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1. Introduction 
 
Fresnel reflection and transmission coefficients are well known for the two idealized cases when the two media are either 
perfect dielectrics [1] or one is a dielectric and the other is a perfect electric conductor (PEC) [2]. However, such is not the 
case when either one or both media have loss. In a recent paper, Besieris [3] showed that Canning’s criticism [4] of the 
different approaches to the solution of this problem (see Roy [5]) was unnecessary as both are correct in describing the 
reflection and transmission coefficients when one medium was lossless and the other has loss. The approach taken by 
Canning [4], as reformulated by Besieris [3], is generalized here to the case when both media have loss, a situation that 
occurs in layered complex, lossy materials. 
 
2. Formulation 
 
Each temporally dispersive material is assumed to be homogeneous, isotropic, and locally linear, as described by the 
frequency-domain constitutive relations 𝐷! 𝑟,𝜔 = 𝜖!(𝜔)𝐸!(𝑟,𝜔), 𝐵! 𝑟,𝜔 = 𝜇!(𝜔)𝐻!(𝑟,𝜔),  𝐽!" 𝑟,𝜔 = 𝜎!(𝜔)𝐸!(𝑟,𝜔), 
with complex-valued dielectric permittivity 𝜖! 𝜔 = 𝜖!! 𝜔 + 𝑖𝜖!!! 𝜔 , magnetic permeability 𝜇! 𝜔 = 𝜇!! 𝜔 + 𝑖𝜇!!!(𝜔), 
and conductivity 𝜎! 𝜔 = 𝜎!! 𝜔 + 𝑖𝜎!!!(𝜔), 𝑗 = 1,2. The complex dielectric permittivity of each material is then given by  

𝜖!" 𝜔 = 𝜖! 𝜔 + 𝑖
!!(!)

!
,                                                                         (1) 

with refractive index 𝑛! 𝜔 = 𝜇! 𝜔 𝜖!" 𝜔 𝜇! 𝜖!
!/!

 having real 𝑛′! 𝜔 = ℜ 𝑛! 𝜔  and imaginary 𝑛′′! 𝜔 = ℑ 𝑛! 𝜔  
parts. The analysis is based on the frequency domain form of the tangential boundary conditions 

𝑛× 𝐸! 𝑟,𝜔 − 𝐸! 𝑟,𝜔 = 𝑛× 𝐻! 𝑟,𝜔 − 𝐻! 𝑟,𝜔 = 0 ,                                           (2) 
for all 𝑟 ∈ 𝑆, where 𝑛 is the unit normal to the interface 𝑆, directed from medium 1 into medium 2. For convenience, 𝑆 is 
situated in the 𝑥𝑦-plane at 𝑧 = 0 with unit normal 𝑛 = 1! directed from medium 1, where the incident and reflected fields 
reside, into medium 2, where the transmitted field resides. With the origin 𝑂 fixed at a point on 𝑆 so that 1! ∙ 𝑟 = 0 for all 
𝑟 ∈ 𝑆, the position vector 𝑟 ∈ 𝑆 may then be expressed as 𝑟 = −1!× 1!×𝑟 .                                                                         
 
3. Complex Fresnel Coefficients for TE-Polarization  
 
For a linearly polarized time-harmonic electromagnetic plane wave incident upon the interface 𝑆 in medium 1 with electric 
field vector 𝐸! 𝑟,𝜔 = 1!𝐸!𝑒𝑥𝑝 𝑖𝑘! 𝜔 ∙ 𝑟 , the incident wave vector is given by 𝑘! 𝜔 = 𝛽! 𝜔 + 𝑖𝛼! 𝜔  with  

𝛽! 𝜔 = 𝛽! 𝜔 1! sinΘ! + 1! cosΘ!    &   𝛼! 𝜔 = 1!𝛼! 𝜔  ,                                       (3) 
where  𝛽! 𝜔 = 𝜔 𝑐 𝑛′! 𝜔 , 𝛼! 𝜔 = 𝜔/𝑐 𝑛′′! 𝜔 , and Θ! is the angle of incidence from the normal to the interface 𝑆. 
The reflected plane wave electric field vector in medium 1 is then given by 𝐸! 𝑟,𝜔 = 1!Γ!" 𝜔 𝐸!𝑒𝑥𝑝 𝑖𝑘! 𝜔 ∙ 𝑟  with 
reflected wave vector 𝑘! 𝜔 = 𝛽! 𝜔 + 𝑖𝛼! 𝜔  with 

𝛽! 𝜔 = 𝛽! 𝜔 1! sinΘ! − 1! cosΘ!     &   𝛼! 𝜔 = −1!𝛼! 𝜔  ,                                 (4) 
where Θ! is the angle of reflection, and where Γ!" = 𝐸! 𝐸! is the reflection coefficient for TE-polarization. The total field in 
medium 1 is then given by the sum of the incident and reflected fields as 𝐸! 𝑟,𝜔 = 𝐸! 𝑟,𝜔 + 𝐸! 𝑟,𝜔  taken together with 
its associated magnetic field. The total field in medium 2 is given by the transmitted plane wave electric field vector 
𝐸! 𝑟,𝜔 = 1!𝜏!"𝐸!𝑒𝑥𝑝 𝑖𝑘! 𝜔 ∙ 𝑟  taken together with its associated magnetic field, with transmitted wave vector 
𝑘! 𝜔 = 𝛽! 𝜔 + 𝑖𝛼! 𝜔 . Here 

𝛽! 𝜔 = 𝛽! 𝜔 1! sinΘ! + 1! cosΘ!     &   𝛼! 𝜔 = 1!𝛼! 𝜔   ,                                    (5) 
with  𝛽! 𝜔 = 𝜔 𝑐 𝑛′! 𝜔 , 𝛼! 𝜔 = 𝜔/𝑐 𝑛′′! 𝜔 , where Θ! is the angle of refraction, and where 𝜏!" = 𝐸! 𝐸!  is the 
transmission coefficient for TE-polarization. 
 



