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Abstract

In this work we report on the eigenfrequencies of magneto-
optic cavities, their non-degeneration, and their sensitiv-
ity, when the cavity deviates from the traditional spherical
shape and deforms, due to manufacturing defects, into a
prolate spheroid. Since the cavity is statically magnetized
due to an external magnetic bias, its permittivity tensor be-
comes gyroelectric. To solve this problem, we employ a
technique based on spheroidal eigenvectors for the expan-
sion of the electromagnetic field in the anisotropic region
of the cavity. The eigenfrequencies are obtained by set-
ting system’s matrix determinant equal to zero, with the
matrix being obtained after the satisfaction of the bound-
ary conditions at the spheroidal surface. Comparisons with
a shape-perturbation technique are performed, and numer-
ical results on the eigenfrequency spectrum are given for
different aspect ratio magneto-optic cavities.

1 Introduction

Recently, there has been significant activity in studying
the magneto-optical coupling between spin and electromag-
netic waves in the visible or near-infrared part of the spec-
trum [1]–[5]. Such a coupling can be realized in the so-
called optomagnonic cavities which are mainly spherical
resonators composed of bismuth-substituted yttrium iron
garnets (Bi:YIG). In the near-infrared spectrum, this mag-
netic garnet presents a gyroelectric permittivity tensor of
the form ε = εε0(x̂x̂+ ŷŷ+ ẑẑ)− igε0(x̂ŷ− ŷx̂), where ε is
the relative permittivity, g is Faraday coefficient [6], and ε0
is free space permittivity. The value of the off-diagonal el-
ement g depends on bismuth substitution and is generally
small [7]. The permeability of the cavity equals free space
permeability µ0.

The typical configuration for implementing magneto-
optical coupling is through spherical cavities. In this work,
we take a step further and extract the eigenfrequencies of
prolate spheroidal magneto-optic cavities, which may be
considered as squeezed spheres, due to manufacturing de-
fects. The spheroidal cavity has a major axis of length 2c0,
a minor axis of length 2b0, an interfocal distance d = 2a,
and an aspect ratio c0/b0 = (1− h2)−1/2, where h = a/c0
is the eccentricity. Its permittivity is ε = εε0(x̂x̂ + ŷŷ +

ẑẑ)− igε0(x̂ŷ− ŷx̂) as described above, while its permeabil-
ity is µ0. The background medium of the configuration is
free space. To retrieve the eigenfrequencies, we expand
the electromagnetic field inside the gyroelectric region in
terms of spheroidal eigenvectors featuring a set of discrete
wavenumbers that account for the gyroelectric anisotropy,
while the incident and scattered electromagnetic field are
expanded in terms of spheroidal eigenvectors, featuring the
free space wavenumber. Satisfying the boundary conditions
at the spheroidal surface, and upon null external excitation,
we finally obtain an homogeneous system from which the
eigenfrequencies are computed by setting its matrix deter-
minant equal to zero.

2 Solution of the Problem

To expand the electromagnetic field in the gyroelectric re-
gion, we first use the following expansion for the electric
field in terms of spherical eigenvectors, i.e.,
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In (1), Emn = in[(2n+ 1)(n−m)!/n/(n+ 1)/(n+m)!]1/2,
cmnl , dmnl , λl , wmnl and w00l are obtained by solving an
eigenvalue problem, the matrix of which depends on the
elements ε and g of the gyroelectric tensor ε [8], kl are dis-
crete wavenumbers given by kl =

√
ε/λlk0, with k0 the free

space wavenumber, and al are unknown expansion coeffi-
cients. The divergenceless M(1)

mn and N(1)
mn and the curl-free

L(1)
mn vectors appearing in (1) are the well-known spherical

eigenvectors [9], while the superscript (1) denotes that the
spherical Bessel functions are used in the respective expres-
sions of these vectors. The exp(−iωt) time dependence has
been adopted ad suppressed throughout. The expansion of
the electric field in the gyroelectric region is completed by
transforming M(1)

mn , N(1)
mn , L(1)

mn into the equivalent spheroidal
eigenvectors, by employing appropriate relations [10].

