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Abstract 
 
A novel strategy is proposed to achieve qualitative 
characterization of penetrable and impenetrable objects 
buried in lossy soils. The approach, aimed to support 
reconstruction, is based on the consideration that for high 
conductivity and dielectric scatterers, induced and 
‘equivalent’ currents can be considered localized on the 
boundary. In particular, an ad hoc sparsity promoting 
inversion approach which also allow to enforce 
congruence amongst the different currents is proposed to 
localize and retrieve the shape of the unknown objects.   
 
1. Introduction 
 
The reconstruction of qualitative information on an 
unknown obstacle starting from the measurements of the 
fields it scatters takes on great importance in many testing 
and diagnostics applications, especially in underground 
prospecting [1-3].  
Solution approaches which aim at recovering the 
presence, location and shape of the unknown target, are 
usually referred to as qualitative methods [4], the most 
popular being probably the linear sampling method [5,6]. 
Other inversion techniques, commonly exploited to 
process GPR data, are based on Born (BA) or Kirchhoff 
(KA) approximations. They allow to deal with linear 
problems but exhibits a very limited range of validity, so, 
in practical instances they can provide only location and 
extent of buried targets [1-3].  
In this communication, a new qualitative approach for the 
reconstruction of the support of both penetrable and 
impenetrable objects is introduced and described, with 
particular interest to the case of obstacles buried in a lossy 
soil. The approach is inspired by the fact that, for any 
illumination condition, the scattered field can be assumed 
as radiated by some currents located on the object’s 
contour both in case of impenetrable objects and in case 
of dielectric objects. In fact, in the first case, the field 
inside the target is null and the induced currents are just 
located on the boundary. On the other hand, in case of 
dielectric target, by virtue of the equivalence theorem, it is 
always possible to virtually remove the original contrast 
sources and substitute them by surface equivalent sources, 
located in the boundary of the targets. Inspired by these 
peculiar features of the induced or equivalent currents, in 
this contribution an ad hoc sparsity promoting (CS) [8] 
inversion approach for support reconstruction of both 

conductive and dielectric obstacles is developed and a 
convenient and reliable ‘boundary’ indicator is defined 
and computed as explained in the following. 
 
2. Mathematical Formulation 
 
Let us consider the canonical 2D scalar problem (TM 
polarized fields) with 𝑦 axis as invariance direction. Let Ω 
denote the compact, possibly not connected, support of an 
unknown object with relative permittivity 𝜀! and electric 
conductivity 𝜎!. The non magnetic target is placed at a 
given depth below the air-soil and is embedded in a soil 
with features 𝜀! and 𝜎!. The unknown buried scatterer is 
probed with a set of transmitting antennas located in 𝒓𝒕 on 
a curve Γ  (along the 𝑥  axis) placed above the air-soil 
interface. The scattered fields are measured by means of 
receiving antennas located at 𝒓𝒎 ∈   Γ. Under the above, 
by assuming and dropping the time harmonic factor 
𝑒𝑥𝑝{𝑗𝜔𝑡}, the equation which relates the scattered field 𝐸! 
to the contrast function 𝜒, encoding the electromagnetic 
properties of the unknown object, can be expressed as: 
 

𝐸! 𝒓𝒎  , 𝒓𝒕   = 𝐺!" 𝒓𝒎, 𝒓!

!

𝜒𝐸! 𝒓!, 𝒓𝒕   𝑑𝒓!

= 𝒜! 𝑊  

(1) 

 
where 𝐸! is the total field induced inside Ω and 𝑊 = 𝜒𝐸! 
are the contrast sources, i.e. the currents induced inside the 
target. 𝐺!" is the external Green’s function for the half 
space case, i.e., the field radiated in the medium 1 (the air) 
by an elementary source placed in the medium 2 (the soil) 
[9], while 𝒜! is a short notation for the integral external 
radiation operator.  
The inverse obstacle problem consists in estimating the 
presence, location and shape of the unknown object, in 
other words the support Ω of 𝜒, from the (noise corrupted) 
measured scattered field 𝐸!. Unfortunately, the problem is 
nonlinear and ill posed [10]. In order to deal with such 
drawbacks, in the following the corresponding inverse 
source problem, which aims at recovering the currents 𝑊 
from the knowledge of (noise corrupted) measured 
scattered field 𝐸!, is considered. This is suggested by the 
fact that in case conductors, whatever the performed 
scattering experiments, the support of the induced 
currents 𝑊 is always the same and exactly coincides with 
the boundary of Ω. As already stated, a similar argument 
holds true in case of dielectric currents provided one looks 

 



for the equivalent (electric and magnetic) currents. Note 
inverse source problems are still ill posed, the advantage 
being that they are linear.  
 