Application of the tangential boundary conditions (2) then leads to the law of reflection Θ! = Θ! as well as to the law of 
refraction 

𝑛′! sinΘ! = 𝑛′! sinΘ! ,                                                                           (6) 
provided that 𝑛′! ≥ 𝑛′! sinΘ!, which corresponds to subcritical incidence on the optically rarer medium. In addition, one 
obtains the generalized Fresnel reflection and transmission coefficients for TE-polarization as 

Γ!" 𝜔 = !! !!! !"#!!!!!!!! !!! !!! !"#!!!!!!!!
!! !!! !"#!!!!!!!! !!! !!! !"#!!!!!!!!

  ,                                                     (6a) 

τ!" 𝜔 = !!! !!! !"#!!!!!!!!
!! !!! !"#!!!!!!!! !!! !!! !"#!!!!!!!!

  ,                                                     (6b) 
respectively, where 𝜏!" = 1 + Γ!". Notice that both 𝜇! and 𝜇! may be complex-valued. These two expressions readily reduce 
to the well known idealized Fresnel coefficients when material loss is neglected as well as to the expressions derived by 
Besieris [3] when only one of the two media is lossy. At normal incidence (Θ! = Θ! = 0), these two coefficients simplify to 
the well-known expressions 

Γ!" 𝜔 !!!! =
!! ! !!! !
!! ! !!! !

  ,                                                                     (7a) 

τ!" 𝜔 !!!! =
!!! !

!! ! !!! !
  ,                                                                     (7b) 

where 𝜂! 𝜔 = 𝜇! 𝜔 𝜖!" 𝜔
!/!

 is the complex impedance of medium 𝑗 = 1,2. 
 
When incidence is on the optically rarer medium (𝑛′! > 𝑛′!), a critical angle of incidence exists that is given by 

Θ! = sin!! 𝑛′! 𝜔 𝑛′! 𝜔  ,                                                               (8) 
and is unaffected by the presence of any material loss. At both critical and supercritical angles of incidence Θ! ≥ Θ!, Θ! =

!
!
 

and the transmitted wave vector in medium 2 becomes 
𝑘! 𝜔 = !

!
1!𝑛′! 𝜔 + 𝑖1! 𝑛′′! 𝜔 + 𝑛′!!𝑠𝑖𝑛! Θ! − 𝑛′!!  .                                         (9) 

The critical and supercritical Fresnel reflection and transmission coefficients for TE-polarization are then found to be given 
by 

Γ!" 𝜔 =
!!!!! !"#!!!! !!!!!!!!!!!!!!!! !!!!!"#! !! !!!!

!

!!!!! !"#!!!! !!!!!!!!!!!!!!!! !!!
!!"#! !! !!!!

!
 ,                                             (10a) 

τ!" 𝜔 = !!! !!! !"#!!!!!!!!

!!!!! !"#!!!! !!!!!!!!!!!!!!!! !!!
!!"!! !! !!!!

!
 ,                                             (10b) 

for  Θ! ≥ Θ!. For incidence at the critical angle Θ! = Θ! = sin!! 𝑛′! 𝑛′! , both Eqs. (6) and (7) simplify to 

Γ!" 𝜔 !!!!! =
!! !!!

!!!!!
!!! !!!!!!!!!!!!!

!! !!!
!!!!!

!!! !!!!!!!!!!!!!
 ,                                                       (11a) 

τ!" 𝜔 !!!!! =
!!! !!!!!!!!!!!!!!!

!! !!!
!!!!!

!!! !!!!!!!!!!!!!
 .                                                       (11b) 

These results show the dramatic influence that material loss has on the reflection and transmission properties of complex 
media. Although the value of the critical angle of incidence is found to be independent of the material loss [see Eq. (8)], the 
Fresnel coefficients are directly affected at all incidence angles, including critical and supercritical angles. In particular, the 
magnitude of the reflection coefficient at supercritical angles of incidence is reduced from its zero loss value of unity so that 
total reflection is no longer achieved unless 𝜇! = 𝜇! and medium 1 is lossless. These results may then be used, for example, 
to determine how much material loss can be tolerated over a given distance in a fiber optics communication link. 
 
Similar results are obtained for TM-polarization. In that case, material loss is also found to have a significant effect on the 
appearance of a polarizing (Brewster) angle at which Γ!" = 0. With the presence of material loss, the reflected TM-polarized 
wave field may not be completely suppressed. In addition, the polarizing angle is found to increase towards the critical angle 
as the loss in medium 2 increases. 
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