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Abstract 
 

The problem of non-destructive localization of bars in 

reinforced concrete is formulated for a canonical two-

dimensional geometry in a ground penetrating radar 

measurements configuration. The knowledge of the 

concrete size and permittivity is exploited to obtain a quite 

simple approximated expression of the scattered field, 

where the interaction between bars and concrete is retained 

whereas the mutual coupling between bars is neglected. 

Numerical examples show the feasibility of the approach.  

 

1 Introduction 
 

Non-destructive testing (NDT) of reinforced concrete 

structures is of great interest in civil engineering. The bars 

number, diameter, and deployment, together with the 

concrete cover thickness, are important parameters to attest 

the correct structural behavior towards external mechanical 

stress and structure long lasting. However, it happens that 

the details of the structural design in terms of such 

parameters have been lost and must be recovered. 

Moreover, structure can be damaged during its life for 

concrete corrosion or if some of the bars are oxidized, so 

showing a diameter less than the nominal one, or lack at all. 

So, the need of NDT for diagnostic and continuous 

monitoring purposes arises.  

 

Microwave tomography has been proposed in the past and 

in recent years as a suitable technique to these scopes [1-

4]. Many papers assume, implicitly or explicitly, a linear 

approximation of the scattering. This choice allows to deal 

with inverse problems where the attainable resolution can 

be forecast and well assessed techniques against noise are 

at hand. However, linear approximations neglect mutual 

interactions inside the structure. 

On the other hand, a moderate degree of non-linearity, i.e., 

a quadratic approximation of the scattering phenomenon, 

has demonstrated to be a good compromise between the 

full nonlinear problem, that usually does not present global 

convergence to the solution, and the rough linear one [5,6].  

Also, when dealing with structures that are partially 

known, a formulation that includes all the a priori 

information can be helpful. This approach was considered 

in [7,8] where a linear approximation has been adopted. 

 

A further element that must be considered is the 

measurement configuration. A full view illumination 

allows to collect more information with respect to a limited 

aspect one. However, sometimes the structure is not 

accessible from all around and only a reflection mode 

illumination, typical for instance of ground penetrating 

radar applications, is allowed. Here, this last case is 

considered. 

 

In this brief contribution the problem is formulated in a 

canonical geometry. It is assumed to deal with rectangular 

concrete pillars, whose section is the domain that must be 

investigated. A scalar two-dimensional formulation is 

adopted, where the electric field polarization is parallel to 

the vertical bars. An “almost” quadratic approximation of 

the direct problem is derived, that allows to achieve, for the 

geometry at hand, a synthetic formulation where the 

involved coefficients can be evaluated analytically, thus 

reducing computing burden. 

 

The concrete is represented as a lossless homogeneous 

medium and the bars as electrical conducting cylinders 

with circular cross section whose radius is known. Realistic 

values of the pillar dimension and of the bars diameter, 

number and position, have been assumed for the numerical 

example reported in the following. The structure is tested 

by means of incident fields, radiated by filamentary electric 

sources placed at different positions along a straight 

segment outside the investigated region. The datum of the 

problem is the multi-monostatic scattered field observed at 

different frequencies. The problem is formulated as the 

detection and localization of an unknown number of 

scatterers inside a pre-determined grid of “candidate” 

positions.  The result of the inversion algorithm is an image 

showing spots where bars have been detected. 

 

2 Formulation 
 

The geometry of the problem is depicted in Figure 1. The 

investigation domain (ID) is represented by the rectangle 

�� � ���� , ��	 
[��� , ����], whose relative permittiviy 

�� is constant (except for the bars). Inside ID there are � 

circular cylindrical bars of radius �� , conductivity �  and 

positions �� � ��� , ��� , � � 1, … , � . A y-polarized line 

source moves along the measurement line within the 

interval ����, ��	 and a multi-monostatic configuration is 

assumed where measurements of the scattered electric field 

�� are collected at the same source positions at different 

frequencies, corresponding to the free space wavenumber 

� . As it is well known the scattering equations are: 

