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1 Extended Abstract

The Stokes parameters [1] can be derived by using a set of Hermitian unitary matrices to decompose the spectral
density matrix, which is a symmetric sesquilinar form of the complex electric field vector. In two dimensions, the
Pauli matrices are used and in three dimensions one can, for instance, use the Gell-Mann matrices [2]. However,
the spectral density matrix does not contain all possible auto and cross correlations between the real and imaginary
parts of the field vector’s components. By using Lagrange’s identity in three dimensions, we found alternative
representations of Stokes Q and U parameters, which preserve the phase, are invariant under rotations, and fulfills
the Stokes relation. Rather than being sesquilinear, the alternative representations are bilinear forms of the field
vector.

Let ~E denote a frequency component of the complex electric field vector. We introduce a vector ~V = ℑ{~E∗×~E},
where × is the cross product, ∗ denotes complex conjugation, and ℑ means the imaginary part (the real part
ℜ{~E∗×~E}=~0). The~V vector is the three dimensional (3D) generalization of Stokes V parameter, which describes
the intensity of circular polarization in two dimensions (2D). By its definition, the~V vector is always perpendicular
to the plane of polarization and therefore useful for direction finding of elliptically polarized waves. In the case of
linearly polarized waves, it is a null vector.

Let us expand |~V |2 = |~E∗×~E|2 to obtain the Stokes relation I2 = Q2 +U2 +V 2, where I is the total intensity and
Q and U describe the intensity of linear polarization. Using Lagrange’s identity, we obtain

|~V |2 = |~E∗×~E|2 = |~E|4−|~E ·~E|2 . (1)

We recognize the total intensity squared, I2 = |~E|4, and |V |2 = |~V |2. Consequently, Q and U , must obey Q2+U2 =
|~E ·~E|2. Let L = ~E ·~E denote the complex intensity of linear polarization. With L = Q+ iU (i being the imaginary
unit) we make the identification: Q = ℜ{~E ·~E} and U = ℑ{~E ·~E}.

By studying the irreducible representation of the bilinear form ~E⊗~E, where⊗ denotes the outer product, we show
that our alternative representations of Q and U are scalars, and thereby invariant under rotations. The phase of ~E is
also preserved because there is no complex conjugation involved. This is different from the standard representation
of Stokes parameters, which are derived from the sesquilinear spectral density matrix ~E⊗~E∗, in which case Stokes
Q and U are found to be contained in a symmetric tensor, and transforms accordingly under rotations.

The alternative representations of Q and U are particularly useful for polarization measurements on board space-
craft, which often perform rotational manoeuvres to commuinicate with the ground station, or adjust their atti-
tudes for pointing optical instruments in certain directions. We will take the Jupiter Icy Moons Explorer (JUICE)
mission [3] as an example, where our Radio & Plasma Wave Investigation (RPWI) instrument implements the
rotationally invariant Q and U parameters to study linearly polarized radio emissions in the Jupiter system.
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