequency, we solved a system
of differential equations describing the evolution of the am-
plitude of magnetic field fluctuations Bw and the angular
wave frequency ω in the chorus source region. Next, we
used transport equations to propagate the wave in one spa-
tial dimension h along the magnetic field line. The method
is based on the concept of antenna radiation from the reso-
nant current and the modified chorus equations of the non-
linear growth theory, as described in [10]. The simulated
chorus element features a realistic subpacket structure with
an irregular growth of the wave frequency and with an up-
stream shift of the source region – these properties have
been observed in numerical simulations and in spacecraft
measurements [11, 5]. The frequency of the modeled ele-
ment grows from 0.2Ωe0 to 0.5Ωe0, where Ωe0 is the equa-
torial angular gyrofrequency. The time duration of the cho-
rus element at the equator is about 340ms. The ratio of
plasma frequency to the equatorial gyrofrequency was set
to ωpe/Ωe0 = 7.

In the next step, the just described chorus wavefield is uti-
lized in a test particle simulation. In order to obtain a very
precise velocity distribution at a given point in space and
time, we use the backward-in-time simulation method. In
this approach, the equation of motion for electrons in an
electromagnetic field is solved from a fixed final point (af-
ter the interaction with chorus) to an arbitrary initial point
at which the wavefield disappears. The phase space den-
sities corresponding to the velocity of electrons at the end
of the simulation are mapped to the fixed final point with
the use of Liouville’s theorem. Therefore, if we know the
initial, unperturbed distribution at all points along the mag-
netic field line and if we choose the velocities of electrons
so that we cover uniformly the velocity space at the final
point, we can obtain the phase space density of the electron
distribution after the interaction with a chorus wave.

We sampled the parallel velocities in the range v‖ ∈
(−0.5c,0.0c) with 256 points, perpendicular velocities in
the range v⊥ ∈ (0.0c,1.0c) with 256 points, and gyrophases
ϕ ∈ [0,2π) with 64 points (particles with initial velocities
larger than c are excluded from the sample). The test par-
ticles were advanced back in time by the volume preserv-
ing Boris algorithm. Effects of the mirror force on elec-
trons were included through additional perpendicular com-
ponents of the background magnetic field. The wave phase
was bilinearly interpolated from a grid with ∆h = 1cΩ

−1
e0 ,

∆t = 4Ω
−1
e0 to the position of the particle.

Since the phase space density is supposed to be preserved
in our physical system, the initial velocity distribution func-
tion must evolve adiabatically along field lines. We chose
a distribution which is bi-Maxwellian in relativistic veloc-
ities u‖, u⊥. The distribution in the particle phases ϕ is
set to be uniform. The choice of input parameters common

to all simulation runs is the following: ωphe = 0.3Ωe0 (i.e.
the equatorial hot electron density is Nhe,eq = ω2

phemε0/e2),
relativistic parallel thermal velocity U‖eq = 0.12c, and rel-
ativistic perpendicular thermal velocity U⊥eq = 0.25c. The
background magnetic field is assumed to be dipolar with
equatorial strength at the Earth’s surface of 3.1 ·10−5 T, and
the particles are propagating on the L-shell with L = 4.5.
The corresponding equatorial electron gyrofrequency eval-
uates to Ωe0 = 5.98 ·104 s−1. These parameters and velocity
distribution function are the same as in the equations of the
nonlinear growth theory [10] used for the wave simulation.

3 Results

Using the test particle simulation method and input parame-
ters described in the previous section, we analyzed the state
of the electron velocity distribution function after the in-
teraction with the entire chorus element wavefield. The
time step is chosen to be a fixed value that is always be-
low 2π · 0.02Ω−1

e (h) along all trajectories, where Ωe(h) is
the local electron gyrofrequency at a distance h from the
magnetic equator. We set the final point to hf = 0cΩ

−1
e0 ,

tf = 21000Ω
−1
e0 ≈ 350ms, which is right after the end of the

last subpacket at the equator.

During the resonant interaction, an electromagnetic hole
forms in the (ζ ,v‖) space, where ζ is the angle between the
wave magnetic field vector and the perpendicular particle
velocity vector (the parallel resonance velocity is defined
as VR = (ω−Ωe/γ)/k, where γ is the Lorentz factor and k
is the wave number). Particles trapped in the hole are trans-
ported to lower parallel velocities, while resonant particles
that flow around the hole increase their parallel velocity.
For a highly anisotropic distribution, this translates to an in-
crease of the pitch angle α = arctan(v‖/v⊥) and the kinetic
energy Ek for trapped particles, and a decrease of α and Ek
for untrapped particles. After integrating over gyrophases,
we obtain a 2D velocity distribution where the hole is not
apparent anymore, and the perturbed part of the distribution
appears as a stripe along the relativistic resonance velocity
curve. Interaction with each subpacket creates a new stripe
at lower velocities, resulting in the perturbation depicted in
Figure 1a.

Since the measuring capabilities of electron analyzers on
spacecraft are usually restricted to recording the absolute
number (count) of captured particles as a function of their
kinetic energy and pitch angles, we should rather inspect
the perturbations of the electron distribution using these
variables. Moreover, the aforementioned simulation results
represent the distribution at a single instant in time, while
spacecraft particle analyzers typically require tens to hun-
dreds of milliseconds to sweep through the relevant range
of electron energies.