3. Support Reconstruction via Sparsity 
promotion 
 

Notably, when a generic electromagnetic field is 
propagating in the space in presence of obstacles, some 
currents are induced inside the obstacles, which in turn 
become sources of a new field, known as scattered field.  
In case of impenetrable objects, the skin depth is small 
and the induced currents exist only on the proximity of 
the boundary of Ω. As such, these currents take up only 
few pixels in the investigation domain, so they are sparse 
in the standard pixel basis representation, i.e. they can be 
exactly represented by only few non zero pixels.  

Starting from these considerations, a possible 
approach for imaging the shape of a PEC, which is the 
case we are going to deal with in the numerical section, 
could consist in looking for the sparsest distribution of 
currents which are consistent with the measured data. 
Then, CS theory [8] can be exploited in order to look for a 
sparse solution and develop an effective and reliable 
procedure to accurately image the shape and position of 
conductive targets. Accordingly, using the sparsity 
promotion procedure suggested in [11], the inverse source 
problem (1) can be faced as the solution of the following 
optimization scheme: 
 

min 𝑊 𝒓, 𝒓𝒕 ! 
 

𝑠. 𝑡.           𝐸! −𝒜! 𝑊 ! ≤ 𝛿,     

(2) 

 
where ∙ !  denotes the ℓ𝓁! -norm and 𝛿  is a parameter 
which depends on the desired accuracy and the amount of 
noise on the data. However, such a problem is still 
severely ill posed, as many different sparse currents could 
solve problem (2).  

Then, profit can be taken from the fact, that 
independently of the position 𝒓𝒕  of the transmitting 
antennas, the unknown currents in (2) have the same 
support Ω of the unknown scatter and are localized on its 
boundary. In order to enforce this coherence between all 
different experiments, an auxiliary variable ℬ is defined 
as the common upper bound on the amplitude of the 
electric currents 𝑊  for the different scattering 
illumination conditions and, accordingly, the problem (2) 
is recast as: 

min ℬ(𝒓) ! 
 

𝑠. 𝑡.           𝐸! −𝒜! 𝑊 ! ≤ 𝛿,     
 

𝑊 𝒓, 𝒓𝒕 ≤ ℬ(𝒓)    ,        ∀  𝒓𝒕 ∈ Γ 

(3) 

 
where the variable ℬ does not depend on the position 𝒓𝒕 
of the transmitting antennas but only on the coordinates of 
the adopted mesh grid. Moreover, it is expected to be null 

∀  𝒓 ∈ Ω but for the boundary 𝜕Ω. For these reasons, ℬ 
can be seen as a ‘boundary’ indicator.  

Note that the problem (3) belongs to the class of 
Convex Programming problems, with the inherent 
advantages. Moreover, the approach can be easily 
extended at the case of dielectric objects by just virtually 
substituting the actual currents with the equivalent surface 
ones. 

Finally, a great advantage of the proposed strategy is 
related to its flexibility, that is the possibility of 
counteracting the additional specific difficulty to work 
under “aspect limited” measurement configurations. In 
fact, the proposed technique can be easily extended to a 
huge variety of different measuring configurations. In 
fact, all which is needed is the knowledge of scattered 
fields under a sufficiently large number of different 
scattering experiments, including diversity in frequency.   
 
4. Numerical Validation 
 

In the following, a numerical example dealing with a 
metallic object is addressed to prove the validity of the 
proposed approach. The transmitting and receiving 
antennas are in GPR surface configuration. The scattered 
field data have been simulated by means of a 2D full 
wave finite element solver (COMSOL Multiphysics®), 
while the numerical implementation of (3) exploits the 
CVX Matlab® toolbox [12]. 

The oval target with dimension of about 0,25×
0.13  𝑚!, made of aluminum, is buried in a dry soil that 
exhibits dielectric properties 𝜀! = 4 and 𝜎! = 0.1  𝑚𝑆/𝑚 
(see Fig.1(a)). The imaging domain, placed just below the 
air-soil interface, is large 1,5×1  𝑚! and is discretized into 
96  ×  64  cells. The probing array above the air-soil 
interface is 2,5  𝑚 long and it is made of 14 evenly spaced 
antennas. The data matrix of 14×14 is gathered under a 
multiview-multistatic configuration at a frequency of 400 
MHz; it has been processed with no priori information on 
the targets. 

The qualitative reconstruction of the target support, 
obtained by solving problem (3), is shown in figure 1(b). 
As it can be seen, notwithstanding the aspect limited 
configuration, the approach allows to localize the metallic 
targets and to reconstruct its upper contour. Notably, 
results could be improved by processing multifrequency 
data. 

Further details   on the proposed approach, as well as 
examples assessing its validity both in case of PEC and 
dielectric targets will be given at the Conference. 
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Figure 1. The oval metallic target: (a) Real part of the 
reference profile. (a) Reconstructed support indicator by 
considering 𝜹 parameter equal to 0.4 𝑬𝒔 𝟐 (see [13] for 
more details about its choice). 
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