Next, the scattered field is expanded in spheroidal eigen-



vectors as
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where Mr(3)
mn , Nr(3)

mn are the spheroidal eigenvectors of the
third kind, c = k0a, rs is the position vector in spheroidal
coordinates, and Amn, Bmn are unknown expansion coeffi-
cients. A similar expansion as in (2) is applied for the inci-
dent field [11].

The respective magnetic fields, inside and outside the cav-
ity, are obtained from Faraday’s law H(rs) =−i/(ωµ0)∇×
E(rs). Satisfying the boundary conditions for the continu-
ity of the tangential components of the total electric and
magnetic fields at the spheroid’s surface, and setting null
excitation to form the resonance problem (i.e., setting the
incident field equal to zero), we end up with the linear ho-
mogeneous system A(x0)v= 0, where matrix A depends on
the normalized eigenfrequency (or normalized wavenum-
ber) x0 = k0c0. In principle, the solutions x0 of the determi-
nantal equation |A(x0)|= 0 are complex, thus giving rise to
complex eigenfrequencies f = x0/(2πc0

√
µ0ε0). The real

part of f ’s yields the natural resonance frequencies of the
magneto-optic cavity.

3 Numerical Results

In [5] it was shown that a magnetized spherical cavity,
formed by Bi:YIG, with typical values ε = 5.5 and |g| =
0.01, may be operated at specific eigenmodes at which op-
tomagnonic coupling can be realized. While unmagnetized
(g = 0), the mode of interest examined in [5] is the TE11,
where the value of subscript corresponds to index n. This
mode is degenerate (meaning that the eigenfrequencies ob-
tained for any value of m are the same), and has been re-
ported to have λ0/c0 = 0.9909 or x0 = 6.34067, with λ0 the
free space wavelength and c0 the radius of the sphere [5].
For a typical value of 1-micron radii, the coupling takes
place in the near-infrared at 990.934 nm with respective
eigenfrequency 302.53 THz. When the sphere is magne-
tized (g 6= 0), the TE mode ceases to exist, and becomes
hybrid. Furthermore, the eigenfrequencies become non-
degenerate (meaning that for a different value of m, a dif-
ferent eigenfrequency is obtained), and a rich spectrum is
revealed. This was illustrated in [5] for m =±1 modes, yet,
2n+ 1 non-degenerate modes in total exist, where, in the
present case, n = 11.

We use the method of spheroidal eigenvectors to reveal
the non-degenerate eigenfrequencies, which stem from this
TE11 mode, when the spherical particle becomes magne-
tized with ε = 5.5 and g = 0.02 (in this study we adopt
g = 0.02 rather than the 0.01 value used in [5] to enhance
the gyroelectric effect and illustrate more clearly the var-
ious differences appearing due to nonzero g). To do so,
we examine the above described determinantal equation

Table 1. Normalized eigenfrequencies x0 for magneto-
optic spherical and prolate spheroidal cavities. Values of
parameters: ε = 5.5 and g = 0.02.
Sphere
h = 0 x0—this work Re{x0}—[12]
m = 2 6.34087−6.96427×10−5i 6.34087
m = 1 6.34097−6.96901×10−5i 6.34097
m = 0 6.34105−6.97215×10−5i 6.34106
m =−1 6.34114−6.97310×10−5i 6.34113
m =−2 6.34121−6.97150×10−5i 6.34121
Spheroid
h = 0.01 x0—this work Re{x0}—[12]
m = 2 6.34104−6.96459×10−5i 6.34103
m = 1 6.34113−6.96928×10−5i 6.34112
m = 0 6.34121−6.97247×10−5i 6.34119
m =−1 6.34130−6.97304×10−5i 6.34127
m =−2 6.34137−6.97147×10−5i 6.34139
Spheroid
h = 0.1 x0—this work
m = 2 6.35755−7.05128×10−5i
m = 1 6.35726−7.04829×10−5i
m = 0 6.35719−7.04199×10−5i
m =−1 6.35736−7.03187×10−5i
m =−2 6.35776−7.01947×10−5i
Spheroid
h = 0.2 x0—this work
m = 2 6.41003−8.00140×10−5i
m = 1 6.40851−8.00846×10−5i
m = 0 6.40796−7.98339×10−5i
m =−1 6.40840−7.92740×10−5i
m =−2 6.40981−7.84405×10−5i