The first step in this measurability analysis is to determine
the time interval and the range of energies and pitch angles



Figure 1. a) Perturbations of electron velocity distribution
after the interaction with one chorus element, simulation
starting at point t = 21000Ω

−1
e0 , h = 0cΩ

−1
e0 . Normalized

difference between perturbed and initial 2D distributions
shows the overlapping of stripes (each created through res-
onance with a single subpacket) and mixing of phase space
densities, leading to a distortion of the stripe structure. b)
The product of the differential flux and the inverse value
of required particle count for the case of interaction with
the fourth subpacket, given in arbitrary units. White dotted
lines show the ideal energy range for measurements.

in which we observe large phase space density perturba-
tions and, at the same time, large differential particle fluxes.
If we assume the number N of particles measured in each
energy-angle bin to be Poisson distributed, then the statis-
tical uncertainty of the measurement can be represented by
the relative standard deviation 1/

√
N. So, in order to make

the measurement of a density perturbation significant at the
one-sigma level, we need at least NC,req = ( f0/( f − f0))

2

particles in each bin. The values of the differential elec-
tron flux F , which are proportional to the expected particle
counts NC,exp, have a maximum at about v‖= 0, v⊥= 0.35c.
However, we need also need to look at the relative pertur-
bations of the phase space density to minimize NC,req. The
quantity we use to determine the most suitable phase space
region for measurements is F/NC,req ∝ NC,exp/NC,req. By
looking at the state of the perturbed distribution after inter-
action with each subpacket, we determined that the highest
values of F/NC,req are found between subpackets 4 and 7.
A plot of F/NC,req is presented in Figure 1b (normalized to
its maximum value) for the case of the fourth subpacket.

Figure 2. 1D pitch angle distribution and particle counts,
based on the PEACE HEEA instrument with a hypotheti-
cal extension of its energy range and a modified operation
mode. a) Normalized difference between the perturbed and
the initial pitch angle distribution. Linear steps in pitch an-
gle are chosen to match the polar angle resolution of the
PEACE HEEA analyzers. b) Expected particle counts and
the ratio of required (to reach one-sigma significance level)
and expected counts.

In the second step, we tried to compare the size and mag-
nitude of the simulated perturbations with the resolution of
an actual spacecraft instrument. As an example we took
the PEACE HEEA (High Energy Electron Analyzer) parti-
cle analyzer on the Cluster spacecraft [12]. The HEEA is
a top-hat electron spectrometer which measure electrons in
72 logarithmically spaced energy levels from 10 eV to 26.4
keV and has a polar angle resolution of ∆θ = 15◦, with the
option to increase the resolution on a single anode up to
3.75◦. The geometric factor of each 15◦ polar angle sector
of the spectrometer is equal to 6.0 ·10−8 m2 sr, and the time
step between energy levels is Tacc = 3.9ms.

Based on Figure 1b, HEEA cannot reach the optimal range
of energies for the measurement of the nonlinear perturba-
tions. Therefore, we assumed a hypothetical extension of
the HEEA energy range. Specifically, we chose to look



into an energy bin from 51.2keV to 57.2keV. We also in-
creased Tacc to 15.6ms, which is close to the time duration
of the fourth subpacket (25ms). In Fig. 2a we observe a re-
gion of a decreased phase space density at higher energies
and pitch angles and a region of an increased phase space
density at lower energies and pitch angles. The absolute
decrease in phase space density is observed to reach about
4% of the maximum PSD value of the hot electron distri-
bution, which is about 10% in relative numbers. Figure 2b
shows the required particle counts, which are 10−20 in the
region corresponding to the phase space density decrease
(the increased phase space density bump should decay in
accordance with the quasilinear wave growth theory, which
is not included in our non-selfconsistent simulation). Fi-
nally, Figure 2b also shows the NC,exp/NC,req ratio. At pitch
angle values where the decrease of the phase space density
is most prominent, the ratio drops to 1, meaning that the
observed density decrease would be equal to one standard
deviation of the Poisson distribution. This shows that mea-
surements from an improved HEEA instrument would be
close to the bare limit of statistical significance.

4 Conclusion

We proved that with the instrumentation currently available
on Cluster, a direct measurement of perturbations in elec-
tron velocity distributions due to the interaction with a cho-
rus element is not possible, even if we assume an extended
energy range and longer particle accumulation times. How-
ever, the estimated particle counts are close to the values
required for statistically significant observations. With a
dedicated experiment, an in situ observation of these pertur-
bations should be within the current technical possibilities.
Such an experiment would consist of electrostatic particle
analyzers measuring electron energies up to 50keV with a
polar angle resolution about 5◦ or better, and with a geomet-
ric factor comparable to HEEA. During high chorus wave
activity, the analyzer would operate in a fixed energy mode
with accumulation times comparable to the theoretical time
duration of a single subpacket. With this type of experi-
ment, it should be possible to obtain direct confirmation of
the processes described by the nonlinear growth theory of
chorus rising tone emissions.
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