 



 

Figure 1. Geometry of the problem and absolute reference 

system. Source and receiver move along the measurement 

line.  
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where �  and � are the incident and the total field inside 

the (not accessible) investigation domain respectively, # is 

the normalized contrast between the investigation domain 

equivalent permittivity and the external region one, and 

!" , !  are linear operators whose kernel is the Green’s 

function of the scattering problem, calculated outside and 

inside ID respectively. In the two-dimensional case, it 

results:  
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where ." � 6�� � �′�- + ��′�-  with � ∈ ����, ��	, . �
6�� � �′�- + �� � �′�-  with ��, �� ∈ �� , 8  is the free 

space impedance, , 
�-�

 is the zero order Hankel function of 

second kind, and unitary current source is assumed. 

The relationship between contrast and scattered field can 

be approximated as [6]:  
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In the proposed approach, the contrast is expressed as:  
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where #� � �� � 1 is constant over ID and 
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with 
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 (8) 

 

In this way, the contributions of the concrete and of the bars 

to the linear term of the scattering operator (5) can be 

separated. The quadratic term is here approximated further 

by neglecting the mutual product ;���, ��;���′, �′� in the 

related integrals. This entails to neglect mutual interaction 

between the bars, while retaining the interaction between 

bars and concrete: 
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Finally, considering Eqs. (2)-(4) and (7), it can be shown, 

after some non-trivial passages, skipped here for sake of 

brevity, that Eq. (9) can be made explicit as: 
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Eq. (10) appears relatively simple. The coefficients L� do 

not depend on the source position. Their expression is: 
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where QT represents the Bessel function of U order and 
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where  ��Z� is the maximum distance of center of the n-th 

bar from the ID border, in the direction Z (look Figure 2). 

Note that R�  accounts for the bars position inside ID. 

Integral in Eq. (12) must be calculated numerically. 

 

  

Figure 2. Reference system relative to n-th bar, used to 

compute the integral in Eq. (12). 

Equation (10) allows to formulate the inverse problem as 

the detection and localization of bars between a pre-defined 

number �[ > � of “candidate” positions. Let us define the 

discrete function \��� whose value is 1 if the n-th position 

corresponds to the presence of a bar, otherwise it is equal 

to 0. In this way, the problem can be recast as the inversion 

of the following linear equation: 
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where \��� plays the role of the unknown. 

 

3 Numerical results 
 

The following example refers to the configuration reported 

in Table 1. The scattered field is numerically simulated at 

�̂  equispaced frequencies and �_  equally spaced 

positions along the measurement line.  

Table 1. Direct problem simulation parameters 

parameter Symbol value 

Concrete contrast #�  3 

Number of bars � 8 

bars positions ��� , ��� Look Figure 3 

(red circles) 

Bars’ radius �� 8mm 

ID width 2�� 40cm 

ID depth ��� � ����  25cm 

ID distance from the 

measurement line 
���  25cm 

Frequency band �%��, %���	 �0.62, 2.90	b,�  

Number of 

frequencies 
�̂  45 

Measurement line 

extent 
2�� 100cm 

Number of 

measurement points 
�_ 51 

 

 

Figure 3. Example of bars detection, the investigation 

domain is denoted by the black edge rectangle: “candidate” 

positions (blue circles); actual positions (red circles); 

detected position by the quasi-quadratic model inversion 

(red stars); detected positions by the linear model (black 

stars). 

The inversion has been performed by assuming �[ � 210 

candidate positions, indicated by the blue circles in Figure 

3. In the same Figure the actual bars position is indicated 

by red circle and the recovered ones, estimated by inverting 

the model in Eq. (13), are depicted with red stars. As it can 

be appreciated, the actual bars position and presence are 

well recovered. For comparison purposes, the same 

scattered field data have been inverted by using a simpler 

“linear” model, obtained by retaining only the first term in 

the last member of Eq. (9). The corresponding result, that 

does not provide the desired detection and localization, is 

depicted by the black stars, reported again in Figure 3. 
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