|A(x0)| = 0 by setting h = 0 (so the spheroid becomes a
sphere), and seek the solutions x0 by applying a complex
root-finding algorithm [13]. We confine our study only
in m = −2,−1,0,1,2, and not in the full m = −11, . . . ,11
range. The complex x0 obtained by this method are given
in Table 1/first subtable, within a precision of six significant
figures. It should be noted that the imaginary part is quite
small, revealing that high-Q modes are coupled within the
cavity. To validate the results, we apply the following pro-
cedure. In Fig. 1, we plot the total scattering cross section
Qt/λ 2

0 for the aforementioned magnetized spherical parti-
cle. This is achieved by extending our recent work in [12] to
support gyroelectric permittivities. To obtain the scattering
spectra, the cavity is illuminated by a TE polarized plane
wave, one time with an angle of incidence θ0 = 0◦—where
θ0 is defined as the angle between the incident wavevector
and the positive Oz semi-axis—and one time with θ0 = 90◦.
The value θ0 = 0◦ reveals only the m = ±1 modes, since
only these two indices are present in the expansion of the
incident field in this case [9]. The various modes in the
scattering spectra are depicted by the arrows in Fig. 1. The
precise values of x0 are given in Table 1/first subtable. Al-
though the values of x0 are complex, from Fig. 1 we have
collected the real parts (denoted as Re in Table 1). The
agreement between the method of spheroidal eigenvectors



Figure 1. Normalized total scattering cross section Qt/λ 2
0

versus x0 for a magnetized sphere with ε = 5.5 and g =
0.02, illuminated by a TE polarized plane wave [12]. Blue:
θ0 = 0◦; red: θ0 = 90◦.

and [12] is excellent, up to six significant digits.

Setting as a starting point the normalized eigenfrequen-
cies obtained for the gyroelectric sphere with h = 0, we
introduce a small value in the eccentricity, i.e., h = 0.01,
and compute the new spectrum for the gyroelectric prolate
spheroid using the method of spheroidal eigenvectors. The
results are shown in Table 1/second subtable. The eigen-
frequencies have now been perturbed. The results obtained
from this method are again validated with [12], by follow-
ing the same procedure as in Fig. 1. Table 1/second subtable
reveals that the agreement is up to five significant figures.
Next, we proceed by assigning h higher values. As it is
evident from Table 1/third subtable, the normalized eigen-
frequencies increase in value, as h increases from 0.01 to
0.1. Although this increment in x0 takes place in the second
decimal digit, the increment is much higher when h further
increases from 0.1 to 0.2, as it is shown in Table 1/fourth
subtable. This behavior reveals the difficulty in obtaining,
with a certain degree of accuracy, the complex roots for the
magneto-optic spheroidal cavity. Although the change from
h = 0.1 to h = 0.2 is not large, the corresponding values
of x0 differ in the first decimal place, therefore rendering
the root-finding procedure a hard task to retrieve the correct
root for h = 0.2 by simply changing the value from h = 0.1
to h = 0.2. Consequently, one should proceed by increasing
h in small steps, and each new root is obtained, to be used
as a starting point in the next step. Obviously, to compute
the eigenfrequencies for larger h is a cumbersome and time
consuming task. As a final remark we note that, in contrast
to the spherical gyroelectric cavity where the real part of x0
constantly decreases as we move from m = −2 to m = 2,
the Re(x0) for the spheroidal gyroelectric cavity does not
follow a monotonic property, but rather yields a minimum
at m = 0. This trend is observed for both the h = 0.1 and
h = 0.2 cases.

4 Conclusions

We have calculated the eigenfrequencies of prolate
spheroidal magneto-optic cavities using a method based on
spheroidal eigenvectors. Although non-degeneracy is antic-
ipated in gyroelectric cavities, we have shown that eccen-
tricity, not only shifts the eigenfrequencies to higher values,
but also that this shift is large even for small changes in ec-
centricity. This property renders the complex root-finding
procedure a difficult task, if one wishes to compute an ac-
curate spectrum